CONSERVATION OF ENERGY IN ATOMIC SYSTEMS
TRISTRAM DE PIRO

ABSTRACT.

Lemma 0.1. Let (p,J, E, B) be an electromagnetic system, satisfying
Mazwell’s equations on R*, then if the system is in thermal equilibrium
and constant temperature, with Uecn the mechanical energy density,
then;

Wl

VvV (Umech) -

where f = pE + J x B is force density.

Proof. By the first law of thermodynamics;
AU e, = dU = dQ) — pdV = —pdxdydz

where p is electromagnetic pressure, dV is an element of volume and
we have used the fact that temperature is constant and no heat is re-
leased to show that d@ = 0. It follows that;

OUmech dU

o —pdydz

where p is the pressure on the wall dydz. By the definition of pres-

sure as p = , where [ is the force exerted by the system and A is
area, we have that p = —3 dgéz, where 3 is included to model the fact

that if the particles are in thermal equilibrium, they are in random
motion like an ideal gas, and a third of the particles will exert a force
on the wall dydz. It follows that;

aUrmzch —
Ox dedz dde -

The argument for the partial derivatives {aU’"“h 8U’"“h} is the same,

which gives the result by the definition of 7(U,ecn)- O
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Definition 0.2. By an atomic system, we mean charge and current
(p,J) on R*, satisfying the continuity equation;

5 _
L4+ =0

confined to a bounded volume V, with J|6V = 0 in the base frame S.
For the purposes of this paper, we restrict ourselves to the case when
V = B(0,r), r > 0, with 6V = S(0,r). We remark that we constructed
such (p,J) in [2] and [6], with (p,J), satisfying additional wave like
relations.

We say that the system is non radiating if for every volume U,z
inside Vi, travelling with velocity —v in an inertial frame Sy, with
velocity T relative to S, there exist electromagnetic fields (Ey, By) on
Viz, satisfying Mazwell’s equations, with the property that;

dt fU el + Umech)d‘/tv =0

where Uy = %(EQE% + %B%) is the energy stored in the fields and
Ey = |EU‘7 By = |§5‘

Intuitively, the condition means, that energy is conserved and ex-
changed between the mechanical energy of electrons and the energy
stored in the fields, with no fluz of energy within the moving volume
itself or to the outside.

Lemma 0.3. A non radiating atomic system as in Definition 0.2 sat-
isfies the wave like relations of [2], further noted at the beginning of [4].

Proof. By the Reynolds transport theorem, Poynting’s theorem, the
divergence theorem and elementary vector identities, we have that;

dt fU Ua + Umech)thv — fUt,v(aUe + 8Umech)thv
+ ngt 5 ﬁ . _U(Uel + Umech)déUt,i
- fUtv o v E X B d‘/;v + fU Uel + Umech))d‘/t,ﬁ

— fUtv o v E X B ) . V(Uel + Umech)d‘/tj
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so that, as U, 3 was arbitrary inside V} 5, we must have that, for every
inertial frame Sy, there exist (Ey, By) on on V; 5 such that;

—L(7 By x By) =0+ (Uy + Upeer,) = 0 (CC)

Ho

so that, using results of [5] and [6], we have that in the frames
{51,00, 92,00: 3,00 }, there exist;

{(E100, Bioc), (Bz00, Ba,o), (Es.00, Baoo) }

with corresponding;

{(p1,00, 71,00)7 (P2,00; 72,00)7 (93,005 73,00)}

{Ue11,00s Umech,1.005 Uel.2,00s Umech,2.005 Uel 3,00y Umech.3.00 }
on;

{%0071,007 Wm,2,wa ‘/ISOO,S,OO}

such that;

_‘L%O(VLOO . El,oo X El,oo) - E1,c>o . VI,oo<Uel,l,oo + Umech,l,oo) =0
_'L%O(VQ,OO . EQ,OO X E2,00) - E2,00 . VZ,OO(Uel,Z,oo + Umech,loo) =0
_,ULO(VB’OO . E3,OO X ES,OO) - E3,00 . VS,OO(Uel,S,oo + Umech,S,oo) =0

It follows that, noting that, in the above equations, the left hand
term is finite, while the right hand term is infinite unless, in the frames
{51,005 52,00, S3,00 } Tespectively, we have that;

(Vl,oo(Uel,l,oo + Umech,l,oo))l =0

(VQ,OO(Uel,Z,oo + Umech,Z,oo))Q =0

(V?;,oo(Uel,?;,oo + Umech,3,oo))3 =0
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Using Lemma 0.1, we obtain, in the frames {S] 0, 59,00, 93,00} Te€-
spectively;

VI,oo(Uel,l,oo) %(7 )
v2,oo(Uel,2,oo) %(7 )
V?),oo(Uel,?),oo) %(? )3 =0

and, by the transformation rules for infinite boosts, given in Lemma
0.2 of [6], the transformation of f to (E,.J) in the base frame S, given
in Lemma 0.2 of [6], and noting the improvement in Lemma 0.5 of [6],
we obtain, in the base frame S, (E, B) such that;

~ i (3 col(eichy, —icb)* + 1 (by, ~fea, fea) %)) + 5o (B, ) = 0

—19 (L(eo|(—ichs, ea,ichy) > + + o |(Zes b, —Zen)[P)) + 5 (B, J)=0
— 25 (3(col(icby, —ichy, e3)* + -|(—Lea, Ler, 03)[*)) + 4, (B, J) =0

and, expanding, we obtain;
— 25 (5eoled — (B3 +03)) + - (0] — (€3 +€3)))) + 5.(B. J) =0
— a1 (5(eole3 — (07 +03)) +

—19 (Leo(ed — (B2 +03)) + L(13 — (e +€3)) + (B, T) =0

%(bQ - L(61 +e3)) + 5,(E, J) =0
Adding the relations, we obtain that;

—24(Uy — 2Uq — Upeen) =0

in the base frame S, so that;

L(Ua + Upeen) =0

and, using Poynting’s theorem,;

V.ExB=0
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If the atomic system is non radiating, it is an exercise to show that
it is non radiating in Sy, travelling with velocity v relative to S. We,
therefore, conclude that for any inertial frame Sy, there exist electro-
magnetic fields (Ey, By), on the moving volume V;, such that;

V§-E§XE§:O

By the main result in [5], this implies there exists (Ey, By), on the
moving volume V;5, with By = 0. By the results of [2], this implies,
that the original (p, J) in the base frame S satisfy the wave like relations
explained there and at the beginning of [4].

O

Definition 0.4. We recall the example from [6], where (p, J, E,_E) con-
stitute an atomic system, confined to the volume B(ry), with J|g(,) =
0;

p(r7 97 ¢7 t) — sin(kr) eik’ct

T

A

j(h 9’ Qb,t) __ ic krcos(kr)—sin(kr) eikets:

k r2

and tan(kry) = kro

Lemma 0.5. The system given by (Re(p), Re(J), Re(E), Re(B)) where
(p,J, E, B) is given by Definition 0.4 is non radiating.

Proof. By the method of [2], we can find (Eq, By) such that if (Re(E)y, Re(B)y)

is the transfer to the inertial frame Sy, then (EO,EO) is a solution to
Maxwell’s equation in vacuum on S7 and;

V X (RS(E)g — ED) =0

on Sy, so that Re(B)y— By is magnetostatic, by Maxwell’s equations,
and as;

[2(Re(B)s) = 0*(By) = 0
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we must have that Re(B)y — By is harmonic on R*, not just on
the moving volume V; 3, and, verifying the boundary conditions, see
calculation below, Re(B)y — By = 0. This is enough to obtain the con-
dition, that for every inertial frame Sy, there exist real (E}, By) such
that (Re(p)s, Re(J)s, By, By) satisfy Maxwell’s equations with:
o(E, x By) = 0.

v v

We are now in the context of [5], and we use the example constructed
there, without imposing the boundary conditions. By (C'C) in Lemma

0.3, it is necessary to verify the condition that there exist (E;l, E;’) on
on V, 3 such that;

~ (V5 By % By) =047 (Uet + Uneen) =0 ()

We assume for now that 7 = ve, and let Sy be the base frame used
. - . 1. .
in [5]. Then, we can find B3, not necessarily vanishing on V; 5 but with

v - (Eg X E%/) =0, so that we just have to verify, from (), dropping
the subscript v, that;

U . V<Uel + Umech) =0

or equivalently;

(V(Uel + Umech))Q =0

and, by the Lemma 0.1, that;

(V(Uear) + %)2 =0

This will follow from;

(V(Ua))2 = (f)2=0

We calculate, using elementary vector identities, the product rule,

(T « B). — 992 _ Op22 __ Opiz __ Opas __ .
gi(Ex By =57 =0, 2 =52 =2 =0, from [5];

(V(Ua))2 = F(V(€® + %)),

=22E x (VX E)+2?Bx (v x B)+2(E.)E+2c¢*(B.v)B)>
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= (B x J)a + eo(erea, + eseay + e3ea.) + 1 (Dibay + babay + bybs.)
= (B x J)a + €g(—e1€2, + egeay — e3e2.) + co((e162)s + (ea€3).)
ot (=bibag + babay — bybaz) + -((biba), + (babs).)
—(J x B)a —€o(e261 + €260y +e9e3.) +€o((e162)0 + (e2€3).) +eo(ed),
— 20 (babig + babay + babsz) + o-((biba)s + (bads).) + 5-(b3),

=—(J x B)a = (e(V + E)E)2 = (v « B) B2 + §(€?) + 7 (0°),

= —(J x B)a = (pE)z + $(e?)y + =(b%),

=—fo+ (V(Uer))2

so that f, =0, and (7(Uy))2 = 0 follows from = 0 in the paper
[5].
...................... We require the spectral representation of (p, J), given
in [1];
71) = fsm) YRR eqs ()
fsok zkx 1kctd5(k>
where (k) = ﬁ and (k) = —7v(k) = — ;5%

The spectral representation of E is then given by;

fsok zkx zkctdS( ) ( )
where §(k) = eoikcﬁ(k?) = _@
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We find the spectral representation of E%, obtained as the transfer

of E to the frame Sy, where v = (v,0,0). By the transfer rules;
E.=E +1(EL+7xB)
= EII + %EL
= (e1,70€2, Vve3)
= (€}, €3, €5)
so that, with;
t = (t'+ ”C—ﬁ/) r="(2 +ot"),y=y, z=2
and, using (x);

/

W
i B tk1yw (2’ +0t’) Likay' k32’ ikC’Yv(t'-l-%)
€ = — T fs(()’k) ke ey et e 2/dS(k)

and, using the Doppler transformation;
Ky = iy + lm—c”v, k= —klz“” + k7,

with inverse;

k= Ky, — Ba = B0y g

€y = _@ fEll(ﬁ,k’) kleiE 'jleik,Ct/M(E)dE”(k’) (B)

where p(k) is the change in measure and ElI(0, k') is the image of
S(0, k) under the Doppler transformation.To compute the change of
measure, we use polar coordinates;

(ksin(0)cos(¢), ksin(0)sin(p), kcos(d))

on the sphere S(0, k), then, composing with the Doppler transfor-
mation;

(ksin(0)cos()yn + 22, ksin(0)sin(¢), kcos(0))
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are coordinates on EII(0,%'). For these coordinates, we have;
7y = (kcos(0)cos(¢)yy, kcos(0)sin(¢p), —ksin(0))
Ty, = (—ksin(0)sin(d),, ksin(0)cos(¢),0)

7y X T = |(k*sin®(0)cos (), k*sin®(0)sin(p)v,, k*sin(0)cos(0)y,)]

= |k2sin(0)]/sin?(0)cos?(¢) + sin?(0)sin2(p)y2 + cos?(0)2

= |k?sin(0)| \/ 2% }Q;Z%

= |ksin(0),| s—z + k3 + k3

= sin(0)y[\K2(1 — ) + k3 + k3

= [ksin(0)y|y/? - "5
. 2,2
= [K2sin(0)v|\/1 — T
so that pu(k) = —2A—— — and, from (B), we have that;
€ = _@ fEll(ﬁJf’) ke T ekl —k . dEU(K')
'va
_ ) Ko ik & ikl ct! 1
- _47r610/f3 fEll(ﬁJf')[k)i%} - %]61 . \j (] o — 202 12,2 dE”(k/)
Yo l_k?’Y—
(=Y k)22

and similarly;

6/2 = _47r:0k3 fEll(67k‘/)[ 2,}/1)] ik .z zk’ct’ 1 , dEll(k’/)
Yo 1_kl—“

ey = _47reiok3 szl(ﬁ,k/)[ké%]eik ekl L ; - dEI(K')
Yo, |l

i 7 ik T ik et 1
T T T Ineok? fEll(ﬁ,k') ket ettt - dEL(K)
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(—k2r 0 ()T cil'er ! dEI(K')

7
4megks fEll(ﬁ,k/) /K, 2
[k] v c 1%v
0,1 e
[

kS ypv
— 1c +k:/'yU]2t:2

Then,;

Re(E), = Re(E,)

-/ -/ __ . . -/ __
= ﬁ fEll(ﬁ,k’) k [cos(k T")sin(K'ct’)+sin(k @' )cos(k'ct')] [k/ml_k’%v]%z dEU(K)
Jl_[kizvvﬁ%’%]%z

+@ fE”(ﬁ’k,)(—lec”v, 0,0) [COS(EI.E’)sm(l@'ct’)+sin(%l.f’)cos(k/ct')]

L dEU(K)

/
[k:/ Yo — k ’Y'U’U]2v2
Yo | 1— 1 =
KWy a0
[ ——+k w]%c

E’[_ iefz%/.f’eik/ct’_‘_l‘eiﬁl.i’efik’ct’
2

L —dEI(K)

= 47r610k‘3 fEu(ﬁ k) 2 ] W
’ \jl_ [k o = B0V 24
[

k! ypv
_ 1”6“) Tk yp]2c2

1 K ypv i —ik T jiklet! | i ik @ —ik'ct!
t T fEll(ﬁ,k’)(_ 2=,0,0)[—3e € taene ]

1 /
—] 10
[k yo — T 1202
R ey~ era—
[,%Jrk/,mpg
i —! T =1 iyt
_ ) k ik .’ ik ct 1 dEI (k'
= 5 5 e e
8megks fEll’(O,k/) [—k’wv—k/f”“]%ﬁ ( )
1— ,1 c
(P12 4t 262
i — T = a1 4l
2 ik @’ ,—ik'ct 1 /
* reo® fEll(ﬁ,k/) ke e ———— dEIU(K")
S B kbl il
7
R TINT
i Ky ik @ ik ct! 1 1710
T ek fElz/(G,k/)( Le,0,0)e™ e S dEI' (K
Yo 17}@’1—6
[#4,]6/,},,”]202
i Ky ik @, —ik!ct! 1 ,
srrd Jon@wn (200,00 e —L——dBl(K)
Yo 1_1/”—0
Flvwv o 12,2
- L2k yp)2c

where EII'(0, k') is obtained from Ell(0,% ) by the coordinate trans-
formation k = —k .

We compute Ell(0, El) and EII'(0, E/). We have that;
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EUO,E) = {k : =52 4 pn = &
(07 )_{ T T e + Yo = }
where;
)
-+ k', =k

iff k/Z,y (]{3—|— 1%1))2

(K2 + K22+ k()2 = k2 4 BE? y 2Rk

[

k2 — 2 (2 4 k)52 = R

i (k) — S0 4 2 (hE + ) = b+ R
2.2

iff (K — 222)? + 0 (kY + k) = B

which is an ellipsoid. Clearly then, Ell'(0, %) is given by

(K + 52002 2 (0 + B) = ¢

Using the method of [2], we let;

Re(E)! = (1+k17vv)f T ik ik et/ 1 dEU(K)
871'60]{:5 ck’ Ell’(0,k") K~ 7k/%v]21}2
R TR
[Le—+F yw]%c
( _ kl%’“ ik 7 —z'k/ct’ 1 ’
tarer (1= 5 fpu e LBk
_ e m IR
[ kllzv SRl yy)2c2

................ (remove extra 7, in calculation)
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