DE BROGLIE’S HYPOTHESIS AND THE WAVE
EQUATION

TRISTRAM DE PIRO

ABSTRACT.

Lemma 0.1. We have that,

% n _ nlr : .
f—% cos"(y)dy = T if n is even
[nT—l!]22n

fi cos"(y)dy = —=——, if n is odd

2

Proof. Let I, = f_%z cos"(y)dy, then for n > 2, we have that, using
2
integration by parts;

I = ffg cos"(y)dy

=500~ Deos2(y)sin? )y

=n—1Iho—(n—1)1,
so that, rearranging;

_ n—1
[n - n [7172

and, using the fact Iy = w, I} = 2, we have that, for n even;

n!
-[n = W’ﬂ'

and, for n odd;

[, = =2

n!
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Lemma 0.2. Letn € N, € > 0, and let Tn,e be defined by;
Yre(T) = %cos"(%), for x € [—€, €
Yn.e(z) =0, otherwise
Then vy, has the following properties;
(). Yne € C"HR).

(4). Yne > 0.

(144). [ ne(@)da = W, n even

—1
[n2 !}2277,—0—1

fR Yne(2)dx = “2———, n odd

(1) Yn.e is supported on [—¢, €.

T T

Proof. (ii) is clear as cos(y) > 0 for y € [, 7], (iv) is clear by the
definition of v, .. To prove (i), it is sufficient to show that;

cos™(Z£)™)(e) = cos™(Z£)™ (—e) =0

for 0 < m < n—1. We can prove this by induction on n, as for
n = 1, we have that;

cos(52)(€) = cos(5) = cos(57)(—¢€) = cos(—5) =0

and, if the inductive hypothesis holds for n € N/, then, for 1 <m <
n;

cos”“(g—f)(m)(e)

= —[Z 08" (52)sin(5E)) ()

- _“(’;‘:1)[ 21:_01 C,T_lcos”(g—f)(m_l_k)sm(g—f)(k)](e)

=0

and similarly;
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cos"TH(EE) ™) (—e) = 0

while, clearly;

cos" T (Z2)(€) = cos" T (5E)(—€) =0

To prove (iii), we have that, for n € N;
S Yne(x)da

=10 cos™(E)

=L % cos™(y)2dy, (y = %)

= 2 [, cos(y)dy

so that, using Lemma 0.1, for n even;

fR Yn.e(z)dr = %Wﬂ'

_ n!
= TP

and, for n odd;

1!]2271

S me(@)dz = 255

[ngl !]22n+1

7n!

Lemma 0.3. Let 0, (x) be defined by;

2n71[£!]2
One(z) = 2 —Yn.e, for n even

and by;

5n,e(x) = [(n%;;%vn,e; fOT’ n Odd

Then the properties (i), (ii), (iv) of Lemma 0.2 hold, with (iii) changed
to;
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(1) . [ ne(x)dz =1, neN
and, forn € N';
lime_00p,e =0

in the sense of distributions, where 0 is the Dirac delta function on

R.

Proof. The first claim is clear as we have just normalised ~, .. For the
remaining claim, let f € C°(R), and write;

f=r"+f

where;

fH(@) = flx), if f(z) 20

f1(z) = 0 otherwise

S~ (@) = f(x), if f(z) <0

f~(z) = 0 otherwise

Then, using properties (i7), (i77)’, (iv) of d,, and continuity of f;
min_e g frHmin_cgf~ < 0 (f) = f_ee (SM(QL’)]”JF(a:)dathf_e6 One(x)f~(x)dx
< max—e fH+mazi_cqf”

with;

limeomini_c g [T +min_cqf~ = limeomazi_cq f* +mazi_qf~
= f(0)

so that lime00,.(f) = f(0) = 0(f), as required.



DE BROGLIE’S HYPOTHESIS AND THE WAVE EQUATION 5

Lemma 0.4. We define the time derivative d, of the delta function §
to be;

L6(z — vt)
where v s the velocity, so that;
9, = —vd’

in the sense of distributions. Similarly, we define the time derivative
0pci Of the approzimations by;

%5%(:6 — vt)

so that, by the chain rule;
O ei(4) = =00, ()

Then;

lime 00, ., = 0

in the sense of distributions.
Moreover, for n even, n > 2;
Grcel) = gty 150 ()
and, for n odd, n > 3;

5§Let( )= M’ﬁ%% 1esm(2 )
In particularly, for n > 2;

Ones € CEA(R)

Proof. For the first claim, let f € C°(R), then, using integration by
parts, (iv) of Lemma 0.3;

5net :_Ufe ne d(L’
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= —v([6;, (2) f — [ One(a) f'(w)dz)
:Uf 5716 f,()

so that, using the main result of Lemma 0.3;

lime—o6y, ¢4 (f)

= vlime o [, 0ne(x) f/(2)da
= vf'(0)

= —u3(/)

= 0;(f)

as required. For the second claim, we have that, for n even, n > 2;

Op.es(T) = =06, ()
gn— 1inn2
= X2 ()

2n71[gl]2

= —UTT(—RCOSH_I(%)Sin(%)%)

2n- 17"[”']2 s s
= UW( cos” 1(2—)8271(2—)>

2N 171-[”!]2

= T2en-1) In— 16(27)82'71(%)

and, for n odd, n > 3;

6;L€t( ) - _U(S;L,e(‘r)

n!
= —VqE=T) gt Yo (%)

— —v@%(—ncos”_l(%)sm(%)%)

nin (%cos” (zz “2)sin(ZE))

= UsqE )T

— %%@ Le(z)sin(5E)
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For the final claim, we have that, by the product rule, for 0 < m <
n—2;

(Vn-1e(@)sin(5E))™
m m—Fk . rax
= il mlne (sin(30)*
and use the fact that v,_1. € C?*(R) O

c

Lemma 0.5. Let D denote the 3-dimensional Dirac delta function.
Forn e N,e >0, let D, be defined by;

Dne(,Y,2) = 0n.e(2)0n,e(y)0n.c(2)
Then D, . has the following properties;
(i). D, € C"1(R?).
(13). Dy > 0.
(444). [rs Dne(@,y, 2)dzdydz = 1
3

(1v) Dy is supported on [—¢, €]°.

Moreover, forn € N, lime0Dyc = D in the sense of distributions,

We define the time derivative D; of the delta function D to be;
LD(z —vt)

where U s the velocity vector, so that;

Dl/f = —Ule - UgDy — U3Dz

in the sense of distributions. Similarly, we define the time derivative
D, ., of the approzimations by;

%Dn’e(f — ot)

so that, by the chain rule;
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D}, 1(T) = =01 Dy o(T) — va Dy e y(T) — 03D -(T)

= — 0105, (2)0n.c () On.e (2) —020n,e(2)0;,  (Y)On,e(2) =030n.c (£)0n,e(4)0], (2)

Then;

limesoDy, o = Dy, (%)

in the sense of distributions.

Finally, we have that;

2n71[%!]2

Dn,e(xa Y, Z) = ( n! )37n,e(x)/7n,e(y)’7n,e<z)7 f07” n even

and;

Dn,e($7 Y, Z) = ([(71%17;%)37n,e(x)7n,e(y)7n,e<z)y fOT n odd
We have that;

on—lp[n]2  on—1[n2 o (T
D;z,e,t: 26(n—i)! n!2 )2[1}1771—1,6(1‘)’7”,6(y)’ynﬁ(z)szn(%)

+V2Yn,e (x)Vn—l,5<y)7n,e(Z)3in(g_g) + UB'Yn,e(x)’Vn,e (y)')/n—l,e<z)3in(72r_§)]

for n even.
7r2n.n ™. N T
;L,E,t = 26[(%—1);]2271“ ( [("T—l)!];2n+1 )2[UI’Yn—l,e(x)/Yn,e(y>’7n,e(Z)Sln<i)

F09Yn,e () V-1, (U) Ve (2) ST (5L) + V3Vn,e () Ve (Y) Vn—1,e (2) 5110 (Z2))]
forn odd.

In particularly, D, ., € C27*(R?).

Proof. For the first claim, (i) follows from the fact that 6, € C"'(R)
and the fact that if i +j +k=n —1;

ai+j+an7e [ j k
Tragast (T, Y, 2) = 57(1,)6(17)5552(?4)57(1,2(2)
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(#7) is trivial from the corresponding property of the 6, .. (iii) follows
form Fubini’s theorem;

Jiealieqg Jicq Dnela,y, z)dadydz = [, 0ne(z)dz [, 1 0ne()dy [ 4 0ne(2)dz
and the corresponding property (iii) of 0, .. (iv) is again trivial from

the the corresponding property of 0, . The claim (x) is a consequence

of properties (i7), (4i7), (iv), see the proof above for the 1-dimensional

case. For the claim (xx), we have that, for f € C°(R?), using integra-
tion by parts and Tonelli’s theorem;

Do) = foa S o g [=018 ()80, (9)00(2) =260 ()0, (1)1 (2)
—V30,¢(T)0n,c (), (2)] fdxdyd=z

i S fe s [0180e@)00 ()80 () fo 4 0200 ()00 ()50 (),
0301, (2)30c ()8 ()] foddyd

so that, by the claim (%);

limeoDl (£) = 01£(0) + v2£,(0) + v5£.(0)

— (—D, — 0D, — 15D.)(f)

= Dy(f)

The first computational claim follows from Lemma 0.3 and the defi-
nition of D, .. For the second computational claim;

Dy, 4(T) = =010, ()00, ()0n,e(2) =0200,e()07,  (4) O, (2) =0300,c(2)0n.e (4) 0, (2)

so that, for n even;

on 1ﬂ_[n,]z 2n—1[n|]2

D, (@) = —oi [~ 5 (@) sin (BN [ Yy o (2)]

gn—1rn 2 on 17.r - on—1rny
~0o[(Z I Yy ()] B 1, () sin (B e (2)
2n—1[ﬂ]]2 on— 1[n|]2

2n- 171'["']2 . Tz
)’Yne(y)][—m% Le(2)sin(F)]

—u3[(= ) e (@)][(
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on— 171_[71']2 on— 1[n|]2

= V15 mo)! )2 Vn—1,e(2) Yo (Y)Vn,e (2) sin(EE)

on— 1ﬂ_[n,]2 on— 1[n|]2

oy B T R 2 () () e (2)sin (L)

on— 171'[”']2 on— 1[n|]2

“+v3 2¢(n—1)! ) Tn, e( )%,e(y)%_lﬁ(z)sm(g_f)

and, for n odd;

2nln

Dy,e4(T) = —v1] = gqmr) g Tn-1e(@) sin(5e )][(W)%e(@/)”(w
—0y [(W)%e( )] W% Le(y)sin(5L )][(W)%e( z)]

—03[(n17r—n'22n+1)7ne( )][(%er@)][ %% Le(2)sin(52)]
(%55 (%55 (=31

7r2n n ™.
! ([( !

=V 26[(n 1)[]22n+1 nT*l)!]QQn—Q—l )27n—1,6(x)7n76(y)7n76(Z)Sin(%)

7r2n n ™.
! ( [( !

tuag, [(B5T)]22n 1 nTA)!]zgn+1)2771,6(33)%171,6(:9)%1,6(Z)Sin(g_g)

7r2n n m™n.
! ( [( !

+U32 e 1)|]22n+1 anl)!]zQT&l )2771,6(«T)’yn,e(y>7nfl,e(Z)Sin(%)

The final claim follows as above, by repeated application of the prod-
uct rule, using the fact that v,_1, € C"%*(R) and v, € C*}(R) O

Definition 0.6. Forn > 4, we let p,, ¢ be the unique charge distribution
on R? X Rxq defined by the initial conditions {qDy.c, qD,, .}, satisfying
the wave equation with velocity ¢, *(p,.) = 0, on R x Rsq, where q
15 the total charge.

Lemma 0.7. For n > 6, we have that;
pne(x t) (271— ng zkct 4 B(E) —zkct) zEEdE
where;

A(R) = Hlogee) 4 T

7. F Dn,e ( D1/'L5 )
B<k) = (q2 ) qukc ‘

and F denotes the usual 3 dimensional Fourier transform;

Fl9) = [gs 9(@e*7dz
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for g € LY(R3).

Proof. We have that the existence of p, . is guaranteed by Kirchoft’s
formula, for n > 4, as the initial conditions D, . € C3(R* and D, _, €
C?(R*) for n > 4, see [2]. Using the fact that the initial conditions
{qDM,qD;,E’t} have compact support, p,.: has compact support as
a process, in particularly p, ., € L'(R?), for t > 0. Using Kirchoff’s
formula, see [2], we have that, for ¢ > 0;

Pue(@. 1) = 1 [sp (e CtaDn 1 (0) + D e(§) + DgDr o(7) - (¥

—7)]dS(y)

Then, we have that, using the substitution Z =35 — (h,0,0), dz = dy
and interchanging limits;

% = limy o7 (o JsB@+.0.0).00 D 1)+ D (§)+Dq Dy e (7)-
@ @+ (1, 0,0)dS@) — 1z fypio. [t D7) + aDnc(7) +
DqDnc(y) - (y — 7)]dS(y))
= lzmh—>0h(47r02t2 féB (T,ct) [ctqD,, . (¥ + (h,0,0)) + ¢Dn (7 + (h,0,0))
+DqDn,(F+(h, 0,0))s(F+(h, 0,0) = (@+(h, 0,0))IdS () — 177 Sz en[tA D . (7)
+qDne(Y) + DDy o(y) « (§ — T)]dS(7))
= i Jsn.en limn—or; (ctaDy,  (+(h, 0,0))—ctqDy, ,(§)) +Hlimnso3;(qDne (F+
(7,0,0)) = Dn.e(7))+limn—o7, (DgDue(F+(h, 0,0)) = DgDy e (7)) (7—
7)]dS (7)
= o Jsp.e 4D 10 (G)+4Dn e o(§) + DD e o(7)- (T —T)]dS (9)
so that, as the initial conditions {¢Dp., ¢D}, .} are in C2~'(R?) and

Ccr- 2(713) respectively, it follows that for ¢ > 0, p,.; € C?3(R?). In
particularly, for n > 6, p,.; € C3(R3?), (*). We have that;
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02pn,e
D2(pn,e,t) = v2(pn,e,t) - Ciz gtﬁ =0

so we can apply F to both sides and obtain, and differentiating un-
der the integral sign;

}—(VQ(pn,e,t))(E, t) — 1 P2F(pne)kt) _

c? ot?

AS pper € C2(R?), by (), we have, using integration by parts, that;
F(72(pnet)) (ks t) = =k F (pnee) (K, 1)
so that;

_ ; B
—k2F (pnet) (ko t) — C%W _0

and we can use Peano’s theorem to solve the ODE in time, to obtain;

Y

Fpnes)(k,t) = A(k)e*t + B(k)e ket
where, at t = 0;

A(k) + B(k) = F(qDn,)

and, taking the time derivative at t = 0;

ikcA(k) — ikeB(k) = F(qD!, )

n,e,t

Now we can solve the simultaneous equations to get the expressions
for {A(k), B(k)}, We have that F(¢D,,.) € C®(R?) as ¢D,, . has com-
pact support and similarly for F(¢D,, ;). Moreover, we have that,
using integration by parts, for k; # 0;

]:(an,e,:v) - Z.kl]:(an,e>

so that, for k # 0, using the fact that for n > 6, ¢D,,. € C2(R?),
qun,E,t € 04(R3>7

F((V2)2an,e) = k4.7:(an7€)

|F(gD,, )| < U aDnol
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<g

F((V ) anet) _k4‘F(anet)
F D! ..

|F(an5t)| |F((v?)2q n.e, )

(1)

Converting to polar coordinates, this proves that {F(¢Dy,c), F(¢D;, . ;) } C
1(R?). Now we can use the fact that, for k # 0;

IN
-

TV < 1FaDuol | 1FaDh.)
|[A(R)| < =5+ =g

B)| < Dl | F@Dico)
|B(k)| < =50 4+

the fact that {F(qDy.), F(¢D;,.,) € C>(R?), and (1), using polar

coordinates again, to prove that {A(k), B(k)} € L'(R?). Finally, for
t > 0;

[ F(pne)l = |A(k)e™ + B(ke |
< |A(K)| +[B(k)|

so that F(p,.) € L'(R?) for t > 0. It follows that we can apply the
inversion theorem in the last step.

O

Lemma 0.8. Let F be the 1-dimensional Fourier transform, then, for
neven, k€ R, k#%(5—7),0<j<n;

F(yme)(k) = =5 300 OF wa— = (1) 2 I sin(ek)]

CLTLd, fO’f’ 0 S jO S ny

F(Vn,e)(%(% - ]0)) = on— 1Cm

In particularly;

n!

lime—>0]:('7n,e) = m
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uniformly on compact subsets of R. For n even;

2n—1[ﬁy]2

F(ne) = =T (e

wn particularly;

lime_oF (0p) =1

uniformly on compact subsets of R. For n even;
F (07, 1) (k) = vk F (6n,e)

wn particularly;

lime 0 F (8, ) (k) = ivk

uniformly on compact subsets of R.

Proof. We have that, for k € R, n even, k # Z(§ — j), 0 < j < n, by
the definition of v, . and F;
Fme) =+ [°, cos”(%)e*ixkdx

iTXT -

— 1 f 626 +e 25 )nefiwkdm

7,7rz(n 7) _17“3] _

= o ) >0 Cje 2 ey

2¢ek
_ 1 N\ n e BT
T 2ne ijo ¢j f_e % dx

ime(n—2j— 2k )

_ 1 n nfe__ 2 e
T 2ne Zj:O Oj [ é—:(n—Qj—%) ]—e

i . 2ek
_ 1N m 1 ime(n=2- 7).
- 2_716 ZJZO C ’“T(n 2] QEk) [6 2e ]—6
_ 1 n n 1 n— 2]7M o n— 2‘77ﬁ
— 9n¢ Zj:O Cj %’(nfgj),ik [Z ( Z) ]
_ 1 n n 1 ‘n—2j5 ,—iek __ (__ - \n—27 iek
T 2ne Z:j=0 i I (n—2j)—ik [ € (—1) e
_ 1 n n 1 ‘n—27 —iek __ ;m—2j jick 9
T 2ne Zj:() Cj %(N—Qj)—ik [7’ € (4 € ], (n 2]) even
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= e Yo O b2 sin(eh)
= e Lo O gmzr -2 sin(ek)]
=~ > =0 CF =(n— 23) ol (—1) 2 sin(ek)]
= —ger > -0 Cj m[(—l)%_jsm(ek)]

We know that F(v,,) is continuous, so that, for fixed €, 0 < jo < n,
using L’Hopital’s rule;

.7:'(7”76)(%(% - JO)) = limkﬁ%(%—jo)f(fynﬁ)(k)
- _2’”‘;—1<Z? 0,57#70 Cn (Jo1 J)[(_l)%_jsm(ﬁ(% —jo))]
— 5 Cf 2 [(=1) 2 Pecos(n(§ — jo))]

— O (- )F o (-1)3 )

= on— 1Cn

In particular;

Fl1n.)(0) = 503

S—C

independently of e.

It follows that, for k& # 0, using L’Hopital’s rule;

lime—mf(’yn,e)(k) - lzme—>0 2n1 10 IkS”l(Ek)

1 n! g 1
on—T (%Tllme_m ECOS(EI{?)]{?

= lemﬁocos(ek‘)

n!

2n—1(%!)2

and clearly;
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10 F () (0) = 5t
by (x).
It follows that;

lime_oF (Vn,e) = W (pointwise convergence)

To obtain uniform convergence on compact subsets, note that;

Lsin(ek)

converges uniformly to 1 on compact subsets as, for |k| < K;

sin(ek) — 1| = |sin(ek) —ek]|

1
|§ lek|

_ lek+O((ek)?)—ek]
lek]
< Clek|?
< CelK?
and sin(ek)
converges uniformly to 0 on compact subsets as , for k| < K;
|sin(ek)| < |ek|
<eK

By Lemma 0.3, we have that, for n even;

277.71[%!]2

F(dn,f) = o f('Yn,E)

so that, by the previous claim in this lemma;

o 2n71[%!]2 n!

lime—ﬂ)]:(dn,e) = nl 2 (ZD2 1

on compact subsets of R. We have that, using integration by parts
and the definition of ¢/

n,e,t)
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F(0 ) (k) = F(=vd,, )

ne.t
= —v(—ik)F (0n,)

= WkF (On.c)

so that, by the previous claim;
lime_yoF (On,¢) = w0klime_oF (0p.c)
= wk

uniformly on compact subsets of R.

O

Lemma 0.9. Let F be the three dimensional Fourier transform, then;
F(Dne) = Fi(one) (k1) F1(0n.e) (k2) F1(dn.e) (ks)
where F1 is the 1-dimensional Fourier transform.
In particularly;
lime_0F(Dy,) =1
uniformly on compact subsets of R3.
F (D ) kv, ko, ks) = =01 F1(67, ) (k1) Fa (On.e) (h2) F1 (On.c) (s)
—02F1(On,e) (k1) F1(0,, ) (F2) F1(On.e) (K3) =03 F1 (O, ) (F1 ) F1(One) (K2) F1 (0, ) (Fs)
In particularly;
limeoF (D), ,)(k) =iv. k

uniformly on compact subsets of R3.

Proof. By Definition 0.5 and the theorem of Fubini;

F(Dne) ke, ko, ks) = F1(Onc) (k) F1(On,c) (k2) F (On,e) (k)
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where Fj is the 1-dimensional Fourier transform. In particular, as
the projections of a compact subset are compact, and using the result
of Lemma 0.8;

lime_0F (Dpe)(k) = 1.1.1
=1
uniformly on compact subsets of R?.

By definition 0.5 again and Fubini’s theorem;

F(Dy, e i) (k1 kay k) = =01 F1 (8, ) (k1) F1(0n.e) (k) Fi(On,e) (3)

09 F1(6ne) (k1) F1(6y, ) (k2) Fi(0n,e) (k3) =03 F1(6n.e) (k1) F1(On,c) (k) Fi (95, ) (K3)

so that, using the result of Lemma 0.8, integration by parts and the
previous observation;

limeﬁ\QF(DhE’t)(kl, kg, kg) = —'Ul(—Zkl)ll—Ug(—ZkQ)11—?)3(—2163)11

=ik
uniformly on compact subsets of R?.

0

Lemma 0.10. For the charge distribution p, . of Lemma 0.7, we have
that;

lz’me—mAn,e(E) = g + qzif

Bl

_ quk
2kc

lime—)() Bn,s (E) =

[\J IS

uniformly on compact subsets of R®\ {0}.

Proof. We have that, by Lemma 0.7 and the results of Lemma 0.9;

lime_ oA, (k) = limHO(f(ql;n,g) n F(q;l?]:c,e,t))

_q qiv.k
2 + 2ikc
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— ¢ 4 gk
2 + 2ke
. TN 1 ]:(an,e) ]:(an €, t)
lime0Bn (k) = lime_o( 2 2ike )
_q qi@.E
2 2ike
—q _ qf.E
2 2kc

uniformly on compact subsets of R?\ {0}.

O

Lemma 0.11. For n > 6, for k € R+, we define the intensity
LT, t, k) at k to be;

Ine($ t k 271- fs zkct + B(k) —zkct)eiE.EdS<E)
so that, by Lemma 0.7;
Pne(@,t) = [ I(T,t, k)dk

Then;

n(svk)sin(ctk)

limesolno(sU,t, k) = ghs (2E sin(svk)cos(ctk)—-
+27E cos(svk) sin(ctk))

For the electron at time t moving a distance d, we obtain local max-
1ma in the wave number when;

2kd = — Dtan(2kd)

where D = &2

Proof. By Lemma 0.10 and the definition of I, ., we have that;

lime_ol, (sU,t, k) = (27r 5 Jg, (Ane( (k)et + B, (k)e~*)e® v dS (k)

= ™ fo, (4 B RS R) e [, (5~ B TASR)

(*)
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_ Switching to polar coordinates, letting ¢ be the angle between v and
k € S, we have that;

fSk %ezsiE =1 J"O ffﬂ isvkcos( G)k sm( )dadd)
= k2 fﬂ' zsvkcos(@)sin(g)de

= 7k [1, R du, (u = cos(8), du = —sin(6)dh)

ezsvku

= ﬂ-k2[ isvk ]1*1

7r_k2( isvk_e

_isvk
isvk Y )

= z’;’;k 2isin(svk)

2mksin(svk)
sv

and;

fsk Tk 7,51) de =z f[) fﬂ vkcos(0) zsvkcoS(Q)kZSin(e)d9d¢

2kc -7 2kc

_ m)CkQ 071' eisvkcos(t‘))COS(@)g@'ﬂ(@)dQ

— ﬂvck2 f_ll ueisvkudu, (U — COS(Q),CZU _ —Sm(@)d@)

2 tsvk 1 isvk

= (e = L S dw)
2 isvk —isvk isvk

— ﬂ"UCk (615” Zj;fk 18V _ [(i;s:k;2]£ )

= ;Zi; (2cos(svk)) — %Zism(svk)

2misin(svk)  2mikcos(svk)
s2vc cs

It follows from (), that;

q cht(Zﬂksin(svk) + 2misin(svk) 27rikcos(svk)>

2

limeoln(sv,t, k) = CIE s oe -

2

_ikct<27rksin(svk) _ 2misin(svk) + 27rikcos(svk))
sv s2ve cs

+—(27qr)3 e

= (er)g(wsm(svkﬂcos(kct) 4 2gi2 = sin(svk)2sin(kct)— QMkcos(svk)stm(k‘ct))
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= #(ﬂsm(svk)cos(kct)——sm(svk)sm(kct) +3E cos(suk)sin(kct))

(t)
The electron wave propagates at speed ¢, so we are interested in the

case when |st| = ct, so that s = <. Making this substitution in (), we
obtain that;

limeoln (20,1, k) = e (4zE sin(kct)cos(ket)— 255 sin® (kct)+*52 cos ket ) sin(kct ) )

ct

— (2%3([% + 180 sin(ket)cos(ket) — % sin®(kct))

— _4q ([%4_ 27rkv]SZn(2]€Ct) 47rv(1fcos(2kct)))

(2m)3 c?t c3t2 2

- (23@3 ([% + 2;]1”]82'71(216075) + 2;;3 cos(2kct) — 023%)

We look for a local maximum in k, so that;

Llimeoln (L0t k) = d%(@fr);; ([22F + 250 sin(2kct) 4 255 cos(2kct)
—3%))

= b (4232 sin(2kct)+2ct[ZE 4+ 280 cos (2Kt ) — 2ct 2% sin(2kct))

O (2 + 252)sin(2kct) + [Amk + ™2 cos(2kct) — 432 sin(2kct))

= ol (% — BY]sin(2ket) + [4nk + T cos(2ket))

=0
so that, rearranging;

k = —Dtan(2kct)

2m _ 27w

ot 2¢ c—v
where D = dr(1+2) ~ 2ct(cto)

Now use the fact that the distance at time ¢ is d = ct.

U

Lemma 0.12. For an electron moving at velocity (v, 0,0) in the labora-
tory frame S, the amplitudes in the spectrum of the stationary electron
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are shifted by the Doppler factor % in the frame S’ of the electron,
moving at velocity (v,0,0) relative to S.

Proof. We consider a frame S" moving with velocity (v, 0, 0) relative to
the base frame S. For n > 6, by results of [3], [4] and [5], given py,
in the base frame S, there exists a unique current 77176 with compact
support, such that the standard relations are satisfied for (pn76,7n76).
By results of [3], we have that (0?(J,, ) = 0 and moreover, J, . has the
wave representaion;

Tne = @y Jrs(Ane (k)™ + By (k)e ") e™dk (1)

where, for k # 0;

If the electron travels with velocity vector (v,0,0) in the base frame
S, then by Lemma 0.10, we have that;

lllme_mAn,e(E> - g + q;:cl

; ) — 4 _ ki
lzme%OBn,e(k) — 27 ke

so that, by (), uniformly on compact subsets of R3\ {0};

lime_oA, (k) = [~ — q;klg]g
tim B (F) = [ — 521F (D)

We have that p,, . transforms to S’ as;

P (@) = Yopne — L) (T, 1)

see [1], so that, using (f) and the wave representation for p, ;
p;he(f/’ t’) _ ﬁ fns (,yvAn7ﬁ<E)€ikct + %Bme(E)e—ikct)ez‘E.de

271' fRS 02 Alne ) ZkCt‘i‘ 'vaBlne(E) _lkCt) lkxd%
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= ﬁ fR3 ([P)/UAn,e (E> - q2121121,71,,5 (E)] eikCt‘{’ ["YUB’H,E (E) - ’YCUQU El,n,e (
TT)

We have that, using the inverse Lorentz transformation;

|
S~—
3
4
B
o
a
S~—
a
.
ol
&
Q.
EN

v
t =yt + Tt
/ /
T1 = V¥ + Y0l
_ /
_ /

so that, substituting into (11);

’Yvﬂzl)

Pre@ 1) = s Js (1o Ane(R) = 257 Ay (R))e ™0

as . . . —
= 2 gl ))elkl (vo) +’yvvt’)ezk2x’2 ezkgxé dk

+[7an,e(E) . 'yCvaE (E)] —ike(yot'+

— J— — . ;- kyovy,..1 - r e
= 5 Jro Vo Ane(B) =25 Ay o (R) e/ herv i)t gilinne s 5)es eikacs ik g,

%)3 SV B (B) =22 By ,, o (F)|e i her—hrnn)t’ gilkao— BYt)a! kol gikach T
(4)
We make the change of variables, in the first line of (A);
k'c = key, + k1y,v
K= ky, 4 B2

k/ — kl,}/v kw(;,v

and, in the second line of (A);

k'c = kcy, — k1y,v



24 TRISTRAM DE PIRO

K = kry, — B

C

Ky = kyy, — F1

ké - kg

which are the Doppler shift transformations given in [7], for the ve-
locity vector (v,0,0). Calculating the Jacobian, and using the chain

rule, we have that, for the first and second lines of (A) respectively;

dkydkodks = (7, — 2520 Ak, dk) ks

dkydkodks = (y, + 2010 Ak, dk ks

so that, substituting in (A);

!/

p;L,e(j/7 t/) _ # fRS [’YvAn,e (E ) 'yvv Al n e(k/)]eik/ct/ 6ikz’1x’1 eikéx’z 6ik:gxg

(70 — 2512 g

!/

_{_# fR3 [/YUBH,E (E’) _ 'y;,Q’UEl’n’E (E )]efik/ct’ ezk’lx’l 6ik2x/2 eikg:rg ('Yv"’ 72]:3:1:71 )d%

!/

!/

7! v TN ikl ct! ik & wkivy T
= ﬁ ff/zs [%An,e(k) - 7(;”2 Al,n,e(k )le Wt gib (Yo — %)dk

+# fRS [VUBn,e(E,) - ’YCUQUELH’E(EI

)]e—ik’ct’ eiEI.E’ (70 + 'Yzlfivmg’

so that equating coefficients, and using the wave representation for
P (@', 1), we have that;

Al K) = (0 — 290 [y, A, (K)) — B2, (K)]

B, (K) = (v + ) [0 Buc(F) = 5By (K] (B)
and, using (D), with the inverse relations for the first line;

k= k', — 20

C

YvU

kl - kl’yv



DE BROGLIE’S HYPOTHESIS AND THE WAVE EQUATION 25

/

/I

—

; _ g quk1

llme—)OAn,e(k> ) + oke
/
— 4 qu(kyy — 5200
2

k/
2(k"yv7$)c

lime_mzl’n’ﬁ(?) —[-a _ qvlﬂ]kl

2k 2k?
/ /
_ _cq(k’nu—'f ) qv(ki%—’j%”)Q
k k
2k yo— 1) 2k — )2

and, substituting into the first line of (E);

k/'yUU

k/’yyv)

g 4, () = (3= ) (o 207220y ebine o)

k'c 2

k/
2k o — 21 e
i
qu(kjy,—E20v)?

k! ypv
R

c? kf vy
2(k”}ﬂ;—%)

Again, using (D), with the inverse relations for the second line;

k= k'y, + kv

C

= Ky, + K

/I __
/
—/
; —_9q quka
limes0Bpe(k) =4 — 41
/ K yyv
— g _ ey t—2)
- !
2 oWyt ),
: ) 7! cq _ quki
llme—mBl,n,e(/f) = [ﬁ — Rz ]]ﬁ

! /
_cq(kly+ B2 qu(k g+ B )2

- /
2(K' yo+ 2(k”yv+7klzvv)2

k! ypv
1CU)

and, substituting into the second line of (E);

. — yoklv qu(k} o+ K2
limeo By, o(F) = (o + )l =

(&

) e 1Y cq(kyvo+

k/’z»uv )

20/ + 1)
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!
qu(kyyo+ 2y Tuv)2
k}l
2(k'yot+—)?

Rearranging, we have that;

hmHWW(?%=m%L—¢WG+Zﬂ:ﬁi
e v MelB2 T op(1-MY),

k:l
uk2( _WZ)Q)]
S L
2W2(1- 2302
’ K'v 2772 kv 2
R TU R L A
T T\t T R/ 2 K] K]
¢ K(-2o)e  2k2c2(1-532)2
vk! (1—E2
= - S+ Sy
2 k'c L
k' (1—75-)e
Kh v /
E(1—22)ctok) (1- B2
_ﬁu—@ [ (I wedetoh( kic)]z
= L —
’ e WO=)e
2 K k'c—Kv+k! 'ufﬂ
_ Ny LU)[ 1 1 ¢ ]2

2 k'c k,(l_y)c
_ od(q _ Koy ez g
= 3 (1 k.llc)[k/ (l_lzg;:)]
_ g Moy i)
= 51— )]

(-5

= 312
- z

2ra-2)
_ q 1
akn U(l—’f}Z)]
_ K
= 3%

and, using the symmetry;

— —

time o 4, (F)(v) = limeo B, (F)(~v)
we have;

_ 'y wk) (14 )
limeﬁo B;L,E(k/) = %(1 + %)[1 o 1 k1 ]2

L He
K (1430

R
=

c2

’ kv
cki(1 Mo

kv
2k (1-12)
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where ¢ = % is the new charge due to the change in mass of the

electron, m’ = = and k is the Doppler shift in amplitude of the spec-
trum of the statlonary electron

O

Lemma 0.13. Let an electron move at velocity (w,0,0) in the base
frame S, and let S move at velocity (v,0,0) relative to S, then the
amplitudes in the spectrum of the electron in S" are shifted by the back-
ground Doppler factor ’%

Proof. The proof is almost the same as Lemma 0.12. We consider a
frame S” moving with velocity (v,0,0) relative to the base frame S.
For n > 6, by results of [3], [4] and [5], given p, . in the base frame
S, there exists a unique current 7,176 with compact support, such that
the standard relations are satisfied for (p,.., J,.). By results of [3], we
have that DQ(jn,e) = (0 and moreover, 771,6 has the wave representaion;

n,e_ )3 R3 szt+Bn€(k) _szt) e “d (T)

where, for k # 0;

?T‘I

Z ( ) . CAn,e(E)E

=

By (k) = 20 (x)

If the electron travels with velocity vector (w,0,0) in the base frame
S, then by Lemma 0.10, we have that;

. 1. wk
llme—ﬂ]An e(k) = g qchl

; ) — 4 _ qwki
lzme—mBn,e(k) — 927 T9ke

so that, by (), uniformly on compact subsets of R?\ {0};

limeﬁoznﬁ@) = [_% _ QS;CI?]E
limeﬁogm(ﬁ) — [ - q k@}% (D)

We have that p,, . transforms to S’ as;
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vjl,n,e

p%,e(flu t/) = VY (pn,e - T2 )(f, t)

see [1], so that, using (f) and the wave representation for p, ;

P @ 1) = ms Jrs (VoAn, (R)EH + 4, By o (R)e ™ Fet ) e dl

Sl
~
D
L
o
Q
&
~—
)
.
¥
8
IS
x5

o (271r)3 f'R?’ (%zl,n,e (E)eikd + ’ch_;)El,n,e(

@ fns ([voAn.e (E) — vaZ17n7€ (E)] e* [y, By« (E) — ’YU;}EI,n,e (E)} e—ikct>eiE.EdE

c? c

(i)

We have that, using the inverse Lorentz transformation;

!
Yo UT]

t= Vvt/‘f’ 2

/ /

T = YTy + YVt
Ty = @,
_ /

so that, substituting into (11);

!
Yovz]
L)

Prc@ 1) = 53 Jra (oA e (B) — 2524, o (R)] e 0

_ vt

+[YoBnc (k) — 2B o (k)]e R0t

c2

)eikl (Vo) +yout’) eikgx’z eikgxg dE

— J— — . /o kyovy,.1 g T
- (271r)3 fRs ['VvAn,e(k:)_WZJQUAl,n,&(k)]Gz(kc’y”Jrkl%v)t Cl(kw”—i_ ¢ )xlelkﬂ?elksx?’dkﬁ

by S o B () = 22 By o () J e~ ke —hanuo)! il =50 gikah ikt

(4)

We make the change of variables, in the first line of (A);
E'c = kevyy + kv

kK = kv, + ’“LC“”

ki = k'lfy'u—i_ Egu
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kY = ko
Ky = ks
and, in the second line of (A);
k'c = key, — k1y,v

k= k‘% o kl'cyvv

Ky = Ky, — 122
ké - k'z
Ky = ks

which are the Doppler shift transformations given in [7], for the ve-
locity vector (v,0,0). Calculating the Jacobian, and using the chain
rule, we have that, for the first and second lines of (A) respectively;

dkydkodks = (7, — 20520 Ak, dk) ks

dkydkodks = (7, + 2520 dk, dk) ks

k/

so that, substituting in (A);

!/

P 1) = oty Do) — 28 (R )] 44

(70 — 90 g

+# fR3 [Van,e (E,) _ vvzvgl,n,e (E,)] e—ik’ct’ ezk’lx'l eikzx'z eikgxg (,yv_i_ Yokiv )d%l

c e

—/ vr —/ ik ct! ,':7/.5/ okl vy 77!
= # ffRs [/V’L)An,e(k) - 752 Al,n,e(k )]6 Wt gik (’Yv - Pyk]f; )dk

c2

— — — o T = K _,
+# fR3 [’Yan,e(k’ ) - %vBLn,e(k’ )]@ tk’ct elk T (%} + Wk/év)dk?
so that equating coefficients, and using the wave representation for
P (T, 1), we have that;

!/

A (K = (70 — 20 [y, A, (K)) — B0, (K)]
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—/

B, () = (7o + 25 [, Bpo(F) — 22 B0 ()] (E)

and, using (D), with the inverse relations for the first line;

k - kl’)ﬂ) - kll')’vv

C

_ 1t Ky
kl — klfyrv c

qw(kll’Yv
, v
2(k'~y v—iﬂ” )e

I
N
+

lime—ﬂ)zl,me(El) = [-a — qwkl]kl

2k 2k2
!
cqlkpye—R2Y)  quo(kyy— K2
kf yov Yo
1 1
D S S

and, substituting into the first line of (E);

. — K (K} vo ]”“”) v (K10
lime-yo A4, (F) = (0= ($4+5 ) = (=

14 'yvv)

k! Yo v
)
c

K
_ k= ey
kL ypv
2k~ 122 )2

Again, using (D), with the inverse relations for the second line;

k= Ky, + S22

kl - kl’yv k’zvv

ké = ko

ké = ks

limeso B, (k) = 1 — 22k
qu (k) yo+ K202)

=g _ =P e )
2
2 (Kot 122
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/

limeﬁogl,n,e(g> = [;_ q;;;gl]k‘l

_ Cq(k'ﬂv‘*‘k ) qw(k’ﬂﬁk ov )2
Yo v ¥
2ot )ty I

and, substituting into the second line of (E);

7 k' vyoyv k! "
hmeao B;%E(k‘/) (%) + %’ﬁ”)hﬂ(% M — wv M

2
D O PR P E T
!
qu(kf oyt B2
! v
2(k"yv+7klzv )2
Rearranging, we have that;
!
_ k(-5 ck'(l——
. / % why e
/ _ 2 1v 1 1 v
lmeso Ay, () = ¢ (1= 201G+ ——) — &(———
2k (1— 4= e 2k (1—32)
/
wk’f(l—%ﬁ)]
_ s
272 (1— )2
wk’(lf— vk’(lf—) vwk!2(1— kw2
201 _ kruypt TR
_qr)/v( k’c>[2+2k/l 4 +2k’1 | +2k/221 kiv 2]
( —W)C ( —7)0 c*( _W)
/
iy gy MO et
=5 (1= 72l [+ )
K (1—7r)e K —)c
2 / kv
2 Koy (1 UQ) whki (1~ k’ )
=30 - )l + ]
(1- k’ ) 4 k/c )C
q[ wk’(l—— ]
2 k’(l——)c
_ g[k’cfk’lv+k1wfk%
2

kv
K (1—7r)e
Kc(1 7“—“’)+k’ (w—v)

= 3l ]
Poraie
. [k'e(1— )][1+ (1,vw )]
—2
k/(l—m)c
_ g U=yl
- 5 kv
(=)
_ g U=+ o]
) kv
(1=52)
_ g Eimeot,
=3 k,
(1-%r)
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¢ lime_so AL (k')
5 kv

'Yv(l_ﬁ)

. q/ . " —/ k’
= 5llmeﬁoAn’€(l€ )E

and, using the symmetries;

/ -/

limo A2, (F)(w) = limeo BY, (F)(~w)

/ -/

limesp A3, (F)(0) = limi o B, (F)(~v)

we have;

. / —/ o ql . " —/ 1%
lime o B}, (k) = $lime 0B, (k)T
Ywx—v

Yw

of the electron, m/ = === {AZ’E(E,), vae(?)} are the factors in the

where ¢ = ¢ is the new charge in S’ due to the change in mass

wave equation for an electron moving with the transformed velocity
w' = 7% in S and ’% is the background Doppler shift in amplitude,

o2
transferring from S to S’.

O

Lemma 0.14. Let an electron move at velocity w in the base frame S,
and let S" be a rotation of S by g € O(3), then there is no Doppler shift
in the amplitudes of the spectrum of the electron in S’, and the electron
moves with velocity w9 in S’.

Proof. We consider a rotated frame S’ relative to the base frame S. For
n > 6,if the electron travels with velocity vector w in the base frame
S, then by Lemma 0.10, we have that;

i o An (F) = 4§ + 22
ll’me—mBn,E(E) = % - qgkj <D)

We have that p, . transforms to S’ as;
Pr.o(T' 1) = pne(T,t), where T’ = 77

see [6], so that, using () and the wave representation for p, ;
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P (T, 1) = ﬁ Jrs (A, (R)e™ et + B, (k)e~*et) ek
(1)

We have that, using the inverse rotation, 7 = 79 = and substituting
into (1), using the fact that g € O(3);

p;,e(flﬂf/) = ﬁ fRd fR5 (An’e(E)eikCt T Bn,e(z)e_ikCt)eiE'f'g_ dk
= # fRS fRS( An’E(E>eikct 4 Bn,E(E)e—ikct) ok’ dE, (A)

We make the change of variables K =% Calculating the Jacobian,
and using the fact that g € O(3), we have that;

dk = dF
so that, substituting in (A);

R 1 97N ikt TN ikt ik T T
pn,e<x at> = 23 f’RS fR3 (An,e(k )6 +Bn,e<k )6 )6 dk

and equating coefficients, using the wave representation for p;, (7',t'),
we have that;

4, () = An B )

B, (F) = Bu.(K" ) (E)

so that, using (D) and the fact that g € O(3), k = k’;

—1

— 79

: / _q quw.k
lime,o Ay (k) = § + S5

=/
_q qu9.k
-2 + 2k’c
: Y q qﬁygil
limeo By, (k) = § — %55~
_q qﬁg.El
2 2k’c

which represents an electron with charge ¢ and velocity vector w?
moving in S’. There is no mass change and no Doppler effect as k' = k.
O
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Lemma 0.15. Let an electron move at velocity w in the base frame S,
and let S" move at velocity v relative to S, then the amplitudes in the
spectrum of the electron in S’ are shifted by the background Doppler
factor ’%

Proof. The proof generalises Lemma 0.13. We consider a frame S’
moving with velocity v relative to the base frame S and let w be the
velocity of the electron is S. Choose g € SO(3), with ¢g(v) = (v,0,0)

and g(w) = p = (p1,p2,0), with w = /p? + p3. Then, by a result in
6], we have that;

RyBy = Bg(f)Rg = B(vﬁo,O)Rg

and the electron travels at velocity (pi,p2,0) in the rotated by g
frame S; with no Doppler shift. Let Sy be the frame connected to S;
by the boost B, 00). For n > 6, by results of [3], [4] and [5] again,
given p,. in the base frame S, there exists a unique current 7,176
with compact support, such that the standard relations are satisfied
for (ppe, Jne). By results of [3], we have that (J?(.J,, ) = 0 and more-
over, 7,176 has the wave representation;

Tne = # fn3 (Zn,e(%)eikd + En’e (E)e‘ikd)ei%'fd (1.)
where, for k # 0;

Apo(k) = — Al

—

=

B (k) = Lrc®p (4)

If the electron travels with velocity vector p in the frame S7, then by
Lemma 0.10, we have that;

lime A, (k) = & + BE
lime—)OBn,E(E) = % —

so that, by (), uniformly on compact subsets of R?\ {0};

(5t — 421k

lime 0 An.c (k) 2%  2k2

limesoBn. (k) = [& — X]E (D)



DE BROGLIE’S HYPOTHESIS AND THE WAVE EQUATION 35

We have that p,, . transforms to Sy as;

P (@) = Yo — ) (T, 1)

see [1], so that, using (f) and the wave representation for p, ;

P @ 1) = ms Jrs (Vo An, (R)EH 4, By o (R)e*et )ik

|
\_/
®
o
ol
o)
e
S—
a
%
=
8
QL
==

27r f'RB A1n€ E)eikd + Vvalne(

:ﬁﬁﬂﬁWﬂw®—WEm@mmwM&ABJyEm@m%%ﬂmg
(1)

We have that, using the inverse Lorentz transformation;

vxh
t= f)/vt/ + %02 L
/ /
T1 = V¥ + Y0l
o
$2 ——(ﬁ2
T3 = x4

so that, substituting into (11);

yvvzl)

P @) = Gy fo (o Ane(R) = L8 Ay o (R)]e 05

YoV 1

) )eikl (Vo) +yout’) 6ik2x’2 eikgxé dE

10 Bue(k) = 2 B, (R)Je” 0 F

— J— —_ . ;- kyvvy,..1 - o e
= o Jro Vo Ane (k) =25 Ay o (R) el berv i)t gilinne s 5)es eikacs ik

_{_(2+)3 fRB [%BM@)_w;vglm’e(E)]e—i(kcvv—kwvv)t/ et(k1yo— "/vv)xleszIQQZkgws dk
(4)

We make the change of variables, in the first line of (A);

k'c = kecy, + k1y,v

k./ — k:'}/v + k1vvv
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and, in the second line of (A);
k'c = key, — k1y,v

k' =k, — —klz”v

Ky = ki, — F1
k) = ko
ké - k’g

which are the Doppler shift transformations given in [7], for the ve-
locity vector (v,0,0). Calculating the Jacobian, and using the chain
rule, we have that, for the first and second lines of (A) respectively;

dkydkodks = (7, — 230 Ak, dk ks

dkydkodks = (y, + 210\ Ak, dk ks

so that, substituting in (A);

p;%E(f/’ tl> _ ﬁ f’RS [VvAn,e (El) . v;vzlm,e (El)]eik/ct/ ezk’lx’l ezkéx’z ezkgxg

/

(0 = 252 )k

k'c

_{_(2%)3 fnis [%Bn,e (E’) _ %;)El,n,e (E’)] o—ik'ct! gikia! pikaxh ksl (%—i— %i;lfiv )dEl

C

7 vx TN ikl ct! ik T ok 77
= # fR3 h/vAn,e(k> - %Al,n,é(k )]6 Wt gik (7v - ’yk]fé )dk

c2

— v S —/ ikt ik & oklvN !
+ﬁ fRS ['Van,E(k) -2 Bl,n,E(k )]6 Wet! gik (Vv + 7;52 )dk

so that equating coefficients, and using the wave representation for
Pr.(T' 1), we have that;
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(3o — 2K [, A, (F) — 2527, (F)]

/ -/

B, (F) = (3 + 29[y, B, (K) — 2By, (F)] (E)

A (K

and, using (D), with the inverse relations for the first line;

k= Ky, — e

C

k' vpv

kl - kl’%} Lt

/

/

. ! qp-k
lZme%OAn,e(k> + oke
_ a4 ap1 (K5 70— 238 4 gpo
- 2 k/"/v'U

2(kyp——2 )

. A 7! ¢ Dk

lzme—mAl,n,e(k‘) = [_ﬁ - %]kl

K’ K’
_cq(Kiyw— CEMT _apr (k= "1)? Hapokh (ki — 1)
K/ K’
2(k! vy — 1Y) 2Ky — 120 )2

and, substituting into the first line of (E);

lim Al
e—0 7 K 2
m,€ k'c 2K s lzuv)c C

(k/ k/’Yuv)2+ k! (k/ _k/’YvU)
_qpl 1Yv— qp2 1Yv - ]
2(k' o 1'*”“)2

() = (=0 [y, (4 B k)
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k/'yyv)

_cq(kyye— =10

k/
2(”’?@*#)

Again, using (D), with the inverse relations for the second line;

k= k'y, + ki yvv

C

kl - klf}/U k/’Zv’U
ké - k’z
K, = ks

o~
o~
E
1
()
Sy
3
[}
S
™
S—
|
N
|
N<Y
S|
|

2ke
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g api(K] ot & 7’“’)+qu/€’2

2 2+ 10
. 7! [¢ k
— [cq qp-
llme_A)BLmEUf ) = [ﬁ — W]k
/ E'yyv K ypv / Ky

_cq(Kiyo+ ) gpy(Kjy+ 002 +qp2k (] yo+—22%)
- k! vpv Yo v

2(k,’7v+7lcv ) (k/’)’v“‘ilcv )2

and, substituting into the second line of (E);

!
. — K (K, +k va)+ k!
/ _ oL q__ 9P1{F v qp2Ry

hme—>0 B?’L,e(k) - (’Y’U_‘_ ke )[7’[}(2 P S0 171} e 2

/ /
 apr (R yo+ )2 gpokh (K] o+ 20

k,/
2(]‘7/"(1)"!‘4111)”)2

Rearranging, we have that;

Y CQ(ki’Yv

k’yvv)

Dk -+ L2

/
ck! (1— k,lg)

21«(177)

. v T L oy mwwgmmg .,
ime n,e( ) = q75( iz + ) — z(=
2k/(17—)c
Plle(l )+p2k/k:’(1 )
a 2k’2(17ﬁ)2 =)l
| (1 Ky PHOTED | MUY ek
T 20 awa-Bte =B e a5y
o P2 22kt ko1 K2
+ 2 - + L 7 7
o kc)[Qk’(l—kl—:)c 2h2c2(1- 210 )2
2 . vk’(lff plk’l(lf%) P2 s 2
= %“‘ﬁ)[”m_ﬂc”” POy
ke ¢
)[1+ p] (1 Upl) k:, 'Uki(l*%)
=1 el _i_q% =1+ —r ]
(1*j) K (1—2r)e
_ 0= L i k'[u—g—i)]
ER ) Moo Ta-h
o q(lfvgl)[1+killcp,1] q (1 Upl)k/ p2
- 5 5 o + 5
( —klf) /c)
i 2l
A )
_q ’pr’;*vlszHOA
(1-22)
_ /lzmeﬂo ( )
Yo ( )
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— Ly n (K
= Llime oA, (k)7

and, using the symmetries;

-/ -/

1il’I16_>0 A;Le(k? )(ﬁ) - liHle—>0 B;{,e(k )(_]_))

lim_o A/, () (v) = lim,_o B, ,(¥)(—v)

we have;

lime o BZ,E(E,) = %lime_,oBgve(E,)%’

where ¢’ = q%;’ﬁ is the new charge in S’ due to the change in mass
p
of the electron, m’ = %, {Agve(?), BZVG(EI)} are the factors in the

wave equation for an electron moving with the transformed velocity
7= (E% P2 ),O) in Sy and % is the background Doppler shift

A
in amplitude, transferring from S; to S;. Now complete the proof back
to S’ using Lemma 0.14.

U
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