
DE BROGLIE’S HYPOTHESIS AND THE WAVE
EQUATION

TRISTRAM DE PIRO

Abstract.

Lemma 0.1. We have that;∫ π
2

−π
2
cosn(y)dy = n!π

2n[(n
2
)!]2

, if n is even∫ π
2

−π
2
cosn(y)dy =

[n−1
2

!]22n

n!
, if n is odd

Proof. Let In =
∫ π

2

−π
2
cosn(y)dy, then for n ≥ 2, we have that, using

integration by parts;

In =
∫ π

2

−π
2
cosn(y)dy

= [cosn−1(y)sin(y)]
π
2

−π
2

+
∫
−π

2

π
2 (n− 1)cosn−2(y)sin2(y)dy

=
∫
−π

2

π
2 (n− 1)cosn−2(y)(1− cos2(y))dy

= (n− 1)In−2 − (n− 1)In

so that, rearranging;

In = n−1
n
In−2

and, using the fact I0 = π, I1 = 2, we have that, for n even;

In = n!
2n[(n

2
)!]2
π

and, for n odd;

In =
[n−1

2
!]22n

n!

�
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Lemma 0.2. Let n ∈ N , ε > 0, and let γn,ε be defined by;

γn,ε(x) = 1
ε
cosn(πx

2ε
), for x ∈ [−ε, ε]

γn,ε(x) = 0, otherwise

Then γn,ε has the following properties;

(i). γn,ε ∈ Cn−1(R).

(ii). γn,ε ≥ 0.

(iii).
∫
R γn,ε(x)dx = n!

2n−1[(n
2
)!]2

, n even∫
R γn,ε(x)dx =

[n−1
2

!]22n+1

πn!
, n odd

(iv) γn,ε is supported on [−ε, ε].

Proof. (ii) is clear as cos(y) ≥ 0 for y ∈ [−π
2
, π
2
], (iv) is clear by the

definition of γn,ε. To prove (i), it is sufficient to show that;

cosn(πx
2ε

)(m)(ε) = cosn(πx
2ε

)(m)(−ε) = 0

for 0 ≤ m ≤ n − 1. We can prove this by induction on n, as for
n = 1, we have that;

cos(πx
2ε

)(ε) = cos(π
2
) = cos(πx

2ε
)(−ε) = cos(−π

2
) = 0

and, if the inductive hypothesis holds for n ∈ N , then, for 1 ≤ m ≤
n;

cosn+1(πx
2ε

)(m)(ε)

= −[π(n+1)
2ε

cosn(πx
2ε

)sin(πx
2ε

)](m−1)(ε)

= −π(n+1)
2ε

[
∑m−1

k=0 C
m−1
k cosn(πx

2ε
)(m−1−k)sin(πx

2ε
)(k)](ε)

= 0

and similarly;
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cosn+1(πx
2ε

)(m)(−ε) = 0

while, clearly;

cosn+1(πx
2ε

)(ε) = cosn+1(πx
2ε

)(−ε) = 0

To prove (iii), we have that, for n ∈ N ;∫
R γn,ε(x)dx

= 1
ε

∫ ε
−ε cos

n(πx
2ε

)

= 1
ε

∫ π
2

−π
2
cosn(y)2ε

π
dy, (y = πx

2ε
)

= 2
π

∫ π
2

−π
2
cosn(y)dy

so that, using Lemma 0.1, for n even;∫
R γn,ε(x)dx = 2

π
n!

2n[(n
2
)!]2
π

= n!
2n−1[(n

2
)!]2

and, for n odd;∫
R γn,ε(x)dx = 2

π

[n−1
2

!]22n

n!

=
[n−1

2
!]22n+1

πn!

�

Lemma 0.3. Let δn,ε(x) be defined by;

δn,ε(x) =
2n−1[n

2
!]2

n!
γn,ε, for n even

and by;

δn,ε(x) = πn!
[(n−1

2
)!]22n+1γn,ε, for n odd

Then the properties (i), (ii), (iv) of Lemma 0.2 hold, with (iii) changed
to;
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(iii)′.
∫
R γn,ε(x)dx = 1, n ∈ N

and, for n ∈ N ;

limε→0δn,ε = δ

in the sense of distributions, where δ is the Dirac delta function on
R.

Proof. The first claim is clear as we have just normalised γn,ε. For the
remaining claim, let f ∈ C∞c (R), and write;

f = f+ + f−

where;

f+(x) = f(x), if f(x) ≥ 0

f+(x) = 0 otherwise

f−(x) = f(x), if f(x) ≤ 0

f−(x) = 0 otherwise

Then, using properties (ii), (iii)′, (iv) of δn,ε and continuity of f ;

min[−ε,ε]f
++min[−ε,ε]f

− ≤ δn,ε(f) =
∫ ε
−ε δn,ε(x)f+(x)dx+

∫ ε
−ε δn,ε(x)f−(x)dx

≤ max[−ε,ε]f
+ +max[−ε,ε]f

−

with;

limε→0min[−ε,ε]f
+ +min[−ε,ε]f

− = limε→0max[−ε,ε]f
+ +max[−ε,ε]f

−

= f(0)

so that limε→0δn,ε(f) = f(0) = δ(f), as required.

�
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Lemma 0.4. We define the time derivative δ′t of the delta function δ
to be;

d
dt
δ(x− vt)

where v is the velocity, so that;

δ′t = −vδ′

in the sense of distributions. Similarly, we define the time derivative
δ′n,ε,t of the approximations by;

d
dt
δn,ε(x− vt)

so that, by the chain rule;

δ′n,ε,t(x) = −vδ′n,ε(x)

Then;

limε→0δ
′
n,ε,t = δ′t

in the sense of distributions.

Moreover, for n even, n ≥ 2;

δ′n,ε,t(x) =
v2n−1π[n

2
!]2

2ε(n−1)! γn−1,εsin(πx
2ε

)

and, for n odd, n ≥ 3;

δ′n,ε,t(x) = vπ2n!n
2ε[(n−1

2
)!]22n+1γn−1,εsin(πx

2ε
)

In particularly, for n ≥ 2;

δ′n,ε,t ∈ Cn−2
c (R)

Proof. For the first claim, let f ∈ C∞c (R), then, using integration by
parts, (iv) of Lemma 0.3;

δ′n,ε,t(f) = −v
∫ ε
−ε δ

′
n,ε(x)f(x)dx
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= −v([δ′n,ε(x)f(x)]ε−ε −
∫ ε
−ε δn,ε(x)f ′(x)dx)

= v
∫ ε
−ε δn,ε(x)f ′(x)dx

so that, using the main result of Lemma 0.3;

limε→0δ
′
n,ε,t(f)

= vlimε→0

∫ ε
−ε δn,ε(x)f ′(x)dx

= vf ′(0)

= −vδ′(f)

= δ′t(f)

as required. For the second claim, we have that, for n even, n ≥ 2;

δ′n,ε,t(x) = −vδ′n,ε(x)

= −v 2n−1[n
2
!]2

n!
γ′n,ε(x)

= −v 2n−1[n
2
!]2

n!
(−ncosn−1(πx

2ε
)sin(πx

2ε
) π
2ε2

)

= v
2n−1π[n

2
!]2

2ε(n−1)! (1
ε
cosn−1(πx

2ε
)sin(πx

2ε
))

=
v2n−1π[n

2
!]2

2ε(n−1)! γn−1,ε(x)sin(πx
2ε

)

and, for n odd, n ≥ 3;

δ′n,ε,t(x) = −vδ′n,ε(x)

= −v πn!
[(n−1

2
)!]22n+1γ

′
n,ε(x)

= −v πn!
[(n−1

2
)!]22n+1 (−ncosn−1(πx

2ε
)sin(πx

2ε
) π
2ε2

)

= v π2n!n
2ε[(n−1

2
)!]22n+1 (1

ε
cosn−1(πx

2ε
)sin(πx

2ε
))

= vπ2n!n
2ε[(n−1

2
)!]22n+1γn−1,ε(x)sin(πx

2ε
)
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For the final claim, we have that, by the product rule, for 0 ≤ m ≤
n− 2;

(γn−1,ε(x)sin(πx
2ε

))(m)

=
∑m

k=0 γ
(m−k)
n−1,ε (sin(πx

2ε
))k

and use the fact that γn−1,ε ∈ Cn−2
c (R) �

Lemma 0.5. Let D denote the 3-dimensional Dirac delta function.
For n ∈ N , ε > 0, let Dn,ε be defined by;

Dn,ε(x, y, z) = δn,ε(x)δn,ε(y)δn,ε(z)

Then Dn,ε has the following properties;

(i). Dn,ε ∈ Cn−1(R3).

(ii). Dn,ε ≥ 0.

(iii).
∫
R3 Dn,ε(x, y, z)dxdydz = 1

(iv) Dn,ε is supported on [−ε, ε]3.

Moreover, for n ∈ N , limε→0Dn,ε = D in the sense of distributions,
(∗).

We define the time derivative D′t of the delta function D to be;

d
dt
D(x− vt)

where v is the velocity vector, so that;

D′t = −v1Dx − v2Dy − v3Dz

in the sense of distributions. Similarly, we define the time derivative
D′n,ε,t of the approximations by;

d
dt
Dn,ε(x− vt)

so that, by the chain rule;
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D′n,ε,t(x) = −v1Dn,ε,x(x)− v2Dn,ε,y(x)− v3Dn,ε,z(x)

= −v1δ′n,ε(x)δn,ε(y)δn,ε(z)−v2δn,ε(x)δ′n,ε(y)δn,ε(z)−v3δn,ε(x)δn,ε(y)δ′n,ε(z)

Then;

limε→0D
′
n,ε,t = D′t, (∗∗)

in the sense of distributions.

Finally, we have that;

Dn,ε(x, y, z) = (
2n−1[n

2
!]2

n!
)3γn,ε(x)γn,ε(y)γn,ε(z), for n even

and;

Dn,ε(x, y, z) = ( πn!
[(n−1

2
)!]22n+1 )3γn,ε(x)γn,ε(y)γn,ε(z), for n odd

We have that;

D′n,ε,t =
2n−1π[n

2
!]2

2ε(n−1)! (
2n−1[n

2
!]2

n!
)2[v1γn−1,ε(x)γn,ε(y)γn,ε(z)sin(πx

2ε
)

+v2γn,ε(x)γn−1,ε(y)γn,ε(z)sin(πy
2ε

) + v3γn,ε(x)γn,ε(y)γn−1,ε(z)sin(πz
2ε

)]

for n even.

D′n,ε,t = π2n!n
2ε[(n−1

2
)!]22n+1 ( πn!

[(n−1
2

)!]22n+1 )2[v1γn−1,ε(x)γn,ε(y)γn,ε(z)sin(πx
2ε

)

+v2γn,ε(x)γn−1,ε(y)γn,ε(z)sin(πy
2ε

) + v3γn,ε(x)γn,ε(y)γn−1,ε(z)sin(πz
2ε

)]

for n odd.

In particularly, D′n,ε,t ∈ Cn−2
c (R3).

Proof. For the first claim, (i) follows from the fact that δn,ε ∈ Cn−1(R)
and the fact that if i+ j + k = n− 1;

∂i+j+kDn,ε
∂xi∂yj∂zk

(x, y, z) = δ
(i)
n,ε(x)δ

(j)
n,ε(y)δ

(k)
n,ε(z)
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(ii) is trivial from the corresponding property of the δn,ε. (iii) follows
form Fubini’s theorem;∫

[−ε,ε]

∫
[−ε,ε]

∫
[−ε,ε]Dn,ε(x, y, z)dxdydz =

∫
[−ε,ε] δn,ε(x)dx

∫
[−ε,ε] δn,ε(y)dy

∫
[−ε,ε] δn,ε(z)dz

and the corresponding property (iii) of δn,ε. (iv) is again trivial from
the the corresponding property of δn,ε. The claim (∗) is a consequence
of properties (ii), (iii), (iv), see the proof above for the 1-dimensional
case. For the claim (∗∗), we have that, for f ∈ C∞c (R3), using integra-
tion by parts and Tonelli’s theorem;

D′n,ε,t(f) =
∫
[−ε,ε]

∫
[−ε,ε]

∫
[−ε,ε][−v1δ

′
n,ε(x)δn,ε(y)δn,ε(z)−v2δn,ε(x)δ′n,ε(y)δn,ε(z)

−v3δn,ε(x)δn,ε(y)δ′n,ε(z)]fdxdydz

=
∫
[−ε,ε]

∫
[−ε,ε]

∫
[−ε,ε][v1δn,ε(x)δn,ε(y)δn,ε(z)fx + v2δn,ε(x)δn,ε(y)δn,ε(z)fy

+v3δn,ε(x)δn,ε(y)δn,ε(z)]fzdxdydz

so that, by the claim (∗);

limε→0D
′
n,ε,t(f) = v1fx(0) + v2fy(0) + v3fz(0)

= (−v1Dx − v2Dy − v3Dz)(f)

= D′t(f)

The first computational claim follows from Lemma 0.3 and the defi-
nition of Dn,ε. For the second computational claim;

D′n,ε,t(x) = −v1δ′n,ε(x)δn,ε(y)δn,ε(z)−v2δn,ε(x)δ′n,ε(y)δn,ε(z)−v3δn,ε(x)δn,ε(y)δ′n,ε(z)

so that, for n even;

D′n,ε,t(x) = −v1[−
2n−1π[n

2
!]2

2ε(n−1)! γn−1,ε(x)sin(πx
2ε

)][(
2n−1[n

2
!]2

n!
)γn,ε(y)][(

2n−1[n
2
!]2

n!
)γn,ε(z)]

−v2[(
2n−1[n

2
!]2

n!
)γn,ε(x)][−2n−1π[n

2
!]2

2ε(n−1)! γn−1,ε(y)sin(πy
2ε

)][(
2n−1[n

2
!]2

n!
)γn,ε(z)]

−v3[(
2n−1[n

2
!]2

n!
)γn,ε(x)][(

2n−1[n
2
!]2

n!
)γn,ε(y)][−2n−1π[n

2
!]2

2ε(n−1)! γn−1,ε(z)sin(πz
2ε

)]
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= v1
2n−1π[n

2
!]2

2ε(n−1)! (
2n−1[n

2
!]2

n!
)2γn−1,ε(x)γn,ε(y)γn,ε(z)sin(πx

2ε
)

+v2
2n−1π[n

2
!]2

2ε(n−1)! (
2n−1[n

2
!]2

n!
)2γn,ε(x)γn−1,ε(y)γn,ε(z)sin(πy

2ε
)

+v3
2n−1π[n

2
!]2

2ε(n−1)! (
2n−1[n

2
!]2

n!
)2γn,ε(x)γn,ε(y)γn−1,ε(z)sin(πz

2ε
)

and, for n odd;

D′n,ε,t(x) = −v1[− π2n!n
2ε[(n−1

2
)!]22n+1γn−1,ε(x)sin(πx

2ε
)][( πn!

[(n−1
2

)!]22n+1 )γn,ε(y)][( πn!
[(n−1

2
)!]22n+1 )γn,ε(z)]

−v2[( πn!
[(n−1

2
)!]22n+1 )γn,ε(x)][− π2n!n

2ε[(n−1
2

)!]22n+1γn−1,ε(y)sin(πy
2ε

)][( πn!
[(n−1

2
)!]22n+1 )γn,ε(z)]

−v3[( πn!
[(n−1

2
)!]22n+1 )γn,ε(x)][( πn!

[(n−1
2

)!]22n+1 )γn,ε(y)][− π2n!n
2ε[(n−1

2
)!]22n+1γn−1,ε(z)sin(πz

2ε
)]

= v1
π2n!n

2ε[(n−1
2

)!]22n+1 ( πn!
[(n−1

2
)!]22n+1 )2γn−1,ε(x)γn,ε(y)γn,ε(z)sin(πx

2ε
)

+v2
π2n!n

2ε[(n−1
2

)!]22n+1 ( πn!
[(n−1

2
)!]22n+1 )2γn,ε(x)γn−1,ε(y)γn,ε(z)sin(πy

2ε
)

+v3
π2n!n

2ε[(n−1
2

)!]22n+1 ( πn!
[(n−1

2
)!]22n+1 )2γn,ε(x)γn,ε(y)γn−1,ε(z)sin(πz

2ε
)

The final claim follows as above, by repeated application of the prod-
uct rule, using the fact that γn−1,ε ∈ Cn−2

c (R) and γn,ε ∈ Cn−1
c (R) �

Definition 0.6. For n ≥ 4, we let ρn,ε be the unique charge distribution
on R3×R≥0 defined by the initial conditions {qDn,ε, qD

′
n,ε,t}, satisfying

the wave equation with velocity c, �2(ρn,ε) = 0, on R3 ×R≥0, where q
is the total charge.

Lemma 0.7. For n ≥ 6, we have that;

ρn,ε(x, t) = 1
(2π)3

∫
R3(A(k)eikct +B(k)e−ikct)eik�xdk

where;

A(k) = F(qDn,ε)
2

+
F(qD′n,ε,t)

2ikc

B(k) = F(qDn,ε)
2
− F(qD

′
n,ε,t)

2ikc

and F denotes the usual 3 dimensional Fourier transform;

F(g) =
∫
R3 g(x)e−ik�xdx
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for g ∈ L1(R3).

Proof. We have that the existence of ρn,ε is guaranteed by Kirchoff’s
formula, for n ≥ 4, as the initial conditions Dn,ε ∈ C3

c (R3 and D′n,ε,t ∈
C2
c (R4) for n ≥ 4, see [2]. Using the fact that the initial conditions
{qDn,ε, qD

′
n,ε,t} have compact support, ρn,ε,t has compact support as

a process, in particularly ρn,ε,t ∈ L1(R3), for t ≥ 0. Using Kirchoff’s
formula, see [2], we have that, for t > 0;

ρn,ε(x, t) = 1
4πc2t2

∫
δB(x,ct)

[ctqD′n,ε,t(y) + qDn,ε(y) +DqDn,ε(y) � (y

−x)]dS(y)

Then, we have that, using the substitution z = y− (h, 0, 0), dz = dy
and interchanging limits;

∂ρn,ε
∂x

= limh→0
1
h
( 1
4πc2t2

∫
δB(x+(h,0,0),ct)

[ctqD′n,ε,t(y)+qDn,ε(y)+DqDn,ε(y)�

(y − (x+ (h, 0, 0)))]dS(y)− 1
4πc2t2

∫
δB(x,ct)

[ctqD′n,ε,t(y) + qDn,ε(y)+

DqDn,ε(y) � (y − x)]dS(y))

= limh→0
1
h
( 1
4πc2t2

∫
δB(x,ct)

[ctqD′n,ε,t(y + (h, 0, 0)) + qDn,ε(y + (h, 0, 0))

+DqDn,ε(y+(h, 0, 0))�(y+(h, 0, 0)−(x+(h, 0, 0)))]dS(y)− 1
4πc2t2

∫
δB(x,ct)

[ctqD′n,ε,t(y)

+qDn,ε(y) +DqDn,ε(y) � (y − x)]dS(y))

= 1
4πc2t2

∫
δB(x,ct)

[limh→0
1
h
(ctqD′n,ε,t(y+(h, 0, 0))−ctqD′n,ε,t(y))+limh→0

1
h
(qDn,ε(y+

(h, 0, 0))−qDn,ε(y))+limh→0
1
h
(DqDn,ε(y+(h, 0, 0))−DqDn,ε(y))�(y−

x)]dS(y)

= 1
4πc2t2

∫
δB(x,ct)

[ctqD′n,ε,t,x(y)+qDn,ε,x(y)+DqDn,ε,x(y)�(y−x)]dS(y)

so that, as the initial conditions {qDn,ε, qD
′
n,ε,t} are in Cn−1

c (R3) and

Cn−2
c (R3) respectively, it follows that for t > 0, ρn,ε,t ∈ Cn−3

c (R3). In
particularly, for n ≥ 6, ρn,ε,t ∈ C3

c (R3), (∗). We have that;
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�2(ρn,ε,t) = 52(ρn,ε,t)− 1
c2
∂2ρn,ε,t
∂t2

= 0

so we can apply F to both sides and obtain, and differentiating un-
der the integral sign;

F(52(ρn,ε,t))(k, t)− 1
c2
∂2F(ρn,ε,t)(k,t)

∂t2
= 0

As ρn,ε,t ∈ C2
c (R3), by (∗), we have, using integration by parts, that;

F(52(ρn,ε,t))(k, t) = −k2F(ρn,ε,t)(k, t)

so that;

−k2F(ρn,ε,t)(k, t)− 1
c2
∂2F(ρn,ε,t)(k,t)

∂t2
= 0

and we can use Peano’s theorem to solve the ODE in time, to obtain;

F(ρn,ε,t)(k, t) = A(k)eikct +B(k)e−ikct

where, at t = 0;

A(k) +B(k) = F(qDn,ε)

and, taking the time derivative at t = 0;

ikcA(k)− ikcB(k) = F(qD′n,ε,t)

Now we can solve the simultaneous equations to get the expressions
for {A(k), B(k)}, We have that F(qDn,ε) ∈ C∞(R3) as qDn,ε has com-
pact support and similarly for F(qD′n,ε,t). Moreover, we have that,
using integration by parts, for k1 6= 0;

F(qDn,ε,x) = ik1F(qDn,ε)

so that, for k 6= 0, using the fact that for n ≥ 6, qDn,ε ∈ C5
c (R3),

qD′n,ε,t ∈ C4(R3);

F((52)2qDn,ε) = k4F(qDn,ε)

|F(qDn,ε)| ≤ |F((52)2qDn,ε)|
k4
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≤ C
k4

F((52)2qD′n,ε,t) = k4F(qD′n,ε,t)

|F(qD′n,ε,t)| ≤
|F((52)2qD′n,ε,t)|

k4

≤ D
k4

(†)

Converting to polar coordinates, this proves that {F(qDn,ε),F(qD′n,ε,t)} ⊂
L1(R3). Now we can use the fact that, for k 6= 0;

|A(k)| ≤ |F(qDn,ε)|
2

+
|F(qD′n,ε,t)|

2kc

|B(k)| ≤ |F(qDn,ε)|
2

+
|F(qD′n,ε,t)|

2kc

the fact that {F(qDn,ε),F(qD′n,ε,t) ⊂ C∞(R3), and (†), using polar

coordinates again, to prove that {A(k), B(k)} ⊂ L1(R3). Finally, for
t > 0;

|F(ρn,ε)| = |A(k)eikct +B(ke−ikct|

≤ |A(k)|+ |B(k)|

so that F(ρn,ε) ∈ L1(R3) for t > 0. It follows that we can apply the
inversion theorem in the last step.

�

Lemma 0.8. Let F be the 1-dimensional Fourier transform, then, for
n even, k ∈ R, k 6= π

ε
(n
2
− j), 0 ≤ j ≤ n;

F(γn,ε)(k) = − 1
2n−1

∑n
j=0C

n
j

1
π(n

2
−j)−εk [(−1)

n
2
−jsin(εk)]

and, for 0 ≤ j0 ≤ n;

F(γn,ε)(
π
ε
(n
2
− j0)) = 1

2n−1C
n
j0

In particularly;

limε→0F(γn,ε) = n!
2n−1(n

2
!)2
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uniformly on compact subsets of R. For n even;

F(δn,ε) =
2n−1[n

2
!]2

n!
F(γn,ε)

in particularly;

limε→0F(δn,ε) = 1

uniformly on compact subsets of R. For n even;

F(δ′n,ε,t)(k) = ivkF(δn,ε)

in particularly;

limε→0F(δ′n,ε,t)(k) = ivk

uniformly on compact subsets of R.

Proof. We have that, for k ∈ R, n even, k 6= π
ε
(n
2
− j), 0 ≤ j ≤ n, by

the definition of γn,ε and F ;

F(γn,ε) = 1
ε

∫ ε
−ε cos

n(πx
2ε

)e−ixkdx

= 1
ε

∫ ε
−ε(

e
iπx
2ε +e

−iπx
2ε

2
)ne−ixkdx

= 1
2nε

∫ ε
−ε

∑n
j=0C

n
j e

iπx(n−j)
2ε e

−iπxj
2ε e−ixkdx

= 1
2nε

∑n
j=0C

n
j

∫ ε
−ε e

iπx(n−2j− 2εk
π )

2ε dx

= 1
2nε

∑n
j=0C

n
j [ e

iπx(n−2j− 2εk
π )

2ε
iπ
2ε

(n−2j− 2εk
π

)
]ε−ε

= 1
2nε

∑n
j=0C

n
j

1
iπ
2ε

(n−2j− 2εk
π

)
[e

iπx(n−2j− 2εk
π )

2ε ]ε−ε

= 1
2nε

∑n
j=0C

n
j

1
iπ
2ε

(n−2j)−ik [in−2j−
2εk
π − (−i)n−2j− 2εk

π ]

= 1
2nε

∑n
j=0C

n
j

1
iπ
2ε

(n−2j)−ik [in−2je−iεk − (−i)n−2jeiεk]

= 1
2nε

∑n
j=0C

n
j

1
iπ
2ε

(n−2j)−ik [in−2je−iεk − in−2jeiεk], (n− 2j) even
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= 1
2nε

∑n
j=0C

n
j

1
iπ
2ε

(n−2j)−ik [−2in−2j+1sin(εk)]

= 1
2nε

∑n
j=0C

n
j

1
π
2ε

(n−2j)−k [−2in−2jsin(εk)]

= − 1
2n−1ε

∑n
j=0C

n
j

1
π
2ε

(n−2j)−k [(−1)
n
2
−jsin(εk)]

= − 1
2n−1

∑n
j=0C

n
j

1
π(n

2
−j)−εk [(−1)

n
2
−jsin(εk)]

We know that F(γn,ε) is continuous, so that, for fixed ε, 0 ≤ j0 ≤ n,
using L’Hopital’s rule;

F(γn,ε)(
π
ε
(n
2
− j0)) = limk→π

ε
(n
2
−j0)F(γn,ε)(k)

= − 1
2n−1 (

∑n
j=0,j 6=j0 C

n
j

1
π(j0−j) [(−1)

n
2
−jsin(π(n

2
− j0))]

− 1
2n−1C

n
j0

1
−ε [(−1)

n
2
−j0εcos(π(n

2
− j0))]

= 1
2n−1C

n
j0

[(−1)
n
2
−j0(−1)

n
2
−j0 ]

= 1
2n−1C

n
j0

In particular;

F(γn,ε)(0) = 1
2n−1C

n
n
2

= n!
2n−1(n

2
!)2

, (∗)

independently of ε.

It follows that, for k 6= 0, using L’Hopital’s rule;

limε→0F(γn,ε)(k) = limε→0
1

2n−1C
n
n
2

1
εk
sin(εk)

= 1
2n−1

n!
(n
2
!)2
limε→0

1
k
cos(εk)k

= n!
2n−1(n

2
!)2
limε→0cos(εk)

= n!
2n−1(n

2
!)2

and clearly;



16 TRISTRAM DE PIRO

limε→0F(γn,ε)(0) = n!
2n−1(n

2
!)2

by (∗).

It follows that;

limε→0F(γn,ε) = n!
2n−1(n

2
!)2

(pointwise convergence)

To obtain uniform convergence on compact subsets, note that;

1
εk
sin(εk)

converges uniformly to 1 on compact subsets as, for |k| ≤ K;

| 1
εk
sin(εk)− 1| = |sin(εk)−εk|

|εk|

= |εk+O((εk)3)−εk|
|εk|

≤ C|εk|2

≤ Cε2K2

and sin(εk)

converges uniformly to 0 on compact subsets as , for |k| ≤ K;

|sin(εk)| ≤ |εk|

≤ εK

By Lemma 0.3, we have that, for n even;

F(δn,ε) =
2n−1[n

2
!]2

n!
F(γn,ε)

so that, by the previous claim in this lemma;

limε→0F(δn,ε) =
2n−1[n

2
!]2

n!
n!

2n−1(n
2
!)2

= 1

on compact subsets of R. We have that, using integration by parts
and the definition of δ′n,ε,t;
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F(δ′n,ε,t)(k) = F(−vδ′n,ε)

= −v(−ik)F(δn,ε)

= ivkF(δn,ε)

so that, by the previous claim;

limε→0F(δn,ε) = ivklimε→0F(δn,ε)

= ivk

uniformly on compact subsets of R.

�

Lemma 0.9. Let F be the three dimensional Fourier transform, then;

F(Dn,ε) = F1(δn,ε)(k1)F1(δn,ε)(k2)F1(δn,ε)(k3)

where F1 is the 1-dimensional Fourier transform.

In particularly;

limε→0F(Dn,ε) = 1

uniformly on compact subsets of R3.

F(D′n,ε,t)(k1, k2, k3) = −v1F1(δ
′
n,ε)(k1)F1(δn,ε)(k2)F1(δn,ε)(k3)

−v2F1(δn,ε)(k1)F1(δ
′
n,ε)(k2)F1(δn,ε)(k3)−v3F1(δn,ε)(k1)F1(δn,ε)(k2)F1(δ

′
n,ε)(k3)

In particularly;

limε→0F(D′n,ε,t)(k) = iv � k

uniformly on compact subsets of R3.

Proof. By Definition 0.5 and the theorem of Fubini;

F(Dnε)(k1, k2, k3) = F1(δn,ε)(k1)F1(δn,ε)(k2)F1(δn,ε)(k3)
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where F1 is the 1-dimensional Fourier transform. In particular, as
the projections of a compact subset are compact, and using the result
of Lemma 0.8;

limε→0F(Dnε)(k) = 1.1.1

= 1

uniformly on compact subsets of R3.

By definition 0.5 again and Fubini’s theorem;

F(D′n,ε,t)(k1, k2, k3) = −v1F1(δ
′
n,ε)(k1)F1(δn,ε)(k2)F1(δn,ε)(k3)

−v2F1(δn,ε)(k1)F1(δ
′
n,ε)(k2)F1(δn,ε)(k3)−v3F1(δn,ε)(k1)F1(δn,ε)(k2)F1(δ

′
n,ε)(k3)

so that, using the result of Lemma 0.8, integration by parts and the
previous observation;

limε→0F(D′n,ε,t)(k1, k2, k3) = −v1(−ik1).1.1−v2(−ik2).1.1−v3(−ik3).1.1

= iv � k

uniformly on compact subsets of R3.

�

Lemma 0.10. For the charge distribution ρn,ε of Lemma 0.7, we have
that;

limε→0An,ε(k) = q
2

+ qv�k
2kc

limε→0Bn,ε(k) = q
2
− qv�k

2kc

uniformly on compact subsets of R3 \ {0}.

Proof. We have that, by Lemma 0.7 and the results of Lemma 0.9;

limε→0An,ε(k) = limε→0(
F(qDn,ε)

2
+
F(qD′n,ε,t)

2ikc
)

= q
2

+ qiv�k
2ikc
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= q
2

+ qv�k
2kc

limε→0Bn,ε(k) = limε→0(
F(qDn,ε)

2
− F(qD

′
n,ε,t)

2ikc
)

= q
2
− qiv�k

2ikc

= q
2
− qv�k

2kc

uniformly on compact subsets of R3 \ {0}.

�

Lemma 0.11. For n ≥ 6, for k ∈ R>0, we define the intensity
In,ε(x, t, k) at k to be;

In,ε(x, t, k) = 1
(2π)3

∫
Sk

(A(k)eikct +B(k)e−ikct)eik�xdS(k)

so that, by Lemma 0.7;

ρn,ε(x, t) =
∫
R I(x, t, k)dk

Then;

limε→0In,ε(sv, t, k) = q
(2π)3

(4πk
sv
sin(svk)cos(ctk)− 4π

s2vc
sin(svk)sin(ctk)

+4πk
cs
cos(svk)sin(ctk))

For the electron at time t moving a distance d, we obtain local max-
ima in the wave number when;

2kd = −Dtan(2kd)

where D = c−v
c+v

Proof. By Lemma 0.10 and the definition of In,ε, we have that;

limε→0In,ε(sv, t, k) = 1
(2π)3

∫
Sk

(An,ε(k)eikct +Bn,ε(k)e−ikct)eik�svdS(k)

= q
(2π)3

eikct
∫
Sk

(1
2

+ v�k
2kc

)eisv�kdS(k)+ q
(2π)3

e−ikct
∫
Sk

(1
2
− v�k

2kc
)eisv�kdS(k),

(∗)
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Switching to polar coordinates, letting θ be the angle between v and
k ∈ Sk, we have that;∫

Sk

1
2
eisv�kdS(k) = 1

2

∫ π
0

∫ π
−π e

isvkcos(θ)k2sin(θ)dθdφ

= πk2
∫ π
0
eisvkcos(θ)sin(θ)dθ

= πk2
∫ 1

−1 e
isvkudu, (u = cos(θ), du = −sin(θ)dθ)

= πk2[ e
isvku

isvk
]1−1

= πk2

isvk
(eisvk − e−isvk)

= πk2

isvk
2isin(svk)

= 2πksin(svk)
sv

and;∫
Sk

v�k
2kc
eisv�kdS(k) = 1

2

∫ π
0

∫ π
−π

vkcos(θ)
2kc

eisvkcos(θ)k2sin(θ)dθdφ

= πvk2

c

∫ π
0
eisvkcos(θ)cos(θ)sin(θ)dθ

= πvk2

c

∫ 1

−1 ue
isvkudu, (u = cos(θ), du = −sin(θ)dθ)

= πvk2

c
([ue

isvku

isvk
]1−1 −

∫ 1

−1
eisvku

isvk
du)

= πvk2

c
( e
isvk+e−isvk

isvk
− [ e

isvku

(isvk)2
]1−1)

= πvk2

cisvk
(2cos(svk))− πvk2

c(isvk)2
2isin(svk)

= 2πisin(svk)
s2vc

− 2πikcos(svk)
cs

It follows from (∗), that;

limε→0In,ε(sv, t, k) = q
(2π)3

eikct(2πksin(svk)
sv

+ 2πisin(svk)
s2vc

− 2πikcos(svk)
cs

)

+ q
(2π)3

e−ikct(2πksin(svk)
sv

− 2πisin(svk)
s2vc

+ 2πikcos(svk)
cs

)

= q
(2π)3

(2πk
sv
sin(svk)2cos(kct)+2πi2

s2vc
sin(svk)2sin(kct)−2πik

cs
cos(svk)2isin(kct))
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= q
(2π)3

(4πk
sv
sin(svk)cos(kct)− 4π

s2vc
sin(svk)sin(kct)+4πk

cs
cos(svk)sin(kct))

(†)

The electron wave propagates at speed c, so we are interested in the
case when |sv| = ct, so that s = ct

v
. Making this substitution in (†), we

obtain that;

limε→0In,ε(
ct
v
v, t, k) = q

(2π)3
(4πk
ct
sin(kct)cos(kct)− 4πv

c3t2
sin2(kct)+4πkv

c2t
cos(kct)sin(kct))

= q
(2π)3

([4πk
ct

+ 4πkv
c2t

]sin(kct)cos(kct)− 4πv
c3t2

sin2(kct))

= q
(2π)3

([2πk
ct

+ 2πkv
c2t

]sin(2kct)− 4πv
c3t2

(1−cos(2kct)
2

))

= q
(2π)3

([2πk
ct

+ 2πkv
c2t

]sin(2kct) + 2πv
c3t2

cos(2kct)− 2πv
c3t2

)

We look for a local maximum in k, so that;

d
dk
limε→0In,ε(

ct
v
v, t, k) = d

dk
( q
(2π)3

([2πk
ct

+ 2πkv
c2t

]sin(2kct)+ 2πv
c3t2

cos(2kct)

− 2πv
c3t2

))

= q
(2π)3

([2π
ct

+2πv
c2t

]sin(2kct)+2ct[2πk
ct

+2πkv
c2t

]cos(2kct)−2ct 2πv
c3t2

sin(2kct))

= q
(2π)3

([2π
ct

+ 2πv
c2t

]sin(2kct) + [4πk + 4πkv
c

]cos(2kct)− 4πv
c2t
sin(2kct))

= q
(2π)3

([2π
ct
− 2πv

c2t
]sin(2kct) + [4πk + 4πkv

c
]cos(2kct))

= 0

so that, rearranging;

k = −Dtan(2kct)

where D =
2π
ct
− 2πv
c2t

4π(1+ v
c
)

= c−v
2ct(c+v)

Now use the fact that the distance at time t is d = ct.

�

Lemma 0.12. For an electron moving at velocity (v, 0, 0) in the labora-
tory frame S, the amplitudes in the spectrum of the stationary electron
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are shifted by the Doppler factor k′

k
in the frame S ′ of the electron,

moving at velocity (v, 0, 0) relative to S.

Proof. We consider a frame S ′ moving with velocity (v, 0, 0) relative to
the base frame S. For n ≥ 6, by results of [3], [4] and [5], given ρn,ε
in the base frame S, there exists a unique current Jn,ε with compact
support, such that the standard relations are satisfied for (ρn,ε, Jn,ε).
By results of [3], we have that �2(Jn,ε) = 0 and moreover, Jn,ε has the
wave representaion;

Jn,ε = 1
(2π)3

∫
R3(An,ε(k)eikct +Bn,ε(k)e−ikct)eik�xdk (†)

where, for k 6= 0;

An,ε(k) = − cAn,ε(k)

k
k

Bn,ε(k) = cBn,ε(k)

k
k (∗)

If the electron travels with velocity vector (v, 0, 0) in the base frame
S, then by Lemma 0.10, we have that;

limε→0An,ε(k) = q
2

+ qvk1
2kc

limε→0Bn,ε(k) = q
2
− qvk1

2kc

so that, by (∗), uniformly on compact subsets of R3 \ {0};

limε→0An,ε(k) = [− cq
2k
− qvk1

2k2
]k

limε→0Bn,ε(k) = [ cq
2k
− qvk1

2k2
]k (D)

We have that ρn,ε transforms to S ′ as;

ρ′n,ε(x
′, t′) = γv(ρn,ε − vj1,n,ε

c2
)(x, t)

see [1], so that, using (†) and the wave representation for ρn,ε;

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3(γvAn,ε(k)eikct + γvBn,ε(k)e−ikct)eik�xdk

− 1
(2π)3

∫
R3(

γvv
c2
A1,n,ε(k)eikct + γvv

c2
B1,n,ε(k)e−ikct)eik�xdk
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= 1
(2π)3

∫
R3([γvAn,ε(k)−γvv

c2
A1,n,ε(k)]eikct+[γvBn,ε(k)−γvv

c2
B1,n,ε(k)]e−ikct)eik�xdk

(††)

We have that, using the inverse Lorentz transformation;

t = γvt
′ +

γvvx′1
c2

x1 = γvx
′
1 + γvvt

′

x2 = x′2

x3 = x′3

so that, substituting into (††);

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3([γvAn,ε(k)− γvv

c2
A1,n,ε(k)]eikc(γvt

′+
γvvx

′
1

c2
)

+[γvBn,ε(k)− γvv
c2
B1,n,ε(k)]e−ikc(γvt

′+
γvvx

′
1

c2
))eik1(γvx

′
1+γvvt

′)eik2x
′
2eik3x

′
3dk

= 1
(2π)3

∫
R3 [γvAn,ε(k)−γvv

c2
A1,n,ε(k)]ei(kcγv+k1γvv)t

′
ei(k1γv+

kγvv
c

)x′1eik2x
′
2eik3x

′
3dk

+ 1
(2π)3

∫
R3 [γvBn,ε(k)−γvv

c2
B1,n,ε(k)]e−i(kcγv−k1γvv)t

′
ei(k1γv−

kγvv
c

)x′1eik2x
′
2eik3x

′
3dk

(A)

We make the change of variables, in the first line of (A);

k′c = kcγv + k1γvv

k′ = kγv + k1γvv
c

k′1 = k1γv + kγvv
c

k′2 = k2

k′3 = k3

and, in the second line of (A);

k′c = kcγv − k1γvv



24 TRISTRAM DE PIRO

k′ = kγv − k1γvv
c

k′1 = k1γv − kγvv
c

k′2 = k2

k′3 = k3

which are the Doppler shift transformations given in [7], for the ve-
locity vector (v, 0, 0). Calculating the Jacobian, and using the chain
rule, we have that, for the first and second lines of (A) respectively;

dk1dk2dk3 = (γv − γvk′1v

k′c
)dk′1dk

′
2dk

′
3

dk1dk2dk3 = (γv +
γvk′1v

k′c
)dk′1dk

′
2dk

′
3

so that, substituting in (A);

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3 [γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]eik

′ct′eik
′
1x
′
1eik

′
2x
′
2eik

′
3x
′
3

(γv − γvk′1v

k′c
)dk

′

+ 1
(2π)3

∫
R3 [γvBn,ε(k

′
)−γvv

c2
B1,n,ε(k

′
)]e−ik

′ct′eik
′
1x
′
1eik2x

′
2eik3x

′
3(γv+

γvk′1v

k′c
)dk

′

= 1
(2π)3

∫
R3 [γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]eik

′ct′eik
′
�x′(γv − γvk′1v

k′c
)dk

′

+ 1
(2π)3

∫
R3 [γvBn,ε(k

′
)− γvv

c2
B1,n,ε(k

′
)]e−ik

′ct′eik
′
�x′(γv +

γvk′1v

k′c
)dk

′

so that equating coefficients, and using the wave representation for
ρ′n,ε(x

′, t′), we have that;

A′n,ε(k
′
) = (γv − γvk′1v

k′c
)[γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]

B′n,ε(k
′
) = (γv +

γvk′1v

k′c
)[γvBn,ε(k

′
)− γvv

c2
B1,n,ε(k

′
)] (E)

and, using (D), with the inverse relations for the first line;

k = k′γv − k′1γvv

c

k1 = k′1γv −
k′γvv
c
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k′2 = k2

k′3 = k3

limε→0An,ε(k
′
) = q

2
+ qvk1

2kc

= q
2

+
qv(k′1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)c

limε→0A1,n,ε(k
′
) = [− cq

2k
− qvk1

2k2
]k1

= − cq(k′1γv−
k′γvv
c

)

2(k′γv−
k′1γvv
c

)
− qv(k′1γv−

k′γvv
c

)2

2(k′γv−
k′1γvv
c

)2

and, substituting into the first line of (E);

limε→0A
′
n,ε(k

′
) = (γv− γvk′1v

k′c
)[γv(

q
2
+
qv(k′1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)c
)− γvv

c2
(− cq(k′1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)

− qv(k′1γv−
k′γvv
c

)2

2(k′γv−
k′1γvv
c

)2
)]

Again, using (D), with the inverse relations for the second line;

k = k′γv +
k′1γvv

c

k1 = k′1γv + k′γvv
c

k′2 = k2

k′3 = k3

limε→0Bn,ε(k
′
) = q

2
− qvk1

2kc

= q
2
− qv(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)c

limε→0B1,n,ε(k
′
) = [ cq

2k
− qvk1

2k2
]k1

=
cq(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)
− qv(k′1γv+

k′γvv
c

)2

2(k′γv+
k′1γvv
c

)2

and, substituting into the second line of (E);

limε→0B
′
n,ε(k

′
) = (γv +

γvk′1v

k′c
)[γv(

q
2
− qv(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)c
)− γvv

c2
(
cq(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)
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− qv(k′1γv+
k′γvv
c

)2

2(k′γv+
k′1γvv
c

)2
)]

Rearranging, we have that;

limε→0A
′
n,ε(k

′
) = qγ2v(1−

k′1v

k′c
)[(1

2
+

vk′1(1−
k′v
k′1c

)

2k′(1−
k′1v
k′c )c

)− v
c2

(−
ck′1(1−

k′v
k′1c

)

2k′(1−
k′1v
k′c )

−
vk′21 (1− k

′v
k′1c

)2

2k′2(1−
k′1v
k′c )

2
)]

= qγ2v(1−
k′1v

k′c
)[1

2
+

vk′1(1−
k′v
k′1c

)

k′(1−
k′1v
k′c )c

+
v2k′21 (1− k

′v
k′1c

)2

2k′2c2(1−
k′1v
k′c )

2
]

= qγ2v
2

(1− k′1v

k′c
)[1 +

vk′1(1−
k′v
k′1c

)

k′(1−
k′1v
k′c )c

]2

= qγ2v
2

(1− k′1v

k′c
)[
k′(1− k

′
1v

k′c )c+vk
′
1(1−

k′v
k′1c

)

k′(1−
k′1v
k′c )c

]2

= qγ2v
2

(1− k′1v

k′c
)[
k′c−k′1v+k′1v−

v2k′
c

k′(1−
k′1v
k′c )c

]2

= qγ2v
2

(1− k′1v

k′c
)[
k′c(1− v

2

c2
)

k′c(1−
k′1v
k′c )

]2

= qγ2v
2

(1− k′1v

k′c
)[

(1− v
2

c2
)

(1−
k′1v
k′c )

]2

= q
2
[
(1− v

2

c2
)

(1−
k′1v
k′c )

]

= q
2γv

[ 1

γv(1−
k′1v
k′c )

]

= q′

2
k′

k

and, using the symmetry;

limε→0A
′
n,ε(k

′
)(v) = limε→0B

′
n,ε(k

′
)(−v)

we have;

limε→0B
′
n,ε(k

′
) = qγ2v

2
(1 +

k′1v

k′c
)[1−

vk′1(1+
k′v
k′1c

)

k′(1+
k′1v
k′c )c

]2

= q′

2
k′

k
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where q′ = q
γv

is the new charge due to the change in mass of the

electron, m′ = m
γv

and k′

k
is the Doppler shift in amplitude of the spec-

trum of the stationary electron.

�

Lemma 0.13. Let an electron move at velocity (w, 0, 0) in the base
frame S, and let S ′ move at velocity (v, 0, 0) relative to S, then the
amplitudes in the spectrum of the electron in S ′ are shifted by the back-
ground Doppler factor k′

k
.

Proof. The proof is almost the same as Lemma 0.12. We consider a
frame S ′ moving with velocity (v, 0, 0) relative to the base frame S.
For n ≥ 6, by results of [3], [4] and [5], given ρn,ε in the base frame
S, there exists a unique current Jn,ε with compact support, such that
the standard relations are satisfied for (ρn,ε, Jn,ε). By results of [3], we
have that �2(Jn,ε) = 0 and moreover, Jn,ε has the wave representaion;

Jn,ε = 1
(2π)3

∫
R3(An,ε(k)eikct +Bn,ε(k)e−ikct)eik�xdk (†)

where, for k 6= 0;

An,ε(k) = − cAn,ε(k)

k
k

Bn,ε(k) = cBn,ε(k)

k
k (∗)

If the electron travels with velocity vector (w, 0, 0) in the base frame
S, then by Lemma 0.10, we have that;

limε→0An,ε(k) = q
2

+ qwk1
2kc

limε→0Bn,ε(k) = q
2
− qwk1

2kc

so that, by (∗), uniformly on compact subsets of R3 \ {0};

limε→0An,ε(k) = [− cq
2k
− qwk1

2k2
]k

limε→0Bn,ε(k) = [ cq
2k
− qwk1

2k2
]k (D)

We have that ρn,ε transforms to S ′ as;
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ρ′n,ε(x
′, t′) = γv(ρn,ε − vj1,n,ε

c2
)(x, t)

see [1], so that, using (†) and the wave representation for ρn,ε;

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3(γvAn,ε(k)eikct + γvBn,ε(k)e−ikct)eik�xdk

− 1
(2π)3

∫
R3(

γvv
c2
A1,n,ε(k)eikct + γvv

c2
B1,n,ε(k)e−ikct)eik�xdk

= 1
(2π)3

∫
R3([γvAn,ε(k)−γvv

c2
A1,n,ε(k)]eikct+[γvBn,ε(k)−γvv

c2
B1,n,ε(k)]e−ikct)eik�xdk

(††)

We have that, using the inverse Lorentz transformation;

t = γvt
′ +

γvvx′1
c2

x1 = γvx
′
1 + γvvt

′

x2 = x′2

x3 = x′3

so that, substituting into (††);

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3([γvAn,ε(k)− γvv

c2
A1,n,ε(k)]eikc(γvt

′+
γvvx

′
1

c2
)

+[γvBn,ε(k)− γvv
c2
B1,n,ε(k)]e−ikc(γvt

′+
γvvx

′
1

c2
))eik1(γvx

′
1+γvvt

′)eik2x
′
2eik3x

′
3dk

= 1
(2π)3

∫
R3 [γvAn,ε(k)−γvv

c2
A1,n,ε(k)]ei(kcγv+k1γvv)t

′
ei(k1γv+

kγvv
c

)x′1eik2x
′
2eik3x

′
3dk

+ 1
(2π)3

∫
R3 [γvBn,ε(k)−γvv

c2
B1,n,ε(k)]e−i(kcγv−k1γvv)t

′
ei(k1γv−

kγvv
c

)x′1eik2x
′
2eik3x

′
3dk

(A)

We make the change of variables, in the first line of (A);

k′c = kcγv + k1γvv

k′ = kγv + k1γvv
c

k′1 = k1γv + kγvv
c
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k′2 = k2

k′3 = k3

and, in the second line of (A);

k′c = kcγv − k1γvv

k′ = kγv − k1γvv
c

k′1 = k1γv − kγvv
c

k′2 = k2

k′3 = k3

which are the Doppler shift transformations given in [7], for the ve-
locity vector (v, 0, 0). Calculating the Jacobian, and using the chain
rule, we have that, for the first and second lines of (A) respectively;

dk1dk2dk3 = (γv − γvk′1v

k′c
)dk′1dk

′
2dk

′
3

dk1dk2dk3 = (γv +
γvk′1v

k′c
)dk′1dk

′
2dk

′
3

so that, substituting in (A);

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3 [γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]eik

′ct′eik
′
1x
′
1eik

′
2x
′
2eik

′
3x
′
3

(γv − γvk′1v

k′c
)dk

′

+ 1
(2π)3

∫
R3 [γvBn,ε(k

′
)−γvv

c2
B1,n,ε(k

′
)]e−ik

′ct′eik
′
1x
′
1eik2x

′
2eik3x

′
3(γv+

γvk′1v

k′c
)dk

′

= 1
(2π)3

∫
R3 [γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]eik

′ct′eik
′
�x′(γv − γvk′1v

k′c
)dk

′

+ 1
(2π)3

∫
R3 [γvBn,ε(k

′
)− γvv

c2
B1,n,ε(k

′
)]e−ik

′ct′eik
′
�x′(γv +

γvk′1v

k′c
)dk

′

so that equating coefficients, and using the wave representation for
ρ′n,ε(x

′, t′), we have that;

A′n,ε(k
′
) = (γv − γvk′1v

k′c
)[γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]
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B′n,ε(k
′
) = (γv +

γvk′1v

k′c
)[γvBn,ε(k

′
)− γvv

c2
B1,n,ε(k

′
)] (E)

and, using (D), with the inverse relations for the first line;

k = k′γv − k′1γvv

c

k1 = k′1γv −
k′γvv
c

k′2 = k2

k′3 = k3

limε→0An,ε(k
′
) = q

2
+ qwk1

2kc

= q
2

+
qw(k′1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)c

limε→0A1,n,ε(k
′
) = [− cq

2k
− qwk1

2k2
]k1

= − cq(k′1γv−
k′γvv
c

)

2(k′γv−
k′1γvv
c

)
− qw(k′1γv−

k′γvv
c

)2

2(k′γv−
k′1γvv
c

)2

and, substituting into the first line of (E);

limε→0A
′
n,ε(k

′
) = (γv−γvk′1v

k′c
)[γv(

q
2
+
qw(k′1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)c
)−γvv

c2
(− cq(k′1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)

− qw(k′1γv−
k′γvv
c

)2

2(k′γv−
k′1γvv
c

)2
)]

Again, using (D), with the inverse relations for the second line;

k = k′γv +
k′1γvv

c

k1 = k′1γv + k′γvv
c

k′2 = k2

k′3 = k3

limε→0Bn,ε(k
′
) = q

2
− qwk1

2kc

= q
2
− qw(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)c
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limε→0B1,n,ε(k
′
) = [ cq

2k
− qwk1

2k2
]k1

=
cq(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)
− qw(k′1γv+

k′γvv
c

)2

2(k′γv+
k′1γvv
c

)2

and, substituting into the second line of (E);

limε→0B
′
n,ε(k

′
) = (γv+

γvk′1v

k′c
)[γv(

q
2
− qw(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)c
)− γvv

c2
(
cq(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)

− qw(k′1γv+
k′γvv
c

)2

2(k′γv+
k′1γvv
c

)2
)]

Rearranging, we have that;

limε→0A
′
n,ε(k

′
) = qγ2v(1−

k′1v

k′c
)[(1

2
+

wk′1(1−
k′v
k′1c

)

2k′(1−
k′1v
k′c )c

)− v
c2

(−
ck′1(1−

k′v
k′1c

)

2k′(1−
k′1v
k′c )

−
wk′21 (1− k

′v
k′1c

)2

2k′2(1−
k′1v
k′c )

2
)]

= qγ2v(1−
k′1v

k′c
)[1

2
+

wk′1(1−
k′v
k′1c

)

2k′(1−
k′1v
k′c )c

+
vk′1(1−

k′v
k′1c

)

2k′(1−
k′1v
k′c )c

+
vwk′21 (1− k

′v
k′1c

)2

2k′2c2(1−
k′1v
k′c )

2
]

= qγ2v
2

(1− k′1v

k′c
)[1 +

vk′1(1−
k′v
k′1c

)

k′(1−
k′1v
k′c )c

][1 +
wk′1(1−

k′v
k′1c

)

k′(1−
k′1v
k′c )c

]

= qγ2v
2

(1− k′1v

k′c
)[

(1− v
2

c2
)

(1−
k′1v
k′c )

][1 +
wk′1(1−

k′v
k′1c

)

k′(1−
k′1v
k′c )c

]

= q
2
[1 +

wk′1(1−
k′v
k′1c

)

k′(1−
k′1v
k′c )c

]

= q
2
[
k′c−k′1v+k′1w−

k′vw
c

k′(1−
k′1v
k′c )c

]

= q
2
[
k′c(1− vw

c2
)+k′1(w−v)

k′(1−
k′1v
k′c )c

]

= q
2

[k′c(1− vw
c2

)][1+
k′1
k′c (

w−v
1− vw

c2
)]

k′(1−
k′1v
k′c )c

= q
2

(1− vw
c2

)[1+
k′1
k′cw

′]

(1−
k′1v
k′c )

= q
2

(1− vw
c2

)[1+
k′1
k′cw

′]

(1−
k′1v
k′c )

= q
2

γ−w∗v
γwγv

limε→0A′′n,ε

(1−
k′1v
k′c )
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= q′

2

limε→0A′′n,ε(k
′
)

γv(1−
k′1v
k′c )

= q′

2
limε→0A

′′
n,ε(k

′
)k
′

k

and, using the symmetries;

limε→0A
′′
n,ε(k

′
)(w) = limε→0B

′′
n,ε(k

′
)(−w)

limε→0A
′
n,ε(k

′
)(v) = limε→0B

′
n,ε(k

′
)(−v)

we have;

limε→0B
′
n,ε(k

′
) = q′

2
limε→0B

′′
n,ε(k

′
)k
′

k

where q′ = q γw∗−v
γw

is the new charge in S ′ due to the change in mass

of the electron, m′ = mγw∗−v
γv

, {A′′n,ε(k
′
), B′′n,ε(k

′
)} are the factors in the

wave equation for an electron moving with the transformed velocity
w′ = w−v

1− vw
c2

in S ′ and k′

k
is the background Doppler shift in amplitude,

transferring from S to S ′.

�

Lemma 0.14. Let an electron move at velocity w in the base frame S,
and let S ′ be a rotation of S by g ∈ O(3), then there is no Doppler shift
in the amplitudes of the spectrum of the electron in S ′, and the electron
moves with velocity wg in S ′.

Proof. We consider a rotated frame S ′ relative to the base frame S. For
n ≥ 6,if the electron travels with velocity vector w in the base frame
S, then by Lemma 0.10, we have that;

limε→0An,ε(k) = q
2

+ qw�k
2kc

limε→0Bn,ε(k) = q
2
− qw�k

2kc
(D)

We have that ρn,ε transforms to S ′ as;

ρ′n,ε(x
′, t′) = ρn,ε(x, t), where x′ = xg

see [6], so that, using (†) and the wave representation for ρn,ε;
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ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3(An,ε(k)eikct +Bn,ε(k)e−ikct)eik�xdk

(††)

We have that, using the inverse rotation, x = x′g
−1

and substituting
into (††), using the fact that g ∈ O(3);

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3

∫
R3(An,ε(k)eikct +Bn,ε(k)e−ikct)eik�x

′g−1

dk

= 1
(2π)3

∫
R3

∫
R3(An,ε(k)eikct +Bn,ε(k)e−ikct)eik

g
�x′dk, (A)

We make the change of variables k
′
= k

g
. Calculating the Jacobian,

and using the fact that g ∈ O(3), we have that;

dk = dk
′

so that, substituting in (A);

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3

∫
R3(An,ε(k

′g−1

)eik
′ct +Bn,ε(k

′g−1

)e−ik
′ct)eik

′
�x′dk

′

and equating coefficients, using the wave representation for ρ′n,ε(x
′, t′),

we have that;

A′n,ε(k
′
) = An,ε(k

′g−1

)

B′n,ε(k
′
) = Bn,ε(k

′g−1

) (E)

so that, using (D) and the fact that g ∈ O(3), k = k′;

limε→0A
′
n,ε(k

′
) = q

2
+ qw�k

′g−1

2k′c

= q
2

+ qwg �k
′

2k′c

limε→0B
′
n,ε(k

′
) = q

2
− qw�k

′g−1

2k′c

= q
2
− qwg �k

′

2k′c

which represents an electron with charge q and velocity vector wg

moving in S ′. There is no mass change and no Doppler effect as k′ = k.
�
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Lemma 0.15. Let an electron move at velocity w in the base frame S,
and let S ′ move at velocity v relative to S, then the amplitudes in the
spectrum of the electron in S ′ are shifted by the background Doppler
factor k′

k
.

Proof. The proof generalises Lemma 0.13. We consider a frame S ′

moving with velocity v relative to the base frame S and let w be the
velocity of the electron is S. Choose g ∈ SO(3), with g(v) = (v, 0, 0)

and g(w) = p = (p1, p2, 0), with w =
√
p21 + p22. Then, by a result in

[6], we have that;

RgBv = Bg(v)Rg = B(v,0,0)Rg

and the electron travels at velocity (p1, p2, 0) in the rotated by g
frame S1 with no Doppler shift. Let S2 be the frame connected to S1

by the boost B(v,0,0). For n ≥ 6, by results of [3], [4] and [5] again,

given ρn,ε in the base frame S1, there exists a unique current Jn,ε
with compact support, such that the standard relations are satisfied
for (ρn,ε, Jn,ε). By results of [3], we have that �2(Jn,ε) = 0 and more-
over, Jn,ε has the wave representation;

Jn,ε = 1
(2π)3

∫
R3(An,ε(k)eikct +Bn,ε(k)e−ikct)eik�xdk (†)

where, for k 6= 0;

An,ε(k) = − cAn,ε(k)

k
k

Bn,ε(k) = cBn,ε(k)

k
k (∗)

If the electron travels with velocity vector p in the frame S1, then by
Lemma 0.10, we have that;

limε→0An,ε(k) = q
2

+ qp�k
2kc

limε→0Bn,ε(k) = q
2
− qp�k

2kc

so that, by (∗), uniformly on compact subsets of R3 \ {0};

limε→0An,ε(k) = [− cq
2k
− qp�k

2k2
]k

limε→0Bn,ε(k) = [ cq
2k
− qp�k

2k2
]k (D)
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We have that ρn,ε transforms to S2 as;

ρ′n,ε(x
′, t′) = γv(ρn,ε − vj1,n,ε

c2
)(x, t)

see [1], so that, using (†) and the wave representation for ρn,ε;

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3(γvAn,ε(k)eikct + γvBn,ε(k)e−ikct)eik�xdk

− 1
(2π)3

∫
R3(

γvv
c2
A1,n,ε(k)eikct + γvv

c2
B1,n,ε(k)e−ikct)eik�xdk

= 1
(2π)3

∫
R3([γvAn,ε(k)−γvv

c2
A1,n,ε(k)]eikct+[γvBn,ε(k)−γvv

c2
B1,n,ε(k)]e−ikct)eik�xdk

(††)

We have that, using the inverse Lorentz transformation;

t = γvt
′ +

γvvx′1
c2

x1 = γvx
′
1 + γvvt

′

x2 = x′2

x3 = x′3

so that, substituting into (††);

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3([γvAn,ε(k)− γvv

c2
A1,n,ε(k)]eikc(γvt

′+
γvvx

′
1

c2
)

+[γvBn,ε(k)− γvv
c2
B1,n,ε(k)]e−ikc(γvt

′+
γvvx

′
1

c2
))eik1(γvx

′
1+γvvt

′)eik2x
′
2eik3x

′
3dk

= 1
(2π)3

∫
R3 [γvAn,ε(k)−γvv

c2
A1,n,ε(k)]ei(kcγv+k1γvv)t

′
ei(k1γv+

kγvv
c

)x′1eik2x
′
2eik3x

′
3dk

+ 1
(2π)3

∫
R3 [γvBn,ε(k)−γvv

c2
B1,n,ε(k)]e−i(kcγv−k1γvv)t

′
ei(k1γv−

kγvv
c

)x′1eik2x
′
2eik3x

′
3dk

(A)

We make the change of variables, in the first line of (A);

k′c = kcγv + k1γvv

k′ = kγv + k1γvv
c
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k′1 = k1γv + kγvv
c

k′2 = k2

k′3 = k3

and, in the second line of (A);

k′c = kcγv − k1γvv

k′ = kγv − k1γvv
c

k′1 = k1γv − kγvv
c

k′2 = k2

k′3 = k3

which are the Doppler shift transformations given in [7], for the ve-
locity vector (v, 0, 0). Calculating the Jacobian, and using the chain
rule, we have that, for the first and second lines of (A) respectively;

dk1dk2dk3 = (γv − γvk′1v

k′c
)dk′1dk

′
2dk

′
3

dk1dk2dk3 = (γv +
γvk′1v

k′c
)dk′1dk

′
2dk

′
3

so that, substituting in (A);

ρ′n,ε(x
′, t′) = 1

(2π)3

∫
R3 [γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]eik

′ct′eik
′
1x
′
1eik

′
2x
′
2eik

′
3x
′
3

(γv − γvk′1v

k′c
)dk

′

+ 1
(2π)3

∫
R3 [γvBn,ε(k

′
)−γvv

c2
B1,n,ε(k

′
)]e−ik

′ct′eik
′
1x
′
1eik2x

′
2eik3x

′
3(γv+

γvk′1v

k′c
)dk

′

= 1
(2π)3

∫
R3 [γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]eik

′ct′eik
′
�x′(γv − γvk′1v

k′c
)dk

′

+ 1
(2π)3

∫
R3 [γvBn,ε(k

′
)− γvv

c2
B1,n,ε(k

′
)]e−ik

′ct′eik
′
�x′(γv +

γvk′1v

k′c
)dk

′

so that equating coefficients, and using the wave representation for
ρ′n,ε(x

′, t′), we have that;
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A′n,ε(k
′
) = (γv − γvk′1v

k′c
)[γvAn,ε(k

′
)− γvv

c2
A1,n,ε(k

′
)]

B′n,ε(k
′
) = (γv +

γvk′1v

k′c
)[γvBn,ε(k

′
)− γvv

c2
B1,n,ε(k

′
)] (E)

and, using (D), with the inverse relations for the first line;

k = k′γv − k′1γvv

c

k1 = k′1γv −
k′γvv
c

k′2 = k2

k′3 = k3

limε→0An,ε(k
′
) = q

2
+ qp�k

2kc

= q
2

+
qp1(k′1γv−

k′γvv
c

)+qp2k′2

2(k′γv−
k′1γvv
c

)c

limε→0A1,n,ε(k
′
) = [− cq

2k
− qp�k

2k2
]k1

= − cq(k′1γv−
k′γvv
c

)

2(k′γv−
k′1γvv
c

)
− qp1(k′1γv−

k′γvv
c

)2+qp2k′2(k
′
1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)2

and, substituting into the first line of (E);

limε→0A
′
n,ε(k

′
) = (γv−γvk′1v

k′c
)[γv(

q
2
+
qp1(k′1γv−

k′γvv
c

)+qp2k′2

2(k′γv−
k′1γvv
c

)c
)−γvv

c2
(− cq(k′1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)

− qp1(k′1γv−
k′γvv
c

)2+qp2k′2(k
′
1γv−

k′γvv
c

)

2(k′γv−
k′1γvv
c

)2
)]

Again, using (D), with the inverse relations for the second line;

k = k′γv +
k′1γvv

c

k1 = k′1γv + k′γvv
c

k′2 = k2

k′3 = k3

limε→0Bn,ε(k
′
) = q

2
− qp�k

2kc
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= q
2
− qp1(k′1γv+

k′γvv
c

)+qp2k′2

2(k′γv+
k′1γvv
c

)c

limε→0B1,n,ε(k
′
) = [ cq

2k
− qp�k

2k2
]k1

=
cq(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)
− qp1(k′1γv+

k′γvv
c

)2+qp2k′2(k
′
1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)2

and, substituting into the second line of (E);

limε→0B
′
n,ε(k

′
) = (γv+

γvk′1v

k′c
)[γv(

q
2
− qp1(k′1γv+

k′γvv
c

)+qp2k′2

2(k′γv+
k′1γvv
c

)c
)−γvv

c2
(
cq(k′1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)

− qp1(k′1γv+
k′γvv
c

)2+qp2k′2(k
′
1γv+

k′γvv
c

)

2(k′γv+
k′1γvv
c

)2
)]

Rearranging, we have that;

limε→0A
′
n,ε(k

′
) = qγ2v(1−

k′1v

k′c
)[(1

2
+

p1k′1(1−
k′v
k′1c

)+
p2
γv
k′2

2k′(1−
k′1v
k′c )c

)− v
c2

(−
ck′1(1−

k′v
k′1c

)

2k′(1−
k′1v
k′c )

−
p1k′21 (1− k

′v
k′1c

)2+
p2
γv
k′1k
′
2(1−

k′v
k′1c

)

2k′2(1−
k′1v
k′c )

2
)]

= qγ2v(1−
k′1v

k′c
)[1

2
+

p1k′1(1−
k′v
k′1c

)

2k′(1−
k′1v
k′c )c

+
vk′1(1−

k′v
k′1c

)

2k′(1−
k′1v
k′c )c

+
vp1k′21 (1− k

′v
k′1c

)2

2k′2c2(1−
k′1v
k′c )

2
]

+qγ2v(1−
k′1v

k′c
)[

p2
γv
k′2

2k′(1−
k′1v
k′c )c

+
p2
γv
k′1k
′
2v(1−

k′v
k′1c

)

2k′2c2(1−
k′1v
k′c )

2
]

= qγ2v
2

(1− k′1v

k′c
)[1+

vk′1(1−
k′v
k′1c

)

k′(1−
k′1v
k′c )c

][1+
p1k′1(1−

k′v
k′1c

)

k′(1−
k′1v
k′c )c

]+qγ2v [
p2
γv
k′2

2k′c
+

p2
γv
k′1k
′
2v(1−

k′v
k′1c

)

2k′2c2(1−
k′1v
k′c )

]

= q
2

(1− vp1
c2

)[1+
k′1
k′cp

′
1]

(1−
k′1v
k′c )

+ qγ2v
2

(1− vp1
c2

)p′2k
′
2

k′c
[1 +

vk′1(1−
k′v
k′1c

)

k′(1−
k′1v
k′c )c

]

= q
2

(1− vp1
c2

)[1+
k′1
k′cp

′
1]

(1−
k′1v
k′c )

+ qγ2v
2

(1− vp1
c2

)p′2k
′
2

k′c
[
(1− v

2

c2
)

(1−
k′1v
k′c )

]

= q
2

(1− vp1
c2

)[1+
k′1
k′cp

′
1]

(1−
k′1v
k′c )

+ q
2

(1− vp1
c2

)
k′2
k′cp

′
2

(1−
k′1v
k′c )

= q
2

(1− vp1
c2

)[1+ p′�k′

k′c ]

(1−
k′1v
k′c )

= q
2

γ−p∗v
γpγv

limε→0A′′n,ε

(1−
k′1v
k′c )

= q′

2

limε→0A′′n,ε(k
′
)

γv(1−
k′1v
k′c )
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= q′

2
limε→0A

′′
n,ε(k

′
)k
′

k

and, using the symmetries;

limε→0A
′′
n,ε(k

′
)(p) = limε→0B

′′
n,ε(k

′
)(−p)

limε→0A
′
n,ε(k

′
)(v) = limε→0B

′
n,ε(k

′
)(−v)

we have;

limε→0B
′
n,ε(k

′
) = q′

2
limε→0B

′′
n,ε(k

′
)k
′

k

where q′ = q
γp∗−v
γp

is the new charge in S ′ due to the change in mass

of the electron, m′ =
mγp∗−v
γw

, {A′′n,ε(k
′
), B′′n,ε(k

′
)} are the factors in the

wave equation for an electron moving with the transformed velocity
p′ = ( p1−v

1− vp1
c2
, p2
γv(1− vp1

c2
)
, 0) in S2 and k′

k
is the background Doppler shift

in amplitude, transferring from S1 to S2. Now complete the proof back
to S ′ using Lemma 0.14.

�
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