A STOCHASTIC MODEL OF THE ELECTRON AND
THE WAVE EQUATION

TRISTRAM DE PIRO

ABSTRACT. We show that the wave equation for charge and cur-
rent supports the idea that an electron can simultaneously ex-
hibit wave and particle properties. The transformations between
frames of charge and current obeying the wave equation is consis-
tent with the transformation for particles in special relativity, up
to a Doppler shift, provided we allow for reverse particle paths.
The Doppler shift is well known in the literature and we use the
reverse particle paths to develop a stochastic theory of the motion
of an electron, for observers travelling at a velocity relative to the
source. This theory can explain noise received in radio signals and
can even predict the velocity of the observer given knowledge of
the autocorrelations of the noise.

Lemma 0.1. We have that;

f_%g cos™(y)dy = %, if n is even

_ gt

f_%z cos™(y)dy = ———, if n is odd
z !
Proof. Let I, = f_%z cos™(y)dy, then for n > 2, we have that, using
2
integration by parts;

=n—-1)1,—2—(n—-1)I,
so that, rearranging;

n—1
In - TL‘L—Q
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and, using the fact Iy = w, I; = 2, we have that, for n even;
_ n!

In = siyp™

and, for n odd;

_ e

I, =

n!

Lemma 0.2. Let n € N, € > 0, and let 7, . be defined by;

Yne(¥) = zc0s™(52), for x € [~ €]

Yne(x) = 0, otherwise
Then 7y, has the following properties;
(1). Yne € C"H(R).

(1) Yne > 0.

(144). [ Yne(@)da = W, n even

[n;l !}22n+1

fR Yne(2)dx = 22—, n odd

(1) Yn.e is supported on [—¢, €.

T m

Proof. (ii) is clear as cos(y) > 0 for y € [=5, 7], (iv) is clear by the
definition of 7, . To prove (7), it is sufficient to show that;

cos™(Z2)™)(e) = cos™(Z£)™ (—e) =0

for 0 < m < n—1. We can prove this by induction on n, as for
n = 1, we have that;

cos(52)(€) = cos(5) = cos(52)(—¢€) = cos(—%5) =0

and, if the inductive hypothesis holds for n € N/, then, for 1 <m <
n;
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cos"“(’;—f)(m)(e)

. [Tr(n—l-l)

5 cos™(52)sin(5)| "V (e)

2e 2e

m(ntl m—1 ~m-— n(mx\(m—1— . nr
= Ty O eos™ (52) TR sin (52) ) (e)

=0
and similarly;

cos”*l(’;—f)(m)(—e) =0

while, clearly;

cos™ 1 (Z2)(e) = cos" T (5E)(—€) =0

To prove (iii), we have that, for n € N;
fR Yn.e(z)dx

L f o ()

= L [%, cos(y) 2dy, (y = )

_ 2, corto

so that, using Lemma 0.1, for n even;

n!

f'R ’Yn,e(l‘)dm = %Wﬂ'

_ n!
Bl

and, for n odd;

9 [ngl |]22n

f'R 'yn,E(ZL')d"L' =T n!

_ [nT—l!]QQnJrl

7n!

Lemma 0.3. Let 0, (x) be defined by;
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2n71[£!]2
One(T) = == Vn.e, for n even

and by;

5774,6(3:) = [(71%17;%771,67 fO?“ n Odd

Then the properties (i), (ii), (iv) of Lemma 0.2 hold, with (iii) changed
to;

(1) . [ Vne(z)dz =1, neN
and, forn € N;
limeﬁ\(]an,e =0

in the sense of distributions, where 0 is the Dirac delta function on

R.

Proof. The first claim is clear as we have just normalised ~, .. For the
remaining claim, let f € C°(R), and write;

f=1r+rf

where;

fH(@) = f(x), if f(z) 20

f1(z) = 0 otherwise

f(x) = f(x), if f(z) <0

f~(z) = 0 otherwise

Then, using properties (i7), (i77)’, (iv) of d,, and continuity of f;
min_cgf T Hmingeqf~ < Ope(f) =[5 One(@) fT(@)da+ [T 6y e(x) f~(2)da
< max—e g ft+mazi_cqf”

with;
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lime_omini_c g [T+ ming_cqf~ = limeomazi_eq f* + mazi_c g f~
= f(0)
so that lime00,.(f) = f(0) = 0(f), as required.

0

Lemma 0.4. We define the reverse time derivative 6, of the delta func-
tion § to be;

Lo(z + vt)
where v is the velocity, so that;
9y = vd’

in the sense of distributions. Similarly, we define the reverse time
derivative 9, ., of the approzimations by;

%(571,6(93 + vt)

so that, by the chain rule;

(SLL,e,t(I) - Ué':l,(f(gj)
Then;

; / _ 5/
lime 00y, .o = 0y

in the sense of distributions.

Moreover, for n even, n > 2;

v2”’17r[%!]2 .
(z) = —W%—Lesm(g—e)

6/

n,e,t
and, for n odd, n > 3;
5 ;

n,e,t(x> = = %K%%anl,eslin(¥>

In particularly, for n > 2;
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5. € CP(R)

Proof. For the first claim, let f € C°(R), then, using integration by
parts, (iv) of Lemma 0.3;

O ea(f) =0 [2 0, () f(x)dx
= ([0, (@) (@))% = [, One(@) f'(2)d)
= —v [ Ope(x) [ ()dx
so that, using the main result of Lemma 0.3;
lime 06, .+ (f)
= —vlime o [©, () f (x)dz
= —uf(0)
= vd'(f)

= 0i(f)
as required. For the second claim, we have that, for n even, n > 2;

O et(¥) = 00y, ()

on— l[nq

= v—"2=",. ()

Qn—l[%!P
n!

= (—ncos”fl(%)sm(%)%)

2= 1g[21)2 n— T
=V 26(’”7%)! (%COS 1( )SZTL(2—>>

N 171'[77' |]

_—2€(n i Yn— 16(,7})8“7/(%)

and, for n odd, n > 3;
6?/’L€t( ) - Ué’:},,e(',]j)

= UW%E( z)
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n!

= V=g (—ncos™ (52)sin(5E) 3)

2¢2

2 _ .
— —v@%(%cos” N(ZE)sin(5E))

_ vrinln

= syt Y1 (2)s1(50)

For the final claim, we have that, by the product rule, for 0 < m <
n—2;

(anl,e(x)sz'n(%))(m)
m m—Fk . rnx
= Yo (sin( )k
and use the fact that v,_1. € C?*(R) O

Lemma 0.5. Let D denote the 3-dimensional Dirac delta function.
Forn e N,e >0, let D, be defined by;

Dre(, Y, 2) = 0n,e(2)0n,c(y)0n.e(2)

Then D, . has the following properties;
(i). D, . € C"Y(R?).

(73). Dy > 0.

(444). [rs Dne(@,y, 2)dzdydz = 1

(iv) D, . is supported on [—¢, €.

Moreover, for n € N, lime_0Dpne = D in the sense of distributions,

().

We define the reverse time derivative D; of the delta function D to
be;

<D(z +ot)
where U s the velocity vector, so that;

Dzlf = Ule + UQDy + ’U3Dz
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in the sense of distributions. Similarly, we define the reverse time
derivative D), _, of the approzimations by;

4 Do (T + D)

so that, by the chain rule;

/
Dn,e,t

(f) = Uan,e,x(f) + UQDn,e,y(E) + U3Dn,e,z(f)

= U (57/1,5 (2)0n,e(y)On.e(2) + 20y (x)5;,5<y)5n,e(z)+v35n,e (2)0n,e (y)&b,e(z)

limﬁ_mD?’m’lt = Dj, (*x)
in the sense of distributions.
Finally, we have that;

2n—1[%!]2

De(2,y,2) = (=== ) ne(@) Inc(y) me(2), for n even

and;

Dn,e(xv Y, 2) = ([(%7;!7112”“)3%175(:6)7”,6@)7”75(2)’ forn odd

We have that;

, Qn—lﬂ[g!]? 271—1[%!}2

Dn,e,t = - Qe(nfi)! ( n! )2[Ulyn—l,e(x>7n,e(y)/}/n,e(z>5in(g_f)

+1)2’771,6 (x)’Yn—l,s(y)’Yn,e(z>Sin(g_?:) + 03’771,5(1‘)%1,6 (y)’yn—l,s<z)52n(%)]

for n even.
Tr2n.n ™. N T
;z,e,t - - 26[(717*1);]22n+1 ([(anl)[};QnH )2[Ulf}/nfl,e(x)f}’n,e(y)’Yn,e(Z)SZn(g)

w4

F02Yn,e () V-1, (Y) Ve (2) ST (5L) 4+ V3Yn,e () Ve (Y) Vn—1,e (2) 5710 (F2))]
forn odd.

In particularly, D, ., € C27*(R?).
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Proof. For the first claim, (i) follows from the fact that 6, € C"1(R)
and the fact that if i +j 4+ k =n —1;

ai+j+an E 7 ] k
O e (2, y, ) = 63(x)8Y ()8 2)

(17) is trivial from the corresponding property of the 6, .. (iii) follows
form Fubini’s theorem;

Jiealieqg Jicq Pnela,y, z)dadydz = [ One(z)dz [, 4 0ne()dy [ 0ne(2)dz
and the corresponding property (i) of d,, .. (iv) is again trivial from

the the corresponding property of 0, . The claim (%) is a consequence

of properties (ii), (iii), (iv), see the proof above for the 1-dimensional

case. For the claim (x*), we have that, for f € C>(R?), using integra-
tion by parts and Tonelli’s theorem;

Dy tF) = [ S g [0100 (0080 ()8 (2028, (2)5, ()51 (2)
F0300,¢(7)0n,c ()0, (2)] fdxdyd=

e S fo 010 @)0c(9)00c(2) fa 020 ()00 (1) (),
38 (@)0,c(9)00 ()] fodrdyd

so that, by the claim (*);

lime 0D (F) = —01£2(0) = 12£,(0) — v £:(0)

= (11 Dy + v Dy +v3D,)(f)

= Dy(f)

The first computational claim follows from Lemma 0.3 and the defi-
nition of D, .. For the second computational claim;

D;I,E,t (T) = Ul(s;z,e (2)0n,e () One(2) + 20y (33)57/1,5(9)57176(Z)‘I'Ui%énﬁ(x)dn,e (?/)5;,6 (2)

so that, for n even;

2"*17r[%!]2

D () = v -T2 a2t B0 gn-1[2)2
et (T) = v1] 2e(n—1)! V1,6 () I (ZE )] (=2 ) Ynse W) [ (2 ) Ve (2))]
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qn— 1[n|]2 gn— 17r[n|]2

)'Vn,e(x)][_m%z le(y)‘%n(gy)][( )7n6( )]

T PN | R N 9 PP €23

gn— 1%[”'}2 on— l[nq

on— 1[n,]2

+va(

on— 1 112
o[ (2

UL S ( ) Y16z L) Ve (Y) Ve (2) si0(5E)

on— 171.[71!]2 on— 1[n|] ' _
—Ug 2¢(n—1)! ( ) Tn, e( )”an,e(y)%,e(z)sm(Q—f)

2" 17r["l]2 on— 1[n|] . _
—Us3 2¢(n—1)! ( ) Tn, e( )%,e(y)%_lye(z)sm(?j)

and, for n odd;

2

Dy, e4(T) = v1]— %% 1e(x)sm(¥)][(W)%J@DH(W)%e( z)]
+U2[(Kﬂ%)%,e(~’0)][ 2[(—711%% 1e(y)5i”(%)][([(71%)%e( z)]

+U3[(W)%e( )H(W)%e(y)][ W% Le(2)sin(52)]

m2nln n!

0126[(" 1)'}22n+1([(n 1)}22n+1) Yrn— le( )%,e(y)%,g(z)sm(%)

7r2n n ™.
! ([( !

—U2 2e[( L )22nH T \ [(ESL ) [22n T )* Ve () V1,6 (Y) Yn,e (2)sin(3E)

7r2n.n ™.
! ( [( |

—Us3 25[(”771)!]227”1 anl)!}QQnJA )2771,6 (33)%,6(3/)%71,6 (Z>8Zn<%)

The final claim follows as above, by repeated application of the prod-
uct rule, using the fact that v,-1, € C?"*(R) and 7, € C*Y(R) O

C C

Definition 0.6. Forn > 4, we let p,,  be the unique charge distribution
on R? X Rxq defined by the initial conditions {qDp.c,qD,, .}, satisfying
the wave equation with velocity ¢, *(p,.) = 0, on R x Rsg, where q
1s the total charge.

Lemma 0.7. Forn > 6, we have that;
pn5<x t) (27T fR3 eiket +B(E) —zk:ct) iE.idE

where;

7 F(qDn,e F(qDy, +)
A(k): ((127)+ q2zkct

2 2ike

B(E) — ]'-(an,e) (qD/ et)
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and F denotes the usual 3 dimensional Fourier transform;
F(9) = Jps 9(@)e " dx

for g € LY(R3).

Proof. We have that the existence of p,  is guaranteed by Kirchoft’s
formula, for n > 4, as the initial conditions D, € C3(R? and D, ., €
C?(R*Y) for n > 4, see [4]. Using the fact that the initial conditions
{4Dn.c,qD;, . ;} have compact support, p,; has compact support as
a process, in particularly p,.; € L'(R?), for t > 0. Using Kirchoff’s
formula, see [4], we have that, for ¢ > 0;

Pre(T,t) = ﬁ f(SB(E’Ct) [thDnet( )+ qDn.(Y) + DgD,, () « (U

—)]dS(y)

Then, we have that, using the substitution Z =y — (h,0,0), dz = dy
and interchanging limits;

%t = limiso (e So(es (00,0, (40Dt ()44 Dne(7)+DaDn o(5)-
(5= @+ (1,0, 0)dS (D) — 7 o [4Ds (7) + Do (5)+
DqDy(y) « (y — 7)]dS([©))
= limys03 (grem Jsp.en 040 o (F + (7,0,0)) + gDy e (¥ + (1, 0,0))
+DqDn,(F+(h, 0,0))(F+(h, 0,0) = (@+(h, 0, )0)IAS () — 177 Sz et) [tA D e.(7)
+qDne(Y) + DDy, (§) « (7 — 7)]dS(7))

= o f&B(w ct) [limn o (ctqDy, ., (G+(h,0,0))=ctqD;, . (§))+limn o3 (qDn.(T+
(7,0,0)) = gD (7)) +limno5, (DgDy (§+(h, 0,0)) = DgDn (7)) (-
7)]dS (1)

- 4#321‘,2 féB(f,ct) [thDn €t {E( ) +an7€733 (y) + Dq‘Dnﬁ,I (y) . (y_jﬂds (y)
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so that, as the initial conditions {¢Dy., ¢D;, .} are in C2~'(R?) and

C"2(R3) respectively, it follows that for t > 0, p,.; € C"3(R?). In
particularly, for n > 6, pp.: € C3(R?), (x). We have that;

i 82,0n,5,t

D2(pn,e,t) = Vz(Pn,e,t) 2 a2 T 0

so we can apply F to both sides and obtain, and differentiating un-
der the integral sign;

k O F (pr.e.t) (k,
F(7 (pres) (k1) — L Lm0 _
AS ppet € C2(R?), by (x), we have, using integration by parts, that;

F(7(pret)) (ks t) = =k F(ppes) (k, 1)
so that;

_ ; B
—k*F(pnes)(k,t) — C%W _0

and we can use Peano’s theorem to solve the ODE in time, to obtain;
Flpnes)(k,t) = A(k)et*e + B(k)eiket

where, at ¢t = 0;

A(k) + B(k) = F(qDn,)

and, taking the time derivative at t = 0;

ikcA(k) — ikeB(k) = F(qD’, )

n,e,t

Now we can solve the simultaneous equations to get the expressions
for {A(k), B(k)}, We have that F(¢D,,.) € C®(R?) as ¢D,, . has com-
pact support and similarly for F(¢D,, ;). Moreover, we have that,
using integration by parts, for k; # 0;

F(an,e,x) - Z.klf(an,e)

so that, for k # 0, using the fact that for n > 6, ¢D,,. € C2(R?),
D, c; € CHRY);
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F((V?)*qDn,e) = K*F(qDyc)

[F(aDy)| < FOtRnel

<

F(T*aD,, ) = KF (D, )

|.7:(qD )| |‘F((V)anet)‘
n,e,t

(1)

VAN
¥

Converting to polar coordinates, this proves that {F(¢Dy.c), F(¢D;, . ;) } C
1(R3). Now we can use the fact that, for k # 0;

T < F@Dual | Pyl
I

)| < FaDual | 1F@Dh.0)
Bk < =5 + =

the fact that {F(qDy.), F(qD,,.,) € C*(R?), and (), using polar
coordinates again, to prove that {A(k), B(k)} C L*(R?). Finally, for

t>0;
[ Fpne)l = [AR)e™ + B(ke |
< |A(K)| + [ B(K)|

so that F(pn.) € L'(R?) for t > 0. Tt follows that we can apply the
inversion theorem in the last step.

O

Lemma 0.8. Let F be the 1-dimensional Fourier transform, then, for
neven, k€R, k#%(5—7),0<j<n;

F(ne) (k) = =5 370 O rgag [(—1) 2 Y sin(ek))

and7 fO’I” 0 S jO S n;

F(r)(E(5 = o)) = 5= Ch
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In particularly;

n!

limesoF (Yne) = zo=imp

uniformly on compact subsets of R. For n even;

277,71[3]]2

F(One) = =—r—F (1n.c)

i particularly;

limeoF (0pe) =1

uniformly on compact subsets of R. For n even;
F (07,0 1) (k) = vk F (On.c)

wn particularly;

lime0F (0, .¢) (k) = ivk

uniformly on compact subsets of R.

Proof. We have that, for k € R, n even, k # (5 — j), 0 < j <n, by
the definition of v, . and F;

F(Yne) = 1f cos™(5E)e —ik I
1 f eTJre 26 n —i:ckdx

zﬂx(n j) —imxzj
2e

—zxkdx

2¢k

- 2" f Z] OCn
imz(n—2j—=£%)

1 n n [€ e S A
e =0 OF Jlpe 2 de
zwz(n72jfﬁ)

= 3w 20 O3 gy —zay )
25

1 n n 1 imz(n—2j— =%

ome j=0"~"J ”"(n 25— 26k)[e % ]*E

_ 2¢k _2¢k
= 7 T O il % — (%]
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= g 2o Cf gyl e — (=) e
= ﬁ Z?:o C}lm[in—%e—iek _ Z‘n—2jeiek]’ (n — 2j) even
€

= gz 2o OF w5 [ 20" sin(ek))]

J 1T (n—2j)—ik

= iz 210 Cj —; ok 2" ¥ sin(ek)]
=~z 20 O oz (- 1) 2V sin(ek)]
= 1 25— Cj m[(—l)%ﬂsm(ﬁkﬂ

We know that F(7,) is continuous, so that, for fixed €, 0 < jy < n,
using L’Hopital’s rule;

F(ne) (2(5 = jo)) = limissz (3 —jo) F (Ym.e) (K)

= — 5t (X050 O 5oy (- 1) 2 P sin(m(§ — jo))]
— g O L [(=1) 7 Pecos(n(% — jo))]

O [(=1)3 790 (=1)3 7]

1
= oan— 1On

In particular;

}—(Vn,e)“)) = 2n1—1 Cgﬂl

= W7 (*)

independently of e.
It follows that, for k # 0, using L’Hopital’s rule;

limeoF (Yn,e) (k) = lzm€_>02n 1C 23271(61{:)

S (,;, pzlimeopcos(ek)k

n! :
= mlzmeﬁocos(ek)
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_ n!
2n—1(Z1)2

and clearly;

litm 0 F (10.)(0) = gty
by ().

It follows that;

limeoF (Vne) = W (pointwise convergence)

To obtain uniform convergence on compact subsets, note that;

Lsin(ek)

converges uniformly to 1 on compact subsets as, for |k| < K

. sin(ek)—ek
| Zsin(ek) — 1| = %
_ |ek4+O((ek)3) —ek]

o |ek]
< Clek|?
< CeK?

and sin(ek)

converges uniformly to 0 on compact subsets as , for |k| < K
|sin(ek)| < |ek]

<eK

By Lemma 0.3, we have that, for n even;

2n71[%!]2

]:(571,6) = o ]:('771,6)

so that, by the previous claim in this lemma,;
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Qnil[%!P n!
n! 2n—1(31)2

lz'me_m]-"((Sn?e) = =1

on compact subsets of R. We have that, using integration by parts
and the definition of ¢/

n,e,t?

F(d!

n,e,t

)(k) = F(vdy,)

= v(1k)F (0n.c)

= 1WkF (6n,c)

so that, by the previous claim;
lime_0F (Onc) = 10klime_oF (0n.c)
=k

uniformly on compact subsets of R.

0

Lemma 0.9. Let F be the three dimensional Fourier transform, then;
F(Dne) = F1(0ne) (k1) F1(0ne) (k2) F1(0n,e) (K3)
where F1 is the 1-dimensional Fourier transform.
In particularly;
limeoF (Dpe) =1
uniformly on compact subsets of R>.

F(Dpe) (b, ko, k) = v1F1(6y, ) (k1) F1(0n,e) (k2) F1 (0, ) (K3)

n,e,t
F02F1(0n,e) (k1) F1(8, ) (k) Fi1 (On,e) (k3) +v3F1 (On,e) (k1) Fi(On,e) (K2) F1(6y, ) (K3)
In particularly;

lime_0F (D, . )(k)=iv.k

n,e,t
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uniformly on compact subsets of R3.

Proof. By Definition 0.5 and the theorem of Fubini;
F(Dne) (ki ko, kz) = F1(0n,e) (k1) F1(0n.e) (k2) F1(6n.e) (k3)
where F; is the 1-dimensional Fourier transform. In particular, as

the projections of a compact subset are compact, and using the result
of Lemma 0.8;

lime_oF (D) (k) = 1.1.1

=1

uniformly on compact subsets of R?.

By definition 0.5 again and Fubini’s theorem;

F(Dy, ) ks Koy kz) = 1. F1(6), ) (k1) Fi(0n,e) (k) F1(On,e) (K3)

V21 (On,e) (k1) F1 (85, ) (K2) Fi(On,e) (k) +v3F1 (0n,e) (k1) F1 (One) (ko) F1(6y, ) (K3)

so that, using the result of Lemma 0.8, integration by parts and the
previous observation;

limeﬁQF(D;.%e’t)(kl, k‘g, k‘g) = U1 (Zk’l)ll + Ug(Zkg)ll + Ug(Zk’g)ll
=iv.k

uniformly on compact subsets of R3.

O
Lemma 0.10. For the charge distribution pp of Lemma 0.7, we have
that;
limesoAne (k) = 4+ 5%
lZ-mC*)OBn,e(E) = % o q;k.f

uniformly on compact subsets of R\ {0}.
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Proof. We have that, by Lemma 0.7 and the results of Lemma 0.9;

( (ane)_|_ Fq nst))

lime—ﬂ) An,e (E) = lime—>0

2ike
_q qiﬂ.%
2 + 2ikc
_q qf.E
2 + 2kc
, — F(qDn.)  FlaDj.c4)
lzme_ﬂ)BnE(k‘) llms—m( 2 T 2ike )
_q qu-E
-2 2ikc
—a _ qi.E
2 2kc

uniformly on compact subsets of R3\ {0}.

U

Lemma 0.11. For n > 6, for k € Rso, we define the intensity
L, (T, t, k) at k to be;

]ne(ff t, k‘ 27r fSk eiket | B(E)e—ikct)eiﬁjds(%)
so that, by Lemma 0.7;

Then;

limeoln . (sv,t, k) = ok (42E sin(svk)cos(ctk) — 3= sin(svk)sin(ctk)

+2% cos(svk)sin(ctk))

For the electron at time t moving a distance d, we obtain local mazx-
ima in the wave number when;

2kd = — Dtan(2kd)

where D = <2

Proof. By Lemma 0.10 and the definition of I, ., we have that;
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limesolne (50,8, k) = o [g, (Ane(R)e™ + By, (k)e~ ) e®wd S (k)

_ #eikct fsk(% 2k ) isT. de(k) g)3e—ikct fSk(%_@)ei@.%ds(E)’
(%)

_ Switching to polar coordinates, letting 6 be the angle between v and
k € Sk, we have that;

Js, 3 TRAS(R) = 4 [ [T etheosOk2sin(0)dfde
— 7T]{Z2 foﬂ €isvkws(a)8’in(9>d9
= mk? f_ll evkedu, (u = cos(0), du = —sin(6)do)

_ Wk:Z[ez:svku]l_l

isvk
_ wk? [ isvk __ —isvk
- isvk< € )
o nk?2o: -
= =-2isin(svk)
_ 27ksin(svk)
o sv
and;

2kc -7 2kc

fSk Tk is0. kds =1 f() fﬁ vkeos(6) e“”kcos(@k?sz‘n(e)deqzﬁ

= %’“2 fo7r e'svkeos0) cos(0)sin(6)do

= m;ck2 fjl ueisvkudu, (u = 003(6)7 du = —Sin(@)d@)

2 isvk 1 isvk
el (o Ol R )

2 tsvk —isvk isvk
7'(’UC]€ (eZSU Z—;fk 18V _ [(ir:;k;;]l_ )

= T (9c0s(svk)) — —2E2isin(svk)

cisvk c(isvk)?
__ 2misin(svk)  2mikcos(svk)
o s2ve cs

It follows from (), that;
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ikct [ 2mksin(svk 2mwisin(svk 2mwikcos(svk
limesolne(sU,t, k) = he™( SU( Ly Szv(c b cs( )

i _cht(Qﬂ’kszn(svk) 2misin(svk) + 27rikcos(svk))

sv s2ve cs

= (2ﬂ)3(—sm(svk)2008(l€ct) + 22 = sin(svk)2sin(kct)—2E cos(svk)2isin(ket))

= (2fr)3 (£ sin(svk)cos(kct) — 3= sin(svk)sin(kct)+22E cos(svk) sin(kct))

The electron wave propagates at speed ¢, so we are interested in the
case when |sv| = ct, so that s = <. Making this substitution in (), we
obtain that;

limeoln(%0,t, k) = o 5 (2 sin(kct)cos(ket)— 255 sin® (ket )+ 222 cos(ket) sin(kct))

)

_ (gg)s([ﬂ + 4”k”]szn(kct)cos(kct) — S5sin®(kct))

ct

_ (2;]1_)3 ([% + QﬂkU]SZn(szt) 37;3 ( 1—c052(2kct) ))

= (27(.{)3 ([% + 2”kv]sm(2kct) + 2;;12’ COS(QkCt) 27rv)

ct

We look for a local maximum in k, so that;

Jiklimgﬁolw(%tﬁ, t, k) = d%(@fr)g ([% + 2?—2’“;]]sin(2kct) + 2;;’; cos(2kct)

~58))
— (Qg)g([i—’t’—l—%]sz’n@kct)—l—%t[%—i-2:2i”]cos(2kct) 2ct 2% sin(2kct))

Lo ([2 + 222 sin(2kct) + [dmk + 222 cos(2kct) — 32 sin(2kct))

ct

ot ([ — ?Tf]sin(cht) + [47k + 4”—61“’]003(2]{3615))

ct

I
o

so that, rearranging;

k = —Dtan(2kct)
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2w _ 271w

et 2y . __c—w
where D = ar(1+2) ~ 2ct(ct+o)

Now use the fact that the distance at time ¢ is d = ct.

l

Lemma 0.12. For an electron moving at velocity (v,0,0) in the labora-
tory frame S, the amplitudes in the spectrum of the stationary electron
are shifted by the Doppler factor % in the frame S’ of the electron,
moving at velocity (v,0,0) relative to S.

Proof. We consider a frame S" moving with velocity (v, 0, 0) relative to
the base frame S. For n > 6, by results of [7], [8] and [9], given p,,
in the base frame S, there exists a unique current 77%6 with compact
support, such that the standard relations are satisfied for (pn76,7n76).
By results of [7], we have that [(0?(J,,.) = 0 and moreover, J, . has the

wave representaion;

jn,e = # ng (zn,e (E) etket + En,e (E)e—ikct)eiE.Ed (T)

where, for k # 0;

Sy

Zn,e( ) _ —CA"‘(E)E

E

By (k) = 20 (x)

If the electron travels with velocity vector (v,0,0) in the base frame
S, then by Lemma 0.10, we have that;

limesoAn (k) = & + LM

; ) — 4 _ vkt
lzme—mBn,e(k) — 27 ke

so that, by (), uniformly on compact subsets of R?\ {0};

limeﬁxoznﬁ@) = [_% _ QS)k]gl]E
tim B (F) =[5} — S5]F (D)

We have that p,, . transforms to S’ as;
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vjl,n,e

p%,e(flu t/) = VY (pn,e - T2 )(f, t)

see [1], so that, using (f) and the wave representation for p, ;

P @ 1) = ms Jrs (VoAn, (R)EH + 4, By o (R)e ™ Fet ) e dl

Sl
~
D
L
o
Q
&
~—
)
.
¥
8
IS
x5

o (271r)3 f'R?’ (%zl,n,e (E)eikd + ’ch_;)El,n,e(

@ fns ([voAn.e (E) — vaZ17n7€ (E)] e* [y, By« (E) — ’YU;}EI,n,e (E)} e—ikct>eiE.EdE

c? c

(i)

We have that, using the inverse Lorentz transformation;

!
Yo UT]

t= Vvt/‘f’ 2

/ /

T = YTy + YVt
Ty = @,
_ /

so that, substituting into (11);

!
Yovz]
L)

Prc@ 1) = 53 Jra (oA e (B) — 2524, o (R)] e 0

_ vt

+[YoBnc (k) — 2B o (k)]e R0t

c2

)eikl (Vo) +yout’) eikgx’z eikgxg dE

— J— — . /o kyovy,.1 g T
- (271r)3 fRs ['VvAn,e(k:)_WZJQUAl,n,&(k)]Gz(kc’y”Jrkl%v)t Cl(kw”—i_ ¢ )xlelkﬂ?elksx?’dkﬁ

by S o B () = 22 By o () J e~ ke —hanuo)! il =50 gikah ikt

(4)

We make the change of variables, in the first line of (A);
E'c = kevyy + kv

kK = kv, + ’“LC“”

ki = k'lfy'u—i_ Egu
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kY = ko
Ky = ks
and, in the second line of (A);
k'c = key, — k1y,v

k= k‘% o kl'cyvv

Ky = Ky, — 122
ké - k'z
Ky = ks

which are the Doppler shift transformations given in [14], for the
velocity vector (v,0,0). Calculating the Jacobian, and using the chain
rule, we have that, for the first and second lines of (A) respectively;

dkydkodks = (7, — 20520 Ak, dk) ks

dkydkodks = (7, + 2520 dk, dk) ks

k/

so that, substituting in (A);

!/

P 1) = oty Do) — 28 (R )] 44

(70 — 90 g

+# fR3 [Van,e (E,) _ vvzvgl,n,e (E,)] e—ik’ct’ ezk’lx'l eikzx'z eikgxg (,yv_i_ Yokiv )d%l

c e

—/ vr —/ ik ct! ,':7/.5/ okl vy 77!
= # ffRs [/V’L)An,e(k) - 752 Al,n,e(k )]6 Wt gik (’Yv - Pyk]f; )dk

c2

— — — o T = K _,
+# fR3 [’Yan,e(k’ ) - %vBLn,e(k’ )]@ tk’ct elk T (%} + Wk/év)dk?
so that equating coefficients, and using the wave representation for
P (T, 1), we have that;

!/

A (K = (70 — 20 [y, A, (K)) — B0, (K)]
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—/

B, () = (7o + 25 [, By o(F) — 22 B0 ()] (E)

and, using (D), with the inverse relations for the first line;

k - kl’)ﬂ) - kll')’vv

C

/
v
kl — klfyrv 'Y'L)
/
/
lime oAn (K) = 1 4 2k
1Me—0 n,e — 9 2ke
/
— g 4 ke '“T“”)
T2 ’ 171’”
2(k'vo )c
: - cq _ quki
lzme—ﬂ)Al,n,e(k) - [_ﬂ Y ]kl
B cq(k/ﬂv,k'vTvv) qo(K; 7o K w2
— 7
2k =120 (i, — 22

and, substituting into the first line of (E);

!
. 7 kiv qu(kfyo—E220) v cq(kiyo— )
limeo A7 (K) = (3o =5 ) o (§ 4+ —) =3 :
n,€e v k! v\ 9 k! 2 k!
¢ 2(k'yo— 1Zvv)c ¢ 2(k' vy — 1Zvv)
go(k;y— K200 )2
_ c

k! ypv
2(kl')’v_ 1CU )2

Again, using (D), with the inverse relations for the second line;

k=K~ + By

C

k'l - /{31’71) klzvv
ké - kg
ké - k’3

!/

; 7\ — ¢ quki
lzme—mBn,e(k’) — 927 ke

’
qv(k’l’vark qut)

—4q_
2 P
20k o+ 2122 )e
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/

lime%OBl,n,e(k’ o oy

) = [%_ 2k2]k1

! /
_cq(Kye+ Bty qu(k e+ Bt )2

C

k! ypv k! ypv
2kt =) 2Kt )2

and, substituting into the second line of (E);

/ !
. — k! v(k:’ +k 'yvv) e (k/ +k 'mv)
’ o Yvkiv q kY e N A A LT
hmﬁﬁo Bn,e<k) - (’YU_F e )[7”(2 ok +’€/1'y5v)c c2 (k' +’€/1’Ycuv)
v c v c
qv(ky e + 2002
e
2k + 1202
Rearranging, we have that;
!/ /
k(1 &2 cky (1— 72
. -/ k! vk Py 1 Py
/ o 2 _ 11] l 1¢ v 1¢
hm€%0 An,e(k ) - qﬁyv(l k’c)[<2 + , Khv ) 02< e
2K/ (1-530)e 2k (1- 212
’
vk’f(l—%ﬁ)]
-
2k/2(1— )2
/ /
vk’l(lf% vzk’f(lf%)Q

k'v
= (1 — 225

]

kv kv

K (1—7r)e 2k’2c2(1—ﬁ)2
’

vkl (1— B2

1( Kfc ]2
kv

k%c )C

K/ /
k’(l—%)c—kvk’l(l—%)

2 kv
— 720 - Hn

k' (1—

= 51— P

k!
K(1-2-)e

= M Ay et

o2 ke k’(l—%)c
_ ﬁ . @ k'c(1-45) 2
=5 (1 klc)[k’c(l—]:%:] ]
2
2 K 1-%
- -y
/C
=g (1-2) ]
- !
>la-h
- 4
2w ['Yv(l_%)]
_dFK
— 2%

and, using the symmetry;
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/ -/

hmeﬁo A;L,e (E )(U) = limeﬁo B;l,e<k )<_U)

we have;

. T ave kv Uk/(H:’z) 2

lim, o B, (F) = GE(1 4 M) - 1]
k(14 3)e

4K

2%

where ¢ = vi is the new charge due to the change in mass of the

electron, m' = 2 and k is the Doppler shift in amplitude of the spec-
trum of the stauonary electron

U

Lemma 0.13. Let an electron move at velocity (w,0,0) in the base
frame S, and let S" move at velocity (v,0,0) relative to S, then the
amplitudes in the spectrum of the electron in S" are shifted by the back-
ground Doppler factor ’%

Proof. The proof is almost the same as Lemma 0.12. We consider a
frame S” moving with velocity (v,0,0) relative to the base frame S.
For n > 6, by results of [7], [8] and [9], given p, . in the base frame
S, there exists a unique current 7,116 with compact support, such that
the standard relations are satisfied for (p,.., J,.). By results of [7], we
have that 52(771,6) = (0 and moreover, 77176 has the wave representaion;

_n,ez 27r fR3 lkCt‘i’Bne(l{) —zkct) ik T (T)
where, for k # 0;

Ape(F) = =220

If the electron travels with velocity vector (w,0,0) in the base frame
S, then by Lemma 0.10, we have that;

lime%OAn 6(E> = % qwkl

; ) — ¢ quk1
lzme—mBn,e(k) — 927 T9ke
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so that, by (), uniformly on compact subsets of R\ {0};

ll.me_mzn,e (E)

[~ 5% — Gk

lime 0By, (k) =[5 — L]k (D)

We have that p, . transforms to S’ as;

D@ 1) = Yulpnc — L) (T, 1)

see [1], so that, using () and the wave representation for p,, ;
D@ 1) = G5 Jrs (o Ane(R)e™ + 7, By, (k)e et e dly
_ﬁ ng(W;JTvZLnye(E)eikct + %El,n,e(E)e_ikCt)eiE'EdE

= rp Jrs (o Ane (k)= 25" A ()] [0 B e(k) =25 B e (k)| e ™)k
)

We have that, using the inverse Lorentz transformation;

t _ ,yvtl —I— ’Y’u'U«Tl

_ / /
1 = Yy + YUt
Ty = @,

!

so that, substituting into ({1);

’vaxl )

p;z,e@/’ t') _ ﬁ fns([%An,e(E) %vAl RE@)] ike(yot’ +——51L

B (F) — BB (Bl o0 T st ot o, ikt I
- (271r)3 fR3h/vAn,e(E> %UAlne(E)] ikeyu ki)t pilkiyot k%v)%e’k?zzelkﬁsdk
e BB 5B (050 ot o

(4)
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We make the change of variables, in the first line of (A);
k¢ = kcyy, + kiyv

kK = kv, + Mc”v

Ky = kay, + P

kY = ko

ky = ks

and, in the second line of (A);

k'c = key, — k1y,v

k’/ — k:,yv _ kl'cyvv

Ky = kyy, — 22

C

which are the Doppler shift transformations given in [14], for the
velocity vector (v,0,0). Calculating the Jacobian, and using the chain
rule, we have that, for the first and second lines of (A) respectively;

dkydkydks = (v, — 2599 dk, dkydk,

dkydkodks = (7, + 220 Ak, dk) ks

so that, substituting in (A);

Poc®¥) = G Jrs o Ane(R) = 2 A1, (R e etiheiticd

/!

(0 — Z890) gF;

+# fRS [%Bn,e(k/) %v Bl n e(k )]e—ik’ct’eik’lx'l eikzxgeikgxg (%_i_%;cllviv)dz

!/

= b7 S o An e (F) = 2L (R ' (, — 2480 g
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!/

7 v T\ o—ik'ct! ik @ wkiv
g s [V B (F) = 22 By (R e e (o, 4 Z2%)

C

so that equating coefficients, and using the wave representation for
Pr.(T' 1), we have that;

Al (K = (o — B [y, A, (K — 2524, (K]

B, (F) = (o + %) B (K) = 2By (F)] (E)
and, using (D), with the inverse relations for the first line;

k/
k‘ fg k‘/f}/v — lzvv

N k'vyv
kl —_— kf}ﬁ; - v
ké == k’z
k= ks
lime_oA (k:/) =24 gk
e—041ne D) ke
/
— 44 qukyyo— 52
2 ' k’l'yvv
2(k"y =)
. - 7N cq quki
llme—mAl,n,e(/f) = [_ﬁ — ok2 ]kl
/ /
_ _cq(kg%—’j LYy qw(k;%—f“’%w
2Ky — LI 2k, — 2200 )2

and, substituting into the first line of (E);

/ /
) — k! w (k) —E2Y) cq(kyyo— B2
/ _ _ vk q, 9 1Yv I N A LY
11m5—>0 An,e(k ) - (’YU k'c )[7”(2—’_ , kll’y:'u C’U2 ( , kll'yi;v
2(k'yo—— - )c 2(k v — e )
qu (k] o — K022

k/'y v
2(k' vy — 16” )2

Again, using (D), with the inverse relations for the second line;

k= Ky, 4 B2

C

kl = k,lf}/”u + MTUU
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!
5 = ko
/I
—
; —4q quki
llme—)OBn,e(k) — 927 T9ke
—q _ qu(kyyo+ £ 'yqu)
P (et
: 7! cqg _ qwki
lzme—)OBl,n,e(k) = [ﬁ — ok2 ]kl
_ ket Y quk e+ ey
- k! ypv - k! ypv
2o+ L) (4 2

and, substituting into the second line of (E);

/ !
. —/ w(k| 4 B2 cq(k vp+ B2
llmeﬁo B;l,e(k ) (7’0_’_ YWk 11))[7”(% g (k170 ) v q(k1 7o ve)

9Kyt L) N gk TV
quky e+ 0 )2
- A "{Z’U
Q(kl’Yv+ 1c )2
Rearranging, we have that;
K (1- kv k! (1- k2
: 7/ kv 1 w k" e 1
limeyo 47, (K) = qi(1 = TG+ ——7—) — 2(-——4
e v WelR2 D opa-te) @t b
’
wh!2( —%)2)]
L L
2W2(1- 2302
/
o, Ko\ wkz’(l—— k’(l——) vwk’f(l—%)Q
=q7,(1 -3

]

kv
2k’(1—i)c 2k’(1—ﬁ)c 2k"2c2(1— )2

, ok} (122 wk’(kk,’v)
e
/ v wky (1— '“/“)
:ﬁ(l_ﬂ)( /2) 1+ k
? vl i ol k’(k—)c]
q wk’(l——
=3 k,(—]
_ g[k’c—k’lv—&—klw—k%
2

!
K (1- e
k’c(lf%")Jrk’l (w—o)

kv
e

NI

[ ]

k' (
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kI/
/ 1 -
(K e(l= )11+ 7 fﬁ%’f; )]

[\

kv
k' (1— kl/c )e

/’U

(1=3r)

Y—wx*v

— 9 _ywyw /
2 kv
(1-2-)

. =/

q lzme_mA;{’e(k )

: 1"
lzmeﬁ‘gAn’€

kv

Yo (1- ,;c)
_ 4y " (\E
= Llime oA, (k)7

and, using the symmetries;

-/ -/

limo A2, (F)(w) = limeo BY, (F)(~w)

-/ -/

lime o 4, (F)(v) = i B, (F)(~v)

we have;

lime o B, (K) = Llime 0Bl (k)%

i
where ¢ = q% is the new charge in S’ due to the change in mass
of the electron, m' = ===, {A’TZ’E(E/), BZ’E(E/)} are the factors in the

wave equation for an electron moving with the transformed velocity
!/ w—v

W' = o in S" and % is the background Doppler shift in amplitude,

transferreing from S to S’.

U

Lemma 0.14. Let an electron move at velocity w in the base frame S,
and let S" be a rotation of S by g € O(3), then there is no Doppler shift
in the amplitudes of the spectrum of the electron in S’, and the electron
moves with velocity w9 in S’.

Proof. We consider a rotated frame S’ relative to the base frame S. For
n > 6,if the electron travels with velocity vector w in the base frame
S, then by Lemma 0.10, we have that;
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lime oA (k) = & + Dok

limeHOBn,e(E) = % - qgﬁklk

We have that p,  transforms to S’ as;

Pr.o(T' 1) = pne(T,t), where T’ = 77

see [10], so that, using () and the wave representation for p,, ;
P;z 7E<fl’t/) _ # fR3 ( Anye(E)eikct + BM(E) e—ikct)ez%.id%

(1)

We have that, using the inverse rotation, 7 = 79 = and substituting
into (1), using the fact that g € O(3);

/);175(5”15’) — ﬁfné fns (A’I’L,G(E>eik6t + Bn,e(E)e_ikCt)eiE'f/g_ dk
= #[RS fRS(An,E(Beikct +Bn’E(E)e—ikcweiE"j/dE, (4)

We make the change of variables k=% Calculating the Jacobian,
and using the fact that g € O(3), we have that;

dk = dk
so that, substituting in (A);

A= Ay A | A E@fl ik’ ct B E’-‘fl —ik'ct iEl.i’dE’
pn,e<x 1) = @n® fRS fRS( n,e( Je + By, Je Je

and equating coefficients, using the wave representation for p;, (7',t'),
we have that;

/ —1

A (K) = An (k)

B, (F) =B, (k' ) (E)

so that, using (D) and the fact that g € O(3), k = k’;

-1
7! q@.klg

lime 0 Ay, (k) =4+
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—1

2k’c

which represents an electron with charge ¢ and velocity vector w?

moving in S’. There is no mass change and no Doppler effect as &’ = k.
O

Lemma 0.15. Let an electron move at velocity w in the base frame S,
and let S" move at velocity U relative to S, then the amplitudes in the
spectrum of the electron in S’ are shifted by the background Doppler

k/
Jactor +-.

Proof. The proof generalises Lemma 0.13. We consider a frame S’
moving with velocity v relative to the base frame S and let w be the
velocity of the electron is S. Choose g € SO(3), with g(v) = (v,0,0)

and ¢g(w) =P = (p1,p2,0), with w = /p? + p3. Then, by a result in
[10], we have that;

RyB; = Bg(f)Rg = B(%O»O)RQ

and the electron travels at velocity (pi,ps,0) in the rotated by g
frame S; with no Doppler shift. Let S5 be the frame connected to S;
by the boost B, 00). For n > 6, by results of [7], [8] and [9] again,
given p,. in the base frame S;, there exists a unique current 77175
with compact support, such that the standard relations are satisfied
for (pp.c, Jne). By results of [7], we have that (J?(.J,, ) = 0 and more-

over, J, . has the wave representation;

Tne = g5 Jra(Anc(B)et + By, (R)e~*et)e®=dF (1)

where, for k # 0;

=~

Zn76 (_) — CAn'e(E)E

B

En,e(E) _ CBn’:(E)E (*)

If the electron travels with velocity vector p in the frame S}, then by
Lemma 0.10, we have that;
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lime—>0An e(E) = % %
limeaOBn,E(E) = % - qfk-f

so that, by (), uniformly on compact subsets of R\ {0};

-5 - 2

lime—mzn,e (E>

We have that p,, . transforms to Sy as;

P (@) = Yol pue — L2)(7, 1)

see [1], so that, using (f) and the wave representation for p, ;

Poc@ 1) = s Jrs (Vo An, (R)EH + 3, By o (R)e*et )ik

Sl
~
D

J
¥
Q
&
~—
)
.
¥
8
IS
x5

'u T\ iket v
271. f'R?’ %) lne k)el ¢ + %Bl,n,e(

c2

- @ fRé ([%An,e (E> - 7cvz;uzl,n,e (E)] ethet4- h/an,e (E) - %vgl,n,e (Eﬂ e_ikcgeigidg
(1)

We have that, using the inverse Lorentz transformation;

v}
t — ,yvt/ + '71)62 1
/ /
T1 = Yoly + ,}/’U,Ut
_ /
_ /

so that, substituting into (11);

wwl)

P @) = tgiys Jra (o Ane (F) — A1 (R0

YoV 1)

)eikl (Vo) +yout’) eikgxé eikgxé dE

_’_[/vame(E) . 'ycvzvg (E)] —ike(yot'+

— 52 Jps o A (B) = 25770 () ek rma ol i 5200 by ik
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kyyv

+ e oo Yo B () =252 By, o () e i(here—hamun)t! gilkine =5y gihars ks gy

c2

(A)
We make the change of variables, in the first line of (A);
k'c = key, + kv

k' = kry, + By

C

k| = kiy, + MC””

kY = ko

K = ks

and, in the second line of (A);
k'c = key, — k1y,v

L = kv, — k1ywv

c

k= Fy — S
ké:kg
K = ks

which are the Doppler shift transformations given in [14], for the
velocity vector (v,0,0). Calculating the Jacobian, and using the chain
rule, we have that, for the first and second lines of (A) respectively;

dkydkodks = (7, — 2520 Ak, dk) ks

dkydkodks = (y, + 2020 dk, dk) ks

so that, substituting in (A);

!/

p;ue(f/’ t/) _ ﬁ fR3 [%)An,e (E ) _ ’y;};)zl,n,e (El)]eik/ct/ ezk’lx’l 6ik’2x/2 ezké:}cg
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/

(’771 - Tukye )dE

k'c

n (2;)3 ng [%Bn,e (E/) . vs;Elm,e (E/)]e_ik/ct/ k171 pikaxy pikszh ( ;

7 v TN ik et ik & wkivy g7/
= o s 1o An e (F) = 224, o (R)] e e (v, — L1k

+# fRS [,YUBn,e<E,) - ’YCUQUELTL’E(EI

)]e—ik’ct’ eiE'.E’ (70 + %}fi”)dy

so that equating coefficients, and using the wave representation for
Pr.(T'; 1), we have that;

Al (K) = (0 — 290 [y, A, (K) — B2, (K)]

B, (F) = (3 + %) 1oBuc(K) = % Biae(F)] (E)
and, using (D), with the inverse relations for the first line;

k’ — kl,yv - k/vaU

C

= Ky, —
ké:kg
ké:k:;

!/

limeoA, (k) =12+ qﬁgf

qp1 (K vo— M””quzk’g
2(k'y— 12 )e

limeaOAl,n,E(E/> = [_ﬂ - @]kl

N

+

2%  2k2
_ca(kiy— M) _apr (K —=T )+qp2k (K yo— W’)
n 2(k' vy ﬂ) 2(k'y 1'7””)2
and, substituting into the first line of (£);
— / / E vy
lim, o A" (k) = (7,— 221 [~, g+qm(k1% o) tap2ky e ca(kire— T)
—0 n,e( ) (7 k'c )[7 (2 (ke 1%1,)0 ) 2 2(k" 1%11)

k! _k/W'u’U 2 k! (k! _k/WU’U
_ap1(kye— =) +apaky (K yo —=1%)
k! ypv
2(k”yu* 1C“ )2

Yokivy 777
=) dk
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Again, using (D), with the inverse relations for the second line;

E{ yuv
c

k =k, +

1 k'yyv
kl_ 1%}"‘ ZU

- _
; _4q qp:k
limeoBpe(k) =1 — 4=

I
_apa (B e+ ) 4 qpak)

N
— 5 7
2 2(k"yv+k17;{vv)c
: =] 7! cq _ qpk
llme%OBl,n,e(k) - [ﬁ — 92 ]k

! /
_ Cq(kll'Yv+m) qpl(kav - ) +qp2k2(k1’yv kav)

c

k/
2(k/ Yo+ -1 DKy + 1200 2

and, substituting into the second line of (E);

!
’Yuklv)[ (g_qpl(kll’Yv+k ZUU)+qp2k,2 v CQ(k/17v+k %v)
2

1im€—>0 B’:Z,E(E,) = (r}/v—}_ k’;

! v 2 LU
Q(k"variklzv )c ¢ Z(k/7v+7lz )
/ /
_qp1(k’1%+m)2+qp2k/ (k’nﬁ%j”))]
2(k/ v+ 1’“”’)2
Rearranging, we have that;
U /
prk)(1— )4 P2 g cky (1— &2
. 7 . 1 klc Yv v klc
limeo A, () = q72(1 — 22)[(3 + ) (e —
2K/ (1- 1 0)e 21@'(1—7)
/ /
PleQ(I*%)er%k/lle(l*%))]
_ -
2k2(1- 2102
Ky (1— £ vk’(l—f p kR (1= 222
k' P1Ry k’
=qr(1— )5 + + + |
2k’(1—m)c 2k’(1——)c 2k"2c2(1—7-)?
P21 @k’k'u(l——”)
2 Ejv o 2 Yo 172 ke
+q7, (1 — o)l + ]
v Moo= e awre(1-1Y)2
/ / kv P2 1./ 1.1 kv
2 Y vk (1_7 piki(1=572) Papr 2kykyu(l- k’ )
= (-0 [1+ i M+ —— =1+ ave e + ]
k' ( =)c k(1—-2—)e Qk/QCQ(l_W)
/ kv
q<1—m>[1+k/ AR ks o )
=3 P + k'c [1 + ) ]
(1=%2) K (1-4)e
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K’ 2
el g2 (2 5wks O 3)

v

[\

_vpy
q (1 2
k’lv

(-3
(=5 (+ o]
c2 k’cpl c

k)/ /7
(- (-3

k'c
7/'E/
g (1= 1+ 255

kv
(1=3)

NI

[\

q %umeﬁomgye
S
g limesoAy (K)

2 -4y

= Llim, A" (K)¥

and, using the symmetries;

/

lim, 0 A7, (F')(P) = lim—0 B .(F)(~P)

-/ -/

1ime—>0 A;L,e(k )(U> - 1im6—>0 B;L,e(k )<_U)

we have;

lime_yo B, (k) = Llim.o Bl (K )¥

k
where ¢ = q% is the new charge in S’ due to the change in mass
p
of the electron, m/ = ™= {Agye(k,), B;{,e(k/>} are the factors in the

Yw
wave equation for an electron moving with the transformed velocity
P = (Hw=r, 5 (fi%ﬂ ),O) in Sy and £ is the background Doppler shift
C2 v C2
in amplitude, transferring from Sy to So. Now complete the proof back
to S’ using Lemma 0.14.

[l

Lemma 0.16. Let an electron move at velocity (w,0,0) in the base
frame S, and let S" move at velocity (v,0,0) relative to S, then the
amplitudes in the spectrum of the current for the electron in S’ are
shifted by the background Doppler factor ’%

Proof. We consider a frame S" moving with velocity (v, 0, 0) relative to
the base frame S. For n > 6, by results of [7], [8] and [9], given p,,
in the base frame S, there exists a unique current J,, . with compact

support, such that the standard relations are satisfied for (pp.c, Jn.c)-
By results of [7], we have that (*(J,, ) = 0 and moreover, J,, . has the
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wave representaion;

S,

T = Gt Jes (B 4 By (B )2 (1)

where, for k # 0;

If the electron travels with velocity vector (w,0,0) in the base frame
then by Lemma 0.10, we have that;

so that, by (), uniformly on compact subsets of R3\ {0};

lim, oA, (k) = [~ — whiE
limeoBo.o(k) = [5 — Gk (D)

We have that J,, . transforms to S’ as;

!

7n,e(f,7 t/) = (Vv(jn,e,ﬂ - pn,eﬁ) + jn,e,L)(fa t)
- (f}/vjl,n,e — YoUPne, j2,n,67 j3,n,e)

see [1], so that, using (1) and the wave representations for (o, ¢, Jn.c);

/!

7n,e (T7 t,) - ﬁ(ﬁas([%}zl,n@(%) - ’VUUAn:E(E)]eikCt
0B (B) =100 B (R )R, (Ao (R)e™ 4+ By (R)e~ ) e dF,

fR3 (z37n7€ (E) ikct + B3 e (k) —zkct) dk)

(1)

We have that, using the inverse Lorentz transformation;
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t =yt + ﬂ

1 = Y&y + vt

Ty = T

T3 = T4

so that, substituting into (f1);

/

7n,5 (f’, t’) = ﬁ(fm([%zlm(@ - %)UAn,e(E)] ikc(yot'+

vuacl)

+ [ B (B) =3t B ()]~ e+ 2 ikt (ot et gikasty ik

/ !
—_ —_ kj ,Ut/ ’Y’val —_ . v, 'yvvxl . / / . / . / I
Jrs Ao (RO T LBy, (R)e R0t 45 il (st tont) ik ibast

)10y

!
— o 7 YovTy . ’ / . !l !
fRS s, 6 sz(’\/v )+BS . E(k)e ikc(yot +—= ))ezkl (Vo) +yout )elk2$2 ezkgw3dk.)

s (13 (B =700 A (R) ket it 5221 gikash bt g

+h/v§1,n,e(k) - %UBn,e(E)] ~ilker= kl%v)tlei(kl%

VUU

)z ezk2$2 ezk3w3 dk

fRs Z2,n,e (E) eilkerothanv)t! gilkiye+#222)a) gikoa) piksal T

kyyv
c

_|_§27n’6 (E)G*i(kcwfkwvv)t’ei(kwv— )z pikaxh eikgzng

fR3 ZS,n,e (E> ei(kc%—i-kl%v)t’ €i(k1% kwv )7 62k2$2 61k3m3 dl{

k . ) _
'YC“U )EA ezkgxé ezkgm’gdk)

+§3 n e:(E) —ilkeyy - k1%v)t’€i(k1%7
(4)

We make the change of variables, in (A) for the {A, A} terms;
k'c = key, + k1y,v

k’ = kﬁ)/v + k1ypv

C

= k’l’}/y + k'ycvv
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kY = ko
Ky = ks
and, in (A) for the {B, B} terms;
k'c = key, — k1y,v

k= kf%; kl'Yv'U

Ky = Ky, — 122

C

which are the Doppler shift transformations given in [14], for the
velocity vector (v, 0,0). Calculating the Jacobian, and using the chain
rule, we have that, for the {A, A} and {B, B} terms of (A) respectively;

dkydkadks = (7, — 2520 dk, dk) ks

dkydkodks = (y, + 2020\ dk, dk ks

so that, substituting in the equation (A);

/!

!/

(0 — 2510

k'c

0B (F) = 700 B (K)o M eikisi gt ethors (, 4 7

4 / ik’ et! k! 2! ikl xl ikl ! k! —
e k t k x k k 1 Yv v
f723 27n’€(k ) e Ez 1 Ez 233261 373 (,-)/17 - k/é )dk

- N / vk -/
_|_B2’n€(k )6 ik’ ct zk xlezk2x2€zk3x3<7 + ¥ v)d/{},

—_ e AT Y RS IV Y B VA Y W Y k! —/
fRS A3,n,e(k )ezk ct 61k1x162k2x261k3x3 (,yv . %];,;v)dk

F B (B ek el ikt gikah gikowh (o, 4 W0kLY) 2y

jn,e (EI’ t') _ ﬁ(fRs(['szl,n,e(y)—’YUUAn,e(El)]eik,dleikia}a eikgxgeik:ga:g

—/

k) g
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_ — Iy g T
= ﬁ(ng([%ALn,e(k ) — ,y’L)UAn75(k )]elk ct ezk,‘ T (7’0 . 'ykl/cc )dkj

!/

Ao Br1 e (k) = 40 B (K e #t e & (, 4 220 g

fR3 A2ne(k) zk/ct/ezk/.i’(,yv Yok 1v)dk +BZne(k )e—ik’ct’ ik .z (71)—1_ ’fl”)dEI’

s (R Y (3, = S0+ By (R )0 e (3,4 25782

so that equating coefficients, and using the wave representation for
/

(T, '), we have that;

—/ -/

Al,n,s(k ) = (’71) - k:’ )[ Al nE(k ) - 'vaAn,E(El)]

/ -/ —/

Ay (k) = (10 — ZEY Ay, (K]
Ay (K) = (0 — ZE Ay, (K]
By (&) = (10 + 208 [, Bine(K) — 70 Be(F)]
By, (k) = (7 + 299 [By, (k)]

-/ -/

BS,n,e<k> (fyv =+ k/lv)[B3n€(El)] (E)

and, using (D), with the inverse relations for the first line;

k — k/’y'v - kll'Yv’U

C

— L/ _ Ky
kl - kl’}/v c

I
I
limoAn () = & + 22k
1Me—0 n,e( )— 2 + oke
=44 qu(kiy—2e0)
- 2 kl"/ﬂ’”
2(k/ Yo ——2—)
. T 7! cq wk
lzmeHOAl,n,e(k) = [_ﬁ - q2k21]k1
!
gkt qu(kye— Eopuy2

2(k' v 1'“’ ) 2(k/ v 1'“’”)2
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limeﬁozln’e(E/) =[-4 — qwk1]k2

2k 2k2
. cqkly qu(kiye— =120k
= 7 -
Q(k”yv—kl#) 2(’4:/ 1’va)2
. — 7! cq k1
llme—>0A37n,e(k7) = [ 2k 2k2 ]k:3
’ k/’Yv’U /
. ch3 . qu(kivo— )k
2(k' v l'yvv) 2(K' v 171}1})2

and, substituting into the first three lines of (E);

/
7 kiv qu(kjyo— 202 cq(kyy—2100)
lim,_,q A k) = (=22 [0y, (2 ! i ! -
e—0 lne( ) (Fyv k'c )[ ’Y’U(Q_I_Q(k”yvfklzvv)c)_‘_fyv( (k/’yﬂiklz»uv)
_qu(kiye— Eyuuy2
(k’ 17”1))2
— kv qu/ qw(k Yo— k"/vv)k/
lim, o 74y, (F) = (3, — 2t [~ —o e il
2 ryv / I yov Vv
M€ k'c Z(k/’Yv*klz ) Q(k/’yvfklz )2
-/ k'v cqkl qu(kjyv— k%v)kl
im0 A (F) = (0 — 252) - b B ()
3, Yo 7
" R e

Again, using (D), with the inverse relations for the second line;

k=K~ + Ll

C

k' v
kl — kjllyv ,YU

/I __

/I __

—

; —4q quki
lzme—ﬂ)Bn,e(k) — 927 9ke
— g _ qu(kivo+ kwv)

2 (k‘l’Y + 1"/’0'“)

/

lime%OBl,n,e(E )

(5% — %t

C C

K’ K’
P (T2 S MUY B 10 Y Bas LS E

lime—y0Bope (k) = [& — ki,

/ ’
cq(kiyetB28)  qu(k]ye+E2e0)?
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’
cqk qu (k| yo+E220) K
- k! ypv - k! yyv
2(k' o+ =) 2(k' Yo+ )2
. %) 7! c k
— (< quk1
llme—ﬂ)BS,n,e(k) - [ﬁ T o2 ]kS
l
— qu/ qw(kav Zvv)klg
2k + 20 g, + 22

and, substituting into the last three lines of (F);

— k: w(k . k’yvv) e (k‘ U+k ’Yv'v)
Yokiv q 2 q\ry 7y
lim,_, B1 nelk) = (vt 75— U%(%——l )Y (— P
2(k ypt+———)c 2(K' o+ —— 1 )
qu(k] o+ E202)
e 7
2(k/’)’u+LZUU)2
-/ vk v cqk!, _qu(kit k =)k
lim,_o B (k ) = ( + -5 )[ . . :
2 'Yv / f yov v
e ST 7 RELS S 0% ﬁ—” )2
-/ vkl v cqkt, qW(k Yo+ k L
lim, o B, (k) = (7 + 29 2 . (G
3 F}/'U ! v v
n,e k'c Q(k,%}_i_kl;/v ) 2k o+ 17” )2 )

We rearrange the last two terms of (F') and (G) first;

/
7 kiv cqk} qu (k) —E2)k
hme_,OA (k)= (1-2)[— 2 — L ¢ /2
2 /’U /’U
,N,€ k'c [ Qk/(lfki ) 2k/2(171;;c )2]

. q[ Ckl _ (k/ k/v)k/]
-2 k’ K2(1— kl“)
/
_ _cqky [1 + whk' (k] — % )k’z]
2K ckgk’z( )
kv
_ ks wlki— 1)
=S+ pory m)]
_ché[ckuk'wwk' kgw]
2k’ ck’( kl“)
! _ / _
_ _ch/é [Ck (1 )+kk 1(w U)]
2k ck’( 1”)

k’ ck
= -1 - 12_121})[(7—16111;2]

K
cgkl, 1+ k Law!
7
:_2};;/2(1__)[( 21”)]

_cqkb v _mew [ +c,€/w ]
2K ywyw L( ,%)
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[7 cq/k/2 q/w/kllké]

_ 2k 2’2
o (1-52)

— /

== llme—>0A2 n e(k )<q/)%

where —, is the Doppler shift, lzmg_mAQ ne 18 the factor in the wave
equation for an electron travelhng at the transformed velocity —v*w in
S and ¢’ is the charge on the electron in the frame S’ due to the change

in mass m = m@. This follows as m is the mass of the electron

w
as measured in S, so that my = % is the rest mass, and the electron
w

mass in S’ is myy_zwp in S’ as the electron travels with velocity —v *w
in 5.
By a similar argument, replacing k) with k%, we can show that;

hmeﬁo A3 n E(E/) — lZme%OAS n e(q/)%’

and, by the symmetry, we also have;

-/ =/ k'

].lme_>0 B2 n E(k ) i llmG—)OBQ n,e(q/)ﬁ
hmeﬁo B3 n E(E/) = lzme—)OB?, n e(q,)%’
For the first terms in (F') and (G), we have that;

vw(k’ Cv) (k’/ v)
k’(l—m)c k/(l—m)

limeo Ay, (F) = =52(1 = F9)[o +

+ /ik 1v)2]
K217
. 12) kv ’Uw(klflev) (k/ v) ’LU(k/ v)2
2 Koy | elk—ke) w(kg—E2)
— — (1 - 82 + oD+ o)
ck!(1—77-)
_ ok w(k =)
= — o[l 4+ Za )
2o — i+ 2]
2 ek v? w(ky—E2)
= -F0-3)h =
ck’ /c)
k! kv
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K} ’
k! ck’(lfk%z)er(k’lfk—“)]

c
k! kv
o (1- 512

N

A [ck’—fuki-i-wk’l— Kow ]
2 kK K
ck!(1—22)

—ak RS2}
2 k! E'v
ck/(1-532)
ck!, vw\T —w'k}—ck’
=57 (1 =8)[—5]
k (l—m)
L [_ﬁ_ﬂ]
— g’yf'u*w / K/ l2k/2
2 YoYw (k' kl”)
c
cki  w'kf
_q /[ k.ll Qké]
271) (k‘/ kllv)

By the symmetry, we have that;

/ 1/

lim5_>0 E/l,n,e(E) - %lime—mgl,n,e(q/)

0

Lemma 0.17. Let an electron move at velocity w in the base frame
S, and let S" be a rotation of S by g € O(3), represented by the ma-
triz (gij)1<ij<3, then there is no Doppler shift in the amplitudes of the
spectrum of the current of the electron in S’.

Proof. We consider a rotated frame S’ relative to the base frame S. For
n > 6.,if the electron travels with velocity vector w in the base frame
S, then by Lemma 0.15, we have that;

lime o An (k) = -5 — 2Tk
limesoBe(k) =[5 — 51k (D)

We have that J,,c = (jines jones jane) transforms to S’ as;

—/

Jn,e(E/7t,) = (jill,n,ojé,n,e?jé,n,e)

where;

Fne@ 1) =30 Gijdine(@. 1), for 1 <i <3, (1)
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and 7’ = 79

see [10], so that, using () and the wave representation for j; .,
1<e<3;

jé,n,e(flv t) gﬂ)s Z] 1 9ij fRB Z n.j, e(E) et 1 En,j,e(E)e_ikCt)eiEjdE
(1)

We have that, using the inverse rotation, T = 79" and substituting
into (f1), using the fact that g € O(3);

: e ) k))etke n T\ o—iket\ ka9 " T
jz(,n,e( T = zﬂ fns fns j= 1ngAn,j,e(k)) kt"‘(zg 1 9ij Bn.je(k))e kt)ek dk
= ﬁ fm fR3((Z?:1 gijzn,j,e(E)eikCt‘{‘(Z?:l gw_ n,j,€ (E)) ﬂkd)eigg'yd%

(A)

We make the change of variables =% Calculating the Jacobian,
and using the fact that g € O(3), we have that;

dk = dk’
so that, substituting in (A), for 1 <i < 3;

. 9NN ke 3 B TN ikl et ik E T
j'g,ne = 27r)3 fR3 f’R,3 j= 1g2J 7J:€(k ))6 F t+(2j:1 gijBn;jyé(k ))6 g t)e F dk

and equating coefficients, using the wave representation for j , (7', ),
we have that;

U =/ 3 —

— —1g—1
An,i,e(k ) = Zj:l gijAn»jaﬁ(kg )

—1

—; — —_— =/,
B (k) =371 9iBnj(k” ) (E)

so that, using (D) and the fact that g € O(3), k = k’;

—1
/

7 3 c wk'?
limeso A, (F) = 30, gis[— 5% — Tk

= [—aw — q;”]j,f 1305 giiki

=[5t~ IR
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li B (E’):Zii .,[ﬂ_ﬂ]k.
Me—0 Dy, ¢ j=1 9ij ok 2k'2 J

-
wI. 3
=[5t — Gz | X ik

]
=[5t — T |k

which represent the current of an electron with charge ¢ and velocity

vector wY moving in S’. There is no mass change and no Doppler effect
as k' = k.
O

Definition 0.18. Given a smooth trajectory w : [0,ty] — R?, with
velocity v : [0, t] — R3, v(s) = w'(s), [v(s)| < ¢, s € [0,10], we define;

D)) (T) = &|1—0 Dis(s) (T + 10(5))
= 01(8) Ds(s),2 + 02(8) D),y + v3(5) Das(s)

in the sense of distributions, and the approzimations D, (), for
fized s € [0,t0], and n > 6, by;

Dreiwn(s)(T) = Dio(T —w(s))

D, ciw(s),0()(T) = Gz li=0Dr.cm(s) (T + 10(s))

= 01(8) Dy c;w(s),0 + 02(8) D esin(s)y + V3(8) Dneigs) =
the reverse time derwative of Dy, ¢ w(s)-

We define pp.ew(s)a(s) to be the unique wave with 02 (pp e w(s) w(s)) = 0,

generated by the initial conditions {aDn, cw(s), 4D ew(5)5s) } at the time

L =8, Pnemw(s)vs) has compact support and we let J, cws)m(s) be the
associated current wave, 52(771,5@(5) o(s)) = 0, satisfying the standard

)

conditions in [9], with compact support.

Lemma 0.19. We have, for n > 6, the representations;

P59 8) = frers A (B() (B0 1 By (0(3)) (R K] =
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Tnieiw)56) T t) = frers[Ane(0(5) (R) M) 4B, ((0(s)) (k) e eHt—)]eih -

Proof. For the proof, we can go through the previous steps in the paper
where we computed A, . and B, ., noting that they are natural func-
tions of the velocity vector T(s). We have that, using Definition 0.18;

F(qDnen(s) = Jocres ADncns) (T)e *FdT
e q ‘/‘EGR?’ Dn,e (f — w(s))e—lg.fdf

= q [ocrs Due(@)e ™00 dy, 5 = 7 —w(s), dy = dz

_ efiﬁ.ﬁ(s)]:‘(an’e)

and, similarly;

F(qDne(s)5(5)) = F (v1(8) Dneso(.aH02(8) D)5 H03(5) D es) =)
= iv1(8) k1 F (qDn e w(s)) +i02(8) ko F (D e w(s)) +i03(8) k3 F (D e ()
= [iv1(8)k1e™ ) iy (8)kae ™ T 4 jvg(5)kse " O] F (gD e n(s)
= i0(s) « ke 06 F(¢D,, )

= e MO F (gD, ) (0(s))

It is then clear that the wave equation terms { A, ¢ w(s)5(s), Bn.e.w(s)5(s) }
for pn.em(s)v(s),0 factorise as;

An e ats)o(k) = e FPE A, (3(s)) (k)

Bn €,w(s),0(s),0 (E) D s) Bnﬁ (E(S))(E)
where py, ¢ w(s),5(s),0 15 generated by the initial conditions;

{an,e,E(s) y an,e,ﬁ(S)ﬁ(S) }

at the time t = 0. We then have that, using the inversion theorem;

w(s)) ke
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Prcao(s)w(s)0(T, 1) = JrerslAncano,a0) (B)E¥*+ Brcantoyats) (K)e e dk
= Jrers [ Ane(0(5)) (k) + By, ((s)) (k)e M) dk ()
and we obtain the first result by taking;

Pr,e(s)o(s) (T t) = Prc(s)w(s),0(T, T — 5)
and substituting in (x).
For the second result, just use the construction at the beginning of

Lemma 0.12, together with the wave representation for p,, ¢ w(s)s(s)-

Lemma 0.20. Given a straight line path w : [0,ty] — R3, with w'(s) =
(v,0,0), 0 < v <e, 0 <t <ty there emists, for e > 0, G. : R® — R,
defined on V, C R® open, with V. compact, such that if p. : R> x [0, o]
1s defined by,

pe(f7 t) = Ge(f - w(t))
then, (P(pe) = 0 on W, = {(z,t) : t € (0,ty),T € w(t) + Vi} and
t

lime0per = Dgy in the sense of distributions, fort € (0,to).

Proof. By the chain rule, the condition that [1?(p.) = 0 is given bys;

(Ge,x:c + Ge,yy + Ge,zz - Z_jGe,xx) |§7E(t)

2

= ((1 - ZT)GE,:E:B + GE,yy + Ge,zz)’i—ﬁ(t)
. ’U2
= (300 o 5o)Diag(1 = 5, 1, 1) (57, &, 52)'Ge

=0 (+)

Asv<e 1— Z—; > 0, so that, by Sylvester’s theorem, there exists an
invertible matrix P with;

P'Diag(1 — %,1,1)P = Diag(1,1,1)

so that, the condition () can be written as;
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= (g 3> ) Diag(1, 1, 1) (5, ai 2V H,
=0 (%x)
where (%, 8%,, W) - (%’ 6%’ %)P—lt

P, we require that 7?(H,) = 0, where
. Define H on B(0,1) \ 0 by;

Letting (2, v/, 2') LY
He (', y',2") = G((@' o, 2) P~

\_/\—/

7\ — 1 _
H(T@) = 77— 1
Then,;
Hyw = — s + 35
z 2
Hyw + Hyy + How = =33 + 3%
=0

so that \7%(H) = 0. Let H, be defined on the closed ball B(0, ¢) by;

and on the open annulus Ann(e, 2¢), by;
H(z')=H(Y)
where |7/| = € + 4= (|:L' | —€)

Otherwise we define H, to be zero. By linearity, we still have that
V2H. = 0 on Ann(e,2¢) and trivially the same holds on the open
ball B°(0,¢) and on R*\ B°(0,2¢). By construction, H, is continuous
on R? with compact support. Let V. = B°(0,2¢)P~!, then by con-
tinuity, V. is open and the closure V. is compact. Define G, on V.
by G.(Z) = H.(TP) and zero elsewhere. By construction, G, is contin-
uous on R3, (x) is satisfied and [(1*(p,) = 0 a.e, for the corresponding p..
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We have that, using polar coordinates;

fR3 Hfdf, = m + fAnn (€,2¢) H df,

47re3(——1

_ 4mé(I-1)  98red 2 R?
= 3 -3 +47rfe a+,BRdR

where;

0426—6(16—76):26—1

We have, completing the square;

2¢ R2
fe oz-‘rﬁRdR

2¢r [e o2
= [T - B+ e IR

o?ln(a €
_ [c/;g + 2/32 2aR + l (/33+BR)E
=(e)

so that;

Jrs Hedt’ =1

By the change of variables formula;

fRS G |det(P)|dT = ng H.d7'

so that;
Geldet(P)| 3—
fRS \’y Geldet(P)| g
as well.
By Lemma 0.3, limc0pewi) = Dw) in the sense of distributions,

where;
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— Geldet(P)| j— _
(7, t) = SN 75(y))

n

Lemma 0.21. Given a straight line path w : [0, to] — R?, withw'(s) =
(v,0,0), 0 < v < ¢, 0 <t <ty there exist, for € > 0, open sub-
sets Vey C R®, centred at W(t'), and p,, a charge distribution sup-
ported on the compact sets V., such that Dz(pé’l) =0 on V.y and
limeopery = Dww) in the sense of distributions, for t' € (0,t).

Proof. We use the example given in Lemma 0.18 of [11] for the base

frame S. (p, J.) are given in polar coordinates, by;

Pe (F, t) — Sin(Z(€)T) e’i'y(e)ct
T, 1) = i, (Areeslnsinalen) ) in(Oer

with tan(y(e)e) = v(e)e. As is shown in [11], {p., J.} satisfy the
usual relations including [0?(p,.) = 0 with J| S(e) = 0. We restrict the
given charge and current distributions to B(0, ¢) and define them to be
zero outside B(0, €), introducing a discontinuity at the boundary. The
properties are local and the representation (x) still holds inside B(0, €).
Now let S” travel with velocity —v relative to S. Then the transformed
charge p. is given by;

vjl,e

P = Yo(pe + =2°)

and, by results in [7] or [9], we still have that (0*(p.) = 0.

Using the standard Lorentz transformation;

v’

z =2 —vt'), t =t = 4F)

we have at time ¢{, in the moving frame S5;

V22— vty)? +y? + 2% =€

is the locus of the image of §B(0,¢), for varying times in S, in S’

at t;. Calling the interior of this locus Vi, Ve is an ellipsoid with
diameter at most 2e and centred at vt(, where ¢{ is measured in S’
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Clearly p!. is supported on V..

By the change of variables formula and the definition of p., we have
that;

=/
fVe,t’ € todx

= oo+ 228 i

(9,270 (th—25) 7o

’71111.71 € 1 =
= J50.0(VoPe + TF) @y 2o ty— 2 (2 1vip))) 54T

'Y'v'Ujl €
_IBOE YoPe >(xyzvvo% dm
’vajle 1
= Jseo(rc+ >(:c,y,z,i—%>%df
Yv c

where we have used the fact that at time tj, x = 7, (2’ — vt}), so that
rearranging, ¥’ = =+ vty, together with the formula ¢ = %(t/ vz v ).
The Jacobian of the change of coordinates is % as ¢’ = % + vt 05

y' =y,2 = z. It follows that;

R
fVe,t’ pEvtf) dz

. j‘B Meiw(e) (—f—)_i_v%,L('y(s)TCOS(w(E)r)—szn('y(e)r))€i'y(e) (—f—)_ ) df

r ~(e) r2

/
_ v

_ fB S’m("/(e r) ry(e)c(:—g Z%)+£i_c)(W(G)Tcos(’}’(e)'r)—sin(V(e)T)) W(E)C(**j)jl)df

r c? (e 72

We have that;

fB(a,e)(Me’”“)c(”zg)ﬁ

— 6”( ,YU f 560 sin( d_+f sin 1( €)r )B_W(e)?zdf
_ fB sin(y Te)r e_ify(e)%df

by the calculation in [11]. Using polar coordinates and the first part
of Lemma 0.22;

Jo@e e g
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= [ sinGatan) S €S () dr

€ sin(y(e)r iz (=2
= Jy EL (fs €7 00AS (1)) dr

= [ sinaten) drrrsin( 1)
—Jo r y(e)v

c

47rc

= e [ sin(y(e)r)sin(1P)dr, (x)

We have that;

VT

; e)rcos(vy(e)r)—sin(vy(e)r iect—o——L —
. »YZ(CE)U() (( 12) (v(e) ))67()(% c2)x1)dx

% eci v ic e)rcos(y(e)r)—sin(y(e)r) \=
— (@ (W)IB(G,e)T ('Y() (’Y()Q) () ))xl)df

c? y(e) r

T iy Bl (o) ) i %5 g

= cv(e fB '7(6 rcos(’7(6)r7;) sin(y (e)r))efi,y(e)%%ldf

as, converting to polars, using the fact that ffﬂ cos(¢)do = 0;

/

i(e)e(22)
€ v fB(* ) ¢

(e r?

ie_(2Qreos(y(n)=siny(Or) 3\ 77

wld

/

. 3 .
— (De(32) foE foﬂ f” v _ic (v(e)rcos(w(e)r)—sm( ()r))T sin?(0)cos(¢)dpdfdr

—pi ¢ y(e r2

=0

We have that, converting to polars again, using the second part of
Lemma 0.22, integrating by parts and using the definition of 7(e);

fB g (ke (e)r%sm(w(e)r))6_1»7(6)%%1 -

cv(e r2

- fo Jrool TT =en(y(9) fS(O DT dS (r)dr

= 07(6 fo Hereosy (E)T) ey fS(()r r F'(J(Z)vvO’O)clS(r))lalr

= i [ (ARl Ly (22 0, 0)), L (sim( 222

c

. 'y(ec)vr cos ( y(e)vr ))dr
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_ _iv_ —4mic® fo (e)rcos(y(e)r)— sin('y(e)r))(sin('y(ec)vr)_'y(ec)m‘cos('y(egvr))dr

cy(e) v(e)2v? r2

_ 47rc fo (e)rcos(v(e)r) sin(’y(e)r))(SZn< (e)vr) . V(G)vrCOS(’Y(GC)W))dT

’I“ c

dme(psin(V(@r)sin(LD) e y(e)cos(y(e)r)sin (LD )4 1D o5 LI sin(y(c)r)
- ’y(e)3v([ r ]0_ 0 r dr
+f (e)rcos(y(e)r sm(7(621”")—:27(€C)UTCOS('Y(ET)UC)sm('y(e dr fo 7(6) u Ucos('yf;)r)cos(@)dr)

€)ve
(19%)

— _4nc (Sin(’Y(E)E)Sin
y(€)3v €

72 (1(e)cos(1(e))sin(L22)) — A1 [ cos(y(e)r)cos(LLE )dr

— 7(60)2” foe cos(y(e)r)cos(v(z)w))dr

v(e)?v
= 4“ fo sin(19 Y sin(y(e)r)dr

Cancelling with (x), we obtain the result that;

fv Et’ T =0

Now define p.1 = p.+c(€), where c(e) is a constant to be determined,
and keep the current the same. Clearly, all the standard relations of
[11] are still satisfied and we restrict to B(0,€). As before we have that
the transformed charge p; ; satisfies Dz(péyl) = 0 and is supported on
Vew as t’ varies in S’. This time we have that;

fVe,tg) p/e,l,t{)dfl
— fv% P T + [p5,0 Wwele)-dT

= fB(ﬁ, ) c(e)dz

4c(e)med

3

so with the choice of ¢(€) to be

I
f‘/e,t6 E,].,t/ d_ 1

Letting € — 0 and using Lemma 0.3, we have that;

g 3, we have that;

sin y(Qur cos(y(e)r)]§ € . e)vr .
re(cos(y(e)e)sin(1Q)) - Am (L eI 1o 1€ i (X9 sin (4 (e)r)y (e) dr)
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lime—)()ps,l,t’ = Dﬁ(t’)

in the sense of distributions, for ¢’ € (0, ).

Lemma 0.22. We have that, for T € R3, T # 0;

ik T, sin(k|Z|)
fS(ﬁ,k) (& dk? = 47TkT

so that, for e >0, 7 € B(0,¢);

fS(ﬁ,'y(e)) o (e)erdk = p.(,0)

_1
4my(e)

We have that, for T € R®, T # 0;

where o/ (€) =

fs( ]{3€Zk Idk‘ _ 47TZk:L‘(sm(k|mD COS(k|I|)k\$|)

Bk

so that, for e >0, 7 € B(0,¢);

Js@oey @Ok dk = J(T,0)

where a(€) = — I

We have that a(e) = —C:QS), as claimed in the calculations of previ-
ous lemmas, in particular Lemma 0.12.

Proof. For the first claim, choose g € SO(3) with ¢(0,0, s) = T, then;

fS(ﬁ,k) eik.Edk
_ f zk: g(0,0,s dk
= Jswm (00 dk

so that making the change of variables K = g '(k), and, as g €
SO(3), dk = dk', we have that;

ik.T
fs(ﬁ,k) et dk
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_ fs ik +(0,0.9) JT

_ fs eikscos(0) g’

= Jr f_”ﬂ etkscosO) k2 in,(0)dfdg

= 2mk? [ e*scosO) sin(6)do

so that making the change of variables u = cos(0), du = —sin(6)db;
Js@u e dk

=2k [T —Feudu
= 271k? fjl eFsudy,

= omk? (&L

o 2 2isin(ks)
= 2rk iks

_ 47rksin(ks)
The second claim is clear from the definition of p. in Lemma 0.21.

For the third claim, working in polars, let T = (ssin(6y)cos(¢g), ssin(0y)sin(po), scos(by)),
s >0,0 <6y <m0 < ¢y < 21 and choose g € SO(3) with
g(0,0,s) =T, then;

fS(G,k) keik.fdk,

_ 7. ,ik.g(0,0,) JI.
—fs@,k) ket0©0) d;

_ T.,i9~ 1 (k)-(0,0,8) 71
_fs@,k) ketd™ (K):(0,0,8) JT.

-/

so that making the change of variables ¥ = ¢~'(k), k = g(k ), and,
as g € SO(3), dk = dk’, we have that;
fS(ﬁ,k) EezkEdE

_fSOk (OOS)dk
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= fg@k) (g11ky + gi12ky + gi3k3, g21k] + gaoksy + gasks, ga1 k| + gs2ky
+ 33kl )eikscos(®) dE
= ‘/’07r f:,(gnki + g12k5 + gi3ks, g1k 4 g20kh + gasks, g3kl 4 g32kh
+g33ky) k2sin(0) e dhd ¢
so that, using the fact that ffﬂ cos(¢p)dp = 0, and so;
Jo [T, KR sin(0)e™=©) dfdep
= Jo |7 Kyk2sin(0)e™*=os D dfdg
=0
we have, with k% = kcos(0);
fS(ﬁ,k) % 61‘%.@ dk
= [ 7 (g13K%, gosks, gssk)k*sin(0)e* s dode
=7 [ [7 Kk sin(0)e™*s ) dodg
=7 [ [T Kk3sin(6)cos(6)e* ) dode
= 27k3T [ sin(6)cos()e*s?)dp
so that making the change of variables u = cos(0), du = —sin(6)d0;
Jsou ke dk
= 27k’T ffl —ueFsudy

2~ rl ;
— 27Tk3$’ f_l uezksudu

2 gk 1 ik
= 2mk3z ([t — [, Sdu)
— 271.]{.3%(61'1’65;2—%3 _ [ff;:2]£1>

— 27_‘_]{:3%(200;(55) + 215;2(53))
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_ 272]?3%(— 2co;(9ks) + 28;7215265))

_ 271'2]{7%(— ZCosiks)k + 231'22(165))

= 4ok (Sinlks)—cos(ke)ks )

The fourth claim is clear from the definition of .J. in Lemma 0.21.
The final claim is clear.

4

Lemma 0.23. Given a straight line path w : [0, to] — R3, withw'(s) =
(v1,v9,v3), 0 < || < ¢, 0 <t < ty, there exist, for ¢ > 0, open
subsets V', C R®, centred at w(t'), and p!, a charge distribution sup-
ported on the compact sets V/;t,, such that (P(p?,) = 0 on V!, and
limeopl 1 = Dwy in the sense of distributions, for t'" € (0,to).

Proof. This is an easy generalisation of Lemma 0.21. Using the nota-

tion there, we define p” to be the transformation of the original (p, J)
on B(0,¢) in S to S”, moving with velocity vector —v relative to S.
Choose g € SO(3) with ¢(v) = (v,0,0). Then, by a result in [10], and
using the fact that p, is invariant under the action of g, we have that;

RgB_5(pe) = By(—v)Ry(pe) = B—w,0,0)(pe)
so that;

B_y(pe) = Ry-1B_(v,00)(pe) = Rg~"(p0)
with g~ (v, 0,0) = w.

With this, the remaining results are straightforward to prove, the
open sets V,, are then just the rotations by g~ ! of the original open
ellipsoids in Lemma 0.21. In coordinates 7”7 = ¢~!(7’), if the original
ellipsoid is given by;

’yﬁ(:ﬁ’ _ Ut6)2 +y/2 + z/2 — 62

we have that;



62 TRISTRAM DE PIRO
(o —wth,y, 2 )D(x' — vty 2/ ) = €2

iff

(T —ty(v,0,0))D(T —ty(v,0,0)) = €

iff

(@")g" — (ty0)g") Dg((T" — t4v)") = €’

iff

(@ - () g~ D)@  tio)) = &

which is an ellipsoid centred at ¢(7 with coefficients determined by
g~ 'Dg. The Laplacian is rotation invariant so we have that (J?(p”) = 0.
By the change of variables formula, we have that;

/! — / —
fWe/ftg) pedV fwe'% pdV =0

where {W” " ! tg} are the interiors of the two ellipsoids, so we have
to renormalise by adding the same constant f;;g when defining p!; to

obtain the distribution claim.

U

Definition 0.24. We say that an electron moving with velocity v s
represented by the corresponding p.y as described by Lemma 0.23.

Lemma 0.25. If an electron in S is represented by p.s in S, then if
S’ moves with velocity W relative to S, the velocity of the electron in S’
given by U, where Bg(pes) = pew 15 the same as the velocity obtained
from the velocity transformation rule. The same result applies for ro-
tations.

Proof. The result for rotations is easy. We have that;

Pes = B,@(pﬁ)

so that;
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Ry(per) = RyB_5(pe) = B*Q(U)Rg(pf) = B_y@) (pe) = Pe,g(w)
and clearly ¢g(v) is the velocity of the electron in the rotated frame.

By results in [10], we have that, for some g € SO(3);
Bﬁ(loe,ﬂ) - BEB—E(/)G) - BE*(—E)RQ(/OG) = Bﬁ*(—ﬂ) (pE) = Pe,—(w*(—7))
By the definition in [10], using the identity;

WX (WX T) =W(W.T) — 0(W.T)

we have that;

= (25 + arem

= [P~ @ — e (@ x (@ x (7))

- 1_1%5 [0—w+ 62(]5“)@(@.6) — %w(w.@)]
= 1_1%5 (2 — W+ s w(w . )]

as;

1w de — L

which is the formula for the transformation of ¥ in the frame Sy,
given in [2].

O

Lemma 0.26. In the notation of Lemma 0.21, the spectral realisation
of pl. is given by;

fEll(k’) O‘(’“/)%(@)@ZE T ek qBI(K)

where EII(K') is the boundary of the ellipsoid corresponding to the
sphere under the change of variables given by the Doppler shift with
velocity vector U, where 7 = (v,0,0).
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Proof. We have from Lemma 0.22, by a slight abuse of the notation in
Lemma 0.21, that;

fS 5.k) zka; zkctds(k)
fs(o " zk:c zkctds<k)
with o/ (k) = =%, a(k) = —m/% and k = v(e).

It follows, with;

=7+ %), 2 =y@+ot),y =y ==z
t = (t— ”C—ﬁ/), T = 7y, (2' — vt)

and;

Pe = Yolpe + vilzye)

that;

pé =Yy fS(ﬁ,k) [Oé/(k’) + Ua(k)kl] ik zkctds( )

c2

v cal (k)
e fY’U fs(a k:) I:Oé/(k) + %] ’Lkl'Y’U(ilT ’Ut) zkj2yezk3z Zk‘C'YU _ dS(k)

C

= Yo fS(G,k)[l - %]a/(k>e i(k1vo— )z Zkgy e’Lk‘gZ (kcyv_klvvv)t/ds(k)
so that, making the substitutions;

Ky = kiyy — 22U k) = ko, Ky = ks, K = ky, — B0

dS(k) = (7, + Z5)aE1(K
k'c

where FIl(k') is the boundary of the ellipsoid corresponding to the
sphere under the change of variables, we obtain

P = Lo Yol = 22)a/ (k)e™ = emel' (v, 4 L52) A B (K)

ck

vV

vkt c) WO\ ik T ik ct! vkjv
:fEll(k')'Yv m) o (k" + 12 Jet T ek t(7u+7k,1 YAEI(K)
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vkl’U)

/
v(kl’var Zvv) Tz ket (wt
- fEll K/ ’Yv(l - K yov )ez e v
(k") c(k'vo+ 1“’” ) A (K o+ 17“ )

dEU(K)

"IUUQ k/l %
f (ck'yo+k]yov— k‘l'}/v'l)_ ) (1+W) eik 'E/eik/Ct/dEll(k’/)
Ell k./ Ck,7v+k Yo k,I’Y'U”
1 47r(k’%+?)

gk’ 1—*) (1+klv) KT ik et
= fEll () Vo e L o 1W})e e ABI(K)

f (1+k1v) eiE'.f’eik’ct’dE”(k/)
Ell k, 1+ )47T(k/’yv+ 1’Yv )

ki v
= 1 (1+ e ik & ikl ct! ’
= o) ey AR

= 1 R ik /
= fEll(k’) 47r(k/%+‘“i#)e e dRI(K)
= fEll(k') a<k/)%’(5)eik .j/eik/ct’dE”(k/)

O

Lemma 0.27. For arbitrary v, v = |v|, the spectral realisation of p.z
15 given by;
3w +fEll ¥) k?/) ( ) ik 7 zk’ct’dEll(k/)

Amed

where El(K') is the boundary of the ellipsoid corresponding to the
sphere under the change of variables given by the Doppler shift with
velocity vector v.

Proof. Choose g € SO(3) with g(v) = (v,0,0), then;
RyB_5 = B_(y0,0) 14
and;
Pev = B—E(% +pe)
= Ry1B_(v,0,0)Ry( 55 + pe)
= Ry-1B_(v,00)(5725 + pe)

- Rg*1 (ps,(v,0,0)>
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By Lemma 0.26, we have that;

Pew00) (T3 ) = 25 + [ a(K) 5 (0,0,0)e k& ikt G311 (k')

Amed

where FIl(k') is the boundary of the ellipsoid corresponding to the
sphere under the change of variables given by the Doppler shift with
velocity vector (v,0,0).

so that with 7”7 = ¢~ 1(7'), ¥ = g(z")

pen(@' ") = 725 + Jeuw (k)% (v,0,0)e el GBL(K)
47re3 dmes T fEll k') a(k’ )%’(Ua 0, O)eiE 9@ etk RII(K')

= s+ S (K )% (0,0, 0)eie F)a" gik'et” g 1 (k)

so that making the change of variables K = gfl(El), E' =k, we
have, with R,-1(v,0,0) =

7!/

pen(@ 1) = Duy fR (EUE)) a(k")%”(Rg_l(v,o,O))ei e et AR (k")

= 2%+ [ oK) @R e® = R dEL (k)

T 4mes

where Ell(k") is the boundary of the ellipsoid corresponding to the
sphere under the change of variables given by the Doppler shift with
velocity vector v. To remove the factor R;l in the Doppler shift, we
apply the sequence of Doppler shifts (BzR,B_z), so that;

(BﬁRg Bfﬁ) BﬁRg— 1 = B@

Reversing the directions, this corresponds to a change of variables,
given by;

(B_gRgfl Bﬁ)

We need to check this change fixes p.5. We have that, as p. is in-
variant by rotations, that;

(B—ngfl Bﬁ)ﬂe,ﬁ



A STOCHASTIC MODEL OF THE ELECTRON AND THE WAVE EQUATION67
= (B—aRglei)B—ﬂ(ﬁ + pe)

= BfiRg_l(% + pe)

= B_3s(25 + pe)

= Pe

so we obtain the result.

g

Lemma 0.28. If an electron in S is represented by p.z, then if S’
moves with velocity w relative to S, the Doppler shift in the spectral
realisation of the electron in S’ is given by —w and the renormalisa-
tion factor between frames is given by % where U is the velocity of the

electron in S'.

Proof. By Lemmas 0.25 and 0.27, the renormalisation factor of the elec-
tron in S’ is given by 2%

&z and by 377 in S, so this involves a shift of 22
e 4me ¥

between frames. By Lemmas 0.25 and 0.27 again, we have a Dopplevr
shift determined by v in the spectral realisation S and a Doppler shift
determined by ¥’ in the spectral realisation S’. The Doppler shift be-
tween frames is given by;

Bﬂ’Bﬁ_l - By’B,@ - B*E*ﬁBfﬁ - B,@BﬁRgB,E

where g € SO(3) is a Thomas rotation. This time we apply the
Doppler shift;

(B_%ByR,~1B_5By)

to the spectral realisation of p.z, so that;
(B_#ByR,~1B_5By)B_ByRyB_5 = B_g
This corresponds to a change of variables;

(ByB_yRyByB_y)
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and we need to check this change fixes p. . We have that, using the
invariance of p. by rotations;

(BwB 3Ry ByB_%)(pew)
— (BuyB_3RyByB_)(B_(_w)) (L5 + po)
— (BgB_5RyByB_w)(Baw—z) (25 + pc)
= (ByB_3RyByB_3)(ByB_sR) (125 + pe)
= BuB (s + pe)
= B_(—w*ﬂ)(ﬁ + pe)
= pe
as required.
]

Remarks 0.29. This is the same result for the Doppler shift as in
Lemma 0.15, with no charge defect and a matching velocity transfor-
mation given by Lemma 0.25. We used a backward derivative in Lemma
0.15, so if we redo the calculation with the forward derivative, we 0b-
tain for the velocity transformation of v in the frame Sg;

—(—0) = —(—w*—0) =WV = —(-W) *v
which is the velocity transformation of v in the frame S_v.

In both representations, charge is conserved when mouving to a new
inertial frame, see Lemma 0.30. As the wave representation in Lemma
0.15 cannot move with the electron, while this representation can, there
1s a suggestion that the electron behaves like a martingale in a new iner-
tial frame, with a splitting of velocities to {Etr(m,it’"(’m} and a splitting
of charge ¢ = q1 + q2. The free electron must approximate curved paths
with straight line paths in the base frame S, to avoid losing energy in
the Poynting vector. This leads to considerations of position and the
behaviour of charge/momentum along paths in S’. We can use a mar-
tingale to define position;
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(Eﬁ(m) +§t‘r(—w)) (Eﬁ(m) 76”(_@))

> 2 + Wi 2

where w; 18 a random walk and the U; are given.
If we use the splitting ¢ = 4 + £ for charge, we obtain behaviour
similar to the diffusion equation, see [6].

Lemma 0.30. Let an electron with charge q be stationary in the base
frame S, then if S" moves with velocity — (v, 0,0) relative to S, the same
point charge q is observed in S" instantaneously at time t' = 0, moving
with velocity —(v,0,0) for the representation at the beginning of this

paper.
Proof. For the velocity claim, we can use remark 0.29, to obtain;
—(=0)" = =(= = (1,0,0) * =0) = —(¢,0,0)
For the charge claim, we have that in S, for n > 4;
Pre(T,t) = ﬁ fkm [ Anveeiﬁ.ieikct + Bn766iE.Ee—ikct] dk

7n,e (fa t) - ﬁ fEGRS [Zn&@iE-EeikCt + Emeeiﬁje—ikct]dg

where;

y — g
lzme—ﬂ)An,e )
lime_oBne =%

e—0n e 2

. e . Cq_

llme—ﬂ]An,e - _ﬂk

lime—>0§n,e - %E
Then p;’b,e = ,YU [pn75 + ’YU'UZ;,W,,E]
and, using the construction of Lemma 0.21;

fm P (T, 0)dT’

Vi1,n,e

- fB(ﬁ,e) h/v [pn,e + C—Q]]t:_%%
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— Jolbne + L5l spdz

[Anyeeik:.feik’ct + Bmeeik.ie—ikct]dk)

1
(2m)3 fB(ﬁ,e)[(fEeRS
+c%(fEeR3 [(Zme)lezﬁjeikct + (En,e)16%'%67%(%](1%)]15:—%@
so that, making the substitutions;

K=k — % dE = (1 )ik

=k + % dk = (14 %)k

for a test function g, with corresponding h, using the inversion the-
orem;

lime o [, Pl (T, 0)g(@)dT

v cqk ik tke(—Y% v cqk ik —tke(— —
- (271r)3 Jrers Jrersl(3— 3 o)e’Te ( C2)+(g+02 at)etTe 2 dkh(z)dz

— (2;’)3 ffe’R?) fEe'RB} [ q vquifcl )6 (kl——)a: Zk2y62k32_|_( _i_%)ez(kl—&-v—f)ajezkzyezksz]d%h(f) dz

7/ . . .
- (271r)3 ffeR3[(fE’eR3[(q vqufc) Hire Zkzyelkzsz(15%)+(%+%)elkixelkéyem3z(1 dlf”“l)]h@)df

= G Jreral(fpealae™7eve™=dk h(z)dz
—r
= @ Jeers 7 (W)(K)dk
= qh(0)
= q9(0)
O
Lemma 0.31. The reverse velocity transformation (v)! is self dual in
the sense that (U)!! = v relative to the frame Sy. The usual velocity
transformation (v)' is also self dual.

Proof. For the first claim, we have, by Remark 0.29, that;

@)™ =wx7v
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for the reverse velocity transformation to the frame Sz. Noting now
that S travels relative to Sz with velocity —w, we have that;

(7))

= (w*7)'™

= —(~(@* 7))
= —(W* (—W * —7))

= —wx* (W*7)

= (W —w) * Tom(w, —w)v

I
ol

*x U

|
<l

U

Remarks 0.32. The above lemma shows that we can keep track of the
reverse particle paths by using the inverse boost matrix B_, with the
paths splitting at the origin (0,0,0,0). We can label each branch of the
particle tree by a word in the boosts By and B_y, together with the
velocities from the path in the base frame S.
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Definition 0.33. Let v : [0,1] — R? be a trajectory in the base frame
S, [v] < ¢, let S travel with velocity W relative to S. Let v, = (7)™
and Ty = (V)" be the transformed velocities in S'. Then, motivated
by Remark 0.29, we define the position of the electron in S as;

Ple.) = f} BB gy 4 [ B

where Wy is Brownian motion.

We define the velocity V (', @) of the electron in S as ‘;—f. By the
FTC and the definition of white noise Zy, we have that;

V(t’,w) _ m(t’);@(t’) + il(t’);@(t’) d(I;I;t/

_ ) 4v() | ni(#)—va(t)
_n t 2 + o - 28) 7.,

We define the generalised velocity U(t',@) of the electron in S’ as;

_ ni(t)+me(t) | () —a(t)
_ U t 2(t) | ™ . 20) 7,

so that the generalised velocity is the average of the velocity and the
drift velocity;

1 () +v2(t)
2

We define the stochastic charge density p), . in S" by;

P (T 1, 0) = Dy (T — P(t',0))

Lemma 0.34. Letting E be expectation, and dropping the primed no-
tation, we have that;

E(?t) _ fot 51(5);52(5) ds

E(V,) = B(U,) = 20§20

For 1 <i <3, letting {fi(s),1 <i <3} and {g;(s) : 1 < i < 3} be
the components of;

U1 (s);@z(s) and 51(8)552(8)
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respectively, we have that, for T > 0;
Cov(P;;Piir;) = fg gids

COU(VmVH_T,i) = COU(Ut,iUH_T,i) = 0

Proof. The first claim is clear as the second component of position is a
martingale and F(Z;) = 0. For the second claim, we compute;

Cov(Py;Piyrs)

= BE(P;Piirs) — E(PL)E(Pryry)

= [o fi(s)ds [T fi(s)ds + [ fi(s)dsE(fy " gi(s)dW,)
+ft+T $)AsE( [y gi(s)dWs) + E(fy gi(s)dW, 37 gi(s)dW,)
— Jo fils)ds ;77 fi(s)(s)ds

= E(fy 9:(s)dW; [, gi(s)dWy)

= E((fy 9:(s)dW)?)

= [\ g2ds

by standard properties of martingales and using Ito’s integral for-
mula. We then have;

Cov(Vi;Vigri)

= BE(ViiVisri) = E(Vii) E(Viirs)

= E((fi(t) +9: Q) Z(0))(fi(t +7) + gi(t +7) Z(t+7))) = filt) filt +7)
= LW it +7) + [i()gi(t + T)E(Z(t + 7)) + fi(t + 7)gi () E(Z(1))
+9i()gi(t + T)E(ZQ)Z(t + 7)) — fi(t) fit +7)

= [iO)gi(t +T)E(Z(t+ 7)) + fi(t + 7)gi (1) E(Z(1))
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+9i(t)gi(t + 7)E(Z(t) Z(t + 7))
-0

by standard properties of white noise, see [3]. The corresponding
proof for U, ; is similar.

4

Lemma 0.35. Stochastic representation of charge

For a test function h, we have that, dropping the primed notation for
S’ and for trajectories starting at 0;

liMme0 [ ops Pre(T, t,@)0(T)dT
:h(ﬁ)_l—f(f( ? laxl‘P (s,w) fl( )+ Z]kz 18m]$k|P sw)g]gk’( ))d

+fo i=1 ax ‘P sw)gl( s))dW

where {fi(s),1 <1i <3} and {g:(s) : 1 <i < 3} are the components
of;

U1 (5)+02(s) v1(s)—Va2(s)
v152vgs andmstzs

respectively.

Proof. We have that, by the definition of position, using the box cal-
culus and Ito’s theorem, see [12];

dP(t,@) = f(t)dt + g(t)dW,
dP;(t,w)dP(t,©) = g;gr(t)dt
dpn(T,t, W)

=D, (T — (P(t,w) + dP(t,©))) — D, (T — P(t,w))
= — 2 B s AP (D) Yy Sl

3 ODn,e Dy
= =2 i1 e B (fi(t)dt+gi(t )AW:)+3 ng 1 32,02y,

Pto) dP;(t,w)dPy(t,®)

z—P(t, w)g]gk( )dt



A STOCHASTIC MODEL OF THE ELECTRON AND THE WAVE EQUATION75

so that;

Pre(T, 1, 0) — pne(T,0,w)

= Jy dpnc(T.1,2)

= Jol= S0 22t (i)t gi (AW +5 Y0, 5 0n
= ol S 22t Filt) + 3 X0y S
- fot 22‘11 83D£-6 P 9i(t)dW;

and using the properties of D, ., for a test function h, interchanging
the orders of integration;

=Ptz 959k (1)]dt

z—P(t, w)gjgk (t)]dt

lime_m fiG’R?’ Prne (f7 L, w)h(f)df
. t 3 0Dn,e

= l'lme_>() ffERg [f() [_ Zi:l ox;
t 3 0Dn,e

- fo Zi:l ox;

_fo ?181‘1

02Dy e
j_?(t,w)fi( ) Z] k=1 9z ;0x T

P 9i (D) AW h(T)dT

P 9596 (t)|dt

r—

3
P(sw ( )+ E]k 1 axzxg’P (s,w) g]gk d8+f0 i=1 ggZ (sw)gl( ))dWS

O

Definition 0.36. We define p,(T,W) = lim.0pn,. in the sense of gen-
eralised random variables.

Lemma 0.37. For a test function h, with the previous notation, we
have that;

E(pn)(h) = E(fot( ? 1 9x; |P5w fi(s)+ ij 1 Bzm |Psw 9igr(s))ds)

Proof. Again, this is clear from Lemma 0.35 and the fact that the sec-
ond term there is a martingale.

O

Lemma 0.38. For a test function h, and trajectories starting at 0, we
have that;

h(P(t, %) — h(0)
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_fo ?161Z

+fo i=1 890 ‘Pswgl( ))dWs

P(s,w) ( ) +3 Z]k 1 8zjzk |P (s,@) gjgk( ))dS

Proof. This is a consequence of Lemma 0.35 and the definition of
charge;

pu(h(P(t,@)))

= limeyo [oors Dne(T — h(P(t,©)))dT

= h(?(t7w)) .

Definition 0.39. We define the associated current J, to p, by setting;

T e (T, 1,0) = po (T, t,0)U(t,w)
and letting € — 0.

Lemma 0.40. The pair (p,,J,) satisfies the continuity equation;
B(%: +7.7,)=0

Proof. We have that, by Lemma 0.38, for a test function h, using the
FTC and the definition of white noise, with the constant term h(0)
vanishing;

3
fo i=1 83;1 sw)fz< >+ Z]k 1 8x]xk|Psw)ngk( s))ds
+f0 i=1 ax |P (5,@) gz( ))dWs]
2
= Zz 1 am |P(tw fit )"’% Z?,k:l aij—.ﬁklmmgjgk( )+ZZ 1 ax |P @) 9i(1)Z(t)

while, using the fact that U(t,w) is independent of position T, inte-
grating by parts;

Ve Ju(h) = (pe) - Ut w)(h)

— L1 e O (filt) + 1)
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’ — qi(t)Z(t
j;) zl 1 axlgml ’p(w )h(s)ds(fl(t) + l(t) U ))
Z(t
T2 Z] k=1 8:0J8xk8xl |P(s w) g]Qk( )ds(fl( ) + gl(t) (t ))]

fo l 1 afjaf;l | 55,91 (8) AW (fi(t) + it )Z(t))]

As Z(s) is uncorrelated with previous information;

E(Z? 1 895 |P ) 92(t)Z(t)) =0

and, therefore;

E(%L:(h)) = E(Z?_l dz; | P

Similarly:;

2
(= [0 32 e Ji()ds(2E2A)))

B3h t)Z(t
fo jkl 1W|P(sw)919k( )dS(W)D

3 2
P(tw) fi(t)) + ( Zj,k:l %‘?(t@)gjgk(t))

=0

and, using the fact that dW,;Z(t) = 1, together with the martingale
property ;

2 Z
fO zl 1 8zggcl|P(s,m)gi(5)dWS(fl + _gl(t)2 ®Y))
3
- E(_% ZZl 1 8901901 ‘P @) gigi1(t))

so that, as ;

E(CL, 42 (0)(M52) = 0

we have;
E((% 4+ v+ Ju)(h))
= E(Z? 1 ggﬁ P(tw fo zl 1 affg;;l |P(s,w)fi<5)d5(fl(t))

~5 2 it %Im,w)gjgk(S)dS(fz(t))]) E(3 1, 5 0)(fu®)): (%)
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Now using Lemma 0.38 and the martingale property again, we have
that;

B(CL, 2 lpm fi(t)
= E(Y0, 2 (0)(fi(t))

By 10 e 5 m Ji(8)ds(fiD) 45 0 1t 5 o 939 () ds (i)
so the result follow from ().

g

Lemma 0.41. Assume that the electron travels in a straight line in the
base frame S, then for charge and current (p,, J,,) in S', satisfying the
conditions of Lemma 0.40, we have that, for 7 >0, 1 <1i,5 < 3, and
with notation as in the proof;

Cov(ppi(h), pnsr(h))

271—)3det(2t> %det(ZT)*%(nyew h( )h(:v—i—y)e 2(90 ) TSy Yz— Mt)e 2(y ET)TEil(gfﬂr))dfdy

( fjen?) h(f)ef%(ffﬁt)th—l(ffﬁt)df)( ffem h(y)
g

N

_1 _
—#det(zt) 2d€t(2t+7>
6_%@—ﬁt+q—)TE;rlq—@—ﬁt+7—)dy)
Cov(ji,n,t(h)7jj,n,t+7(h))

— ’;;f;gdet(&)‘%det(&)‘%(fmem h(Z)h(F4g)e s EF) 5 @) =3 575 0-12)) dz dy

fz ; 1 1 _ Oh [— | — G\ Ts Y F—T
29)3d t(Et) 2d6t(27) 2(-[‘5@6736 h(x)(22:1 %(x—’—y}gk)e 2( He) PN (T—1y)

e~ 3@-1.)"E (G- i)\ dzdy

i -1 -1 =17\ p— 2 (@1 TS Nz
+ (g det(S1) 72 det(82) 72 ([ pera(Xiar goe (Do) h(@+)e 2 @720 @)
e~ 207 "2 @) dz dy

+gzzg)jddet(zt)_%det<27>_%(fzyeRfs(Zl 1 ax,( )gl>(2k 189% (:C—i-y)gk)@ 2 ()" @)

—3 @) "2 ) ) g

&
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_[(gf)% det(S4) 72 ([ ps W(T)e™ 2@ )20 @) i)
+ (25’:‘) : det(S0) 72 ([ocpsYiey o (T) gle—HETITS @) 4]
[(2&)3 d€t<zt+7)7% (ff€R3 h(f)efé(ffﬁt”)th (T Heie) )

T) 2

/ L 1
+ (;J)% det(ZtH)’% (IEER3 [22:1 8%@)gk]e*%(mquT)TzHT(mfutﬂ)df)]

1,

In particularly, taking h = 1 on a large but compact support, we have
that, for 1 <1i,7 <3, 7>0;

COU(Pn,t(h)7 Pn,t+7(h)) = Cov(ji,n,t(h)’jjyn,t-&-T(h)) =0
and the variables are uncorrelated.

While, with h = 1 on a large but compact support, T = 0, we have
that, for 1 <1i,7 <3, 7=0;

COU(pn’t(h), pn,t—i-‘r(h)) =0
Cov(Jini(h), Jjnter(h)) = gigin

The autocorrelation function;

7(7) = E(pnt(h)ppisr(h)) =1

in the case of charge, and;
(1) = E(ins(h)jimeir(h)) = 7+ g00(T)

in the case of the components of current. In particular, the spectral
density of charge is 69 and the spectral density of the components of

current is fioo + 3.

Proof. For the first claim, observe that the components {f;(s) : 1 <
i <3} and {gi(s) : 1 <i < 3} are constant with time. In particularly,
the position random variable P(¢,w) follows a multivariate normal dis-
tribution with mean vector @i, = (fit, fot, f3t) and covariance matrix
>, with;
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(2)1ij = Cov(Pyy, Prj)
= E(Py;iPy;) — E(P1;)E(Py)
= E((fit + g:By)(fit + 9;Br)) — fifit?
= E(9;B19;B;)
= 9i9; E(BY)
= gigjt
for 1 <i,5 < 3. It follows that, for a test function h;

E(pn,t(h)Pn,t+r(h)) = E(h(ﬁt)h(l_jtw)) = E(MFt)E(h(FHT‘«Ft))

=

= Lodet(3,) 2 det(S,)”

o ([ yers P@(T+Y)e™ 3@ )T @) g 3 0TS 7)) gy

whereas;

(Pnt(h))E(pniir(h)) = E(h(Pt)) E(h(Pryr))
21)3 det(S,)" %det@tw)*%(ffem h(f)efé(ffﬁt)ngl(ffﬁt)df)(fyeRS h()

1
e %(y Tor) T Et_ff@—ﬁtﬁ—)dy)

&=

so the result follows. For the second claim, we have that, letting

I — gi.
gi_éa

Cov(ji,n,t(h)7 jj,n,t-‘rT(h)) = E(ji,n,t(h)a jj,n,t-i—‘r(h))_E<ji,n,t(h))E<jj,n,t+T(h))
= E(pnt(h) prpir (W) (fi+9iZe) (fi+9; Zi1r)) = E(pna (D) (fit+9iZ2) ) E(pn g4 (h)
(fi +95Zi1r))

We have, using Lemma 0.35, the first part of the lemma and the box
calculus;

E(pni(h)(fi + 9i21)) = [iE(pni(h)) + GiE(pnt(h)Z:)
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55 t 3
= LE(MP)) + GE([ [y (Cier g lp(sm)96) AW Z2)

— _fi . det(Zt)*%(fjeRg h(f)e*%(ﬁﬁmz;l(f—ﬁt)df)JrggE(Zz:l %‘F(t,w)gk)

(2m)3
= (25?‘) Fdet(S0) 72 (fraps M(@)e 2T R0 ) )
;' -1 3 Oh [— LGS Y (T =
+(2i)%det(2t> 2(ffeR3[zk:1 ﬁ@)gk]e 2 (@) B (FR) )

and, similarly;

1 N Ll g Lz _
E(pn7t+7(h)(fj+g;Zt+T)) = (Zf)% (Zt+7)7§(f§en3 h(Z)e 3@ Ty )T ( ut+f)dx)

+- 9 det(ZHT)_% ( fEeR?’ [2221 %(5) gk]e*%(ffﬁHT)TE;.lr @—Fer) 4

(2m)?

We have that, using the result above, lemma 0.35, the representation
of Zy as \/Mw, see [5], and the box calculus;
n

E(pni(h)pniir(B)(fi + 9:20)(f5 + 95 Z14+))

= fifiE(pni(h) pnyisr (R)+ Fi @i E (i (B) prtir (B) Ziir )+ G f5E (Pt (R) Zi prgir (R))

+9i 9 E (Pt (h) Zipntrr(h) Ziir)

— J;f;adet(Et)*%det(Ef)*%(fmem W) h(Z+7)e 3@ E @R o= 3 G- 57 00 Gz dy
+FGE (pna(Wy ™ (20 2o () 8) AW Zir)

i [i(E(pnt(h) Zepnir (M) Ze = /1) P(Ze = /1) +E(pnt(h) Zipngsr(h)| Zy =

—VMP(Zy = —/m)

95 E(paa (W) Zel Jy T (5 s sy 90)AW] Zi )

= Lis det(3,) 2det(S,) 2 (/.

(2m)3 T,jERS

WE)h(T+y)e 2@ ) S0 Y@ o3 @-R)TET 1@_@))(%@
R s 2y 0))

1955 Pt k=1 9z | P(t+7,w) Ik
+g;f]<%E((Zi 1ax,€|thgk+\/—pm_,( ))p”vt+7(h))+ E((Zk 1 8mk| (t.w) Ik

_\/ﬁpn,t—% (h))pn,t-i-T(h)))
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+ 0195 E(on s () Ze(Xhmy 21y 9)

WE)h(T+7)e 2@ ) S0 Y@ o3 @-R)TET 1@_@))@@

= Lids det(3,) 2 det(S,) 2 ([

(2m)3 Z,yeR6
L _1 1 _ Ry
Qj)ﬂgdet(zt) 2 det(2,) é(fmem hE) (30 | 2 (T4 gr)e 1@-m)7s; @-m)
e—é@—m)Tz:l@—ﬁT))dgdg
3
"‘ggij((Zk:l %b(t,w)gk)pn,ﬂr(h))
3 3
+9§9}E((Zz:1 %|ﬁ(t,w)9l)(2k:1 aa_;kb(tw,w)gk))

_ fifi det(Zt)*%det(ZT)*%(f h@)h(T+T)e™ 3@m)TE @R o3 (7 HT)TE?(%HT))@@

(2m)? 7,GERS
fz 1 _1 — 3 — — _ Yz _g)HT -1 T—T10
29;3d et(S0) 2det(S) 3 ([ pems MT) (i, 2 (T+7)ge)e 2E )"0 @)

e~ 3@ ST (T i) dzdy

ES — 2 1 Tr— r—
+ 8 det(S) T3 det(50) 73 ([ pere(Ciey 2 (Z)gn)h(T+g)e s 0 @)

e~ 3 @7 "2 7)) g

S|

i -1 -1 3 = 3 = —l@-p)T= N @-1
Zg§3d et(X;) "2 det(3r) Q(IE,yenfs(Zlﬂ %(@%)(Zkﬂ a%(x—l—y)gk)e 2 (FF) % (F )

—3 @) "2 ) ) g

&

For the final claim, use the fact that for 7 > 0, the multivariate
distributions integrate to unity, and the partial derivatives of h vanish
on a large support, so the variables are uncorrelated. When 7 = 0, a
similar proof shows that;

OOU(pn’t(h), pn,t(h)) = Var(pn,t(h)) =0

while, using the main proof and the nonstandard representation of
white noise Z; = /nwpmy nt =n;

Cov(fint(h); Jina(h)) = E(pn(h)*(fi + 9iZ0)(f + 9521))

—E(pni(W)(fi + 9i20)) E(pns(R)(f; + 9521))
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= E(pnt(h)*(fif; + 92 + [;9,20 + 6,9527) — fifiE(pna(h))?

= fifi + gig;m — fif;

= g9

The autocorrelation claim is a simple computation using the main
proof, in the case of charge, and in the case of the components of cur-
rent. By the definition of the spectral density as the Fourier transform
of the autocorrelation, and using the convention that F(1) = Jy, we
obtain the last result, that the current is a combination of white noise
and a periodic signal.

O

Remarks 0.42. We can summarise the results of this paper by saying
that the wave equation for charge and current supports the idea that an
electron can simultaneously exhibit wave and particle properties. The
transformations between frames of charge and current obeying the wave
equation is consistent with the transformation for particles in special
relativity, up to a Doppler shift, provided we allow for reverse particle
paths. The Doppler shift is well known in the literature and we use
the reverse particle paths to develop a theory of the random motion of
an electron, for observers travelling at a velocity relative to the source.
This theory can explain noise received in radio signals and can even
predict the velocity of the observer given knowledge of the components
g. above. More specifically, if we have a stationary source X, then for
an observer moving at velocity v relative to X,

()

so that if we filter out the noisy part of the signal and estimate
(91, 95, 95) from a computation of the autocorrelations of the time se-
ries provided by the noise, we can obtain the velocity from (x). It’s not
clear that this can be carried out theoretically, but would require some
experimental work, which the theory can only suggest. One obstacle is
the presence of capacitor filters in radios which eliminate background
noise; an eramination of car or aircraft radio signals without filters
might lead to interesting conclusions. Another theory is that noise is
only generated in the direction of travel relative to a stationary source,
i which case the use of antennae pointing in the direction of travel
might help to eliminate the noise of a radio signal. A feature of this

7=(=0)

(9,95, 93) = —— =

N
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paper is the suggestion that the noise received in radio signals is white
noise. If Xy is white noise and Yy = Acos(wt) is a deterministic signal,
with Z; = Xy +Y,, then by the strong law of large number, if;

Zt+Zt+27-,r+...+Zt+2ﬂ-Tn

n

t,n
Zt,n _>(as) Yt

as n — o0o. Averaging a signal with time lags can be achieved in
certain types of transmitter, like the spherical cavity magnetron. A
further feature of this paper is that noise is generated by free particle
paths. Presumably, with regard to the spherical cavity magnetron exam-
ple again, increasing the radius of the sphere, will produce more noise
than with a smaller radius, as free particle paths inside the sphere are
more prevalent. This controlled addition and removal of noise could be
useful in heating as well as confining plasmas generated by electrolysis
of steam.
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