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TRISTRAM DE PIRO

ABSTRACT. This paper continues the work in [6], in which it was

proved that given (p, J) satisfying the relations;

with compact support, the fields (E, B) defined by Jefimenko’s
equations exist. We prove here that the fields (F, B) are quasi split
normal, so that the methods of [2] apply.

Lemma 0.1. For charge and current (p,J), the relations;

are invariant under transformations of the base frame by a velocity
vector v, with |v| < c.

Proof. The proof that (i), (i7), (iv) hold for the transformed quantities

(¢, T) is done in [4]. We check that (i) holds for the standard boost
vep, with 0 < v < ¢. We have that;

/

p=(p— L)
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so that;
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V(i) + 257 =0
as required.

Lemma 0.2. Consistency

For any initial conditions {pg, po}, smooth and having compact sup-
port in R>, there exist (p, J} on R* satisfying the conditions of Lemma
0.1 and the continuity equation, extending {po, po}, with compact sup-
port as a process.

Proof. Most of the proof can be found in [5]. The initial conditions
generate a unique process p on R?*, satisfying (7) Wi_th compact sup-
port, such that (0?(p) = 0, (i) of Lemma 0.1. Define J by;

J@t) =~ [ v(p)ds

As shown in [5], J is well defined and has compact support as a
process. By the FTC, (éi7) of Lemma 0.1 holds. We have that, differ-
entiating under the integral sign;

x J == [1 7 x(v(p))ds

=0

<]

so (iv) of Lemma 0.1 holds. For the continuity equation, we have
that, using (¢) of Lemma 0.1 and the FTC;

Ved==[ v.vip)ds
== [' _V*(p)ds

= —c [ Bds

= — [ Pasdls

— ),

Finally, we have that, by (iii) and (iv) of Lemma 0.1;

Vi) =v(v.J)—vx(vxJ)
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jtt

=2

so that (i7) of Lemma 0.1 holds.

Lemma 0.3. Symmetry Lemma

For charge and current (p,J) on R*, satisfying the conditions of
Lemma 0.1 and the continuity equation, if we define the processes;

(p1,J1) and (p2, J2) by;

pi(z,t) = p(T, 1) + p(T, —1), (T,t) € R?
Ji(z, 1) = J(=,t) — J(T, —t), (T,t) € R*
Pz(m) = p(f, t) o p(f7 _t); (Ev t) e R*

Jo(z,t) = J(7,t) + J (T, —t), (T,t) € R*

Then the relations of Lemma 0.1 are still satisfied for the two pro-
cesses, together with the continuity equation. Moreover, we have that
the initial conditions have the property that;

pr0=0,Jig=0, poo=0, Jio=0

and we can recover the original process as p = %, J = #

If we can prove the fields (E1, By) and (Ey, By), obtained from Je-
Jimenko’s equations exist, and are smooth of very moderate decrease,
then so are the fields (E, B) obtained from Jefimenko’s equations.

Proof. The proof is straightforward, noting the sign reversal in the time
derivative for —t.

O
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Lemma 0.4. Addendum to Uniqueness of Representation of Arcs Lemma

Given a € B(0,s), with @ # 0, there exists, up to a set Bl of
measure zero in B(0,s), a unique v € V = Uycpg,) Ha, such that
B(v, [v —7|) passes through @, with B(0, |a|) and B(v,|v — F|) sharing
a common tangent plane at @. It follows that we can define a map
v: B(0,s)\ Bl = V' \ Hg which is a homeomorphism onto its image.

Proof. The proof is straightforward, given a generic @ # 0, the line /o7
intersects the hyperplane Hg in a unique point v, unless lpz and Hz
are parallel, in which case @. (7 —a) = 0. Letting 7 = (ry, r9,73), this
locus is defined by;

a171 + agry + agrs — (af + a3 +a3) =0
iff a%—alrl—i-a%—agrg—l—ag—agrg:O

2

7‘2 7’2 T
i (0 = 37+ (0 = 50+ (a - 5P =S+ % + 4

which is a sphere centred at g, with radius @—‘ Clearly, the intersec-
tion of this sphere with B(0, s), Bl, is a set of measure zero in B(0, s).

For 5 € B(0, s), with |y] = w, 0 < w < s, we have that, for A € R;
X7 =y = |y —T|

iff wA =1 =|\y—T|

iff w?(A = 1) = Ay —11)* + (Ao — 12)* + (Ays — 73)°

iff \2w? — 2 w? + w? = N2w? — 2\y .7 + [7]?

iff \(—2w? +2y.7) = |[F|? — w?

iff A = L

The exceptional locus Bl N §B(0,w) corresponds to the locus;

2.7 — 2w? =0
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iff 7.7 = w?

which is a plane intersecting the sphere dB(0,w) in a circle C,,. We
define the map =, for g € B(0,s) \ Bl by;
_ 72—|gl2 —
(@) = _‘mlmz—l_yglg;y
The fact that « is bijective and onto V' \ Hy follows from the orig-
inal uniqueness of representation of arcs lemma in [6], noting that we
excluded the case that an arc passed through the origin 0 € B(0, s).

The above argument allows us to define the map v, which is continuous
with a continuous inverse.

O
Lemma 0.5. Let the potential V' satisfy;

V) =L ()

€0

with initial conditions Vo1 satisfying 7*(Vo1) = —5—3 and Voo = 0,

be given as in [4]. Then V is smooth on R*.

Proof. By the construction of V, see [4], using the fact that V;; is
smooth, differentiating under the integral sign, V' is smooth for (Z, )
with ¢ # 0. To check smoothness at ¢t = 0, we follow the method of [5].
By the proof in [4], Vo; and V; are of very moderate decrease and quasi
split normal, for ¢t # 0. By the main result of [3], we can take Fourier
transforms of (x), for ky # 0, ky # 0, k3 # 0, to obtain;

F(V)u+ ERF(V) = <20

€0

and using the fact that (0?(p) = 0, we obtain;

F(V)u + ER2F(V) = L0

€0

= Coe(F)eihet 4 S0 (F)eihet (A)

€0

We can solve this second order forced ODE using Lagrange’s varia-
tion of parameters, see [1]. The particular solutions to the homogeneous
equation are given by;

() = e and yy(t) = e~k
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so that;

Wy, y2) = 15 — Y192

— _jkcethctg—iket _ ;L oppiket p—iket
= —2ikc

The forcing term ¢ is given by;

c? Pa (E) zkct Cegb (E) e—z‘kct

so that a particular solution of (A), is given bys;

- (g (1)
Y (t) = -y (t) wl—yzdt+y2( ) W

7zkct[Pfa(k)ezk:ct_’_pib(g)efzkct} 7,kct[ (k) zkct_’_pib(E)efikct]

2 jiket [ € 0 <0 2 —ikct <
€ f —2ikc dt+C € f —2ikc dt
. Pa E)_,'_Pib(g)efm‘kct] Pa (k)emkd—‘r Pb (k)]
_ _ 2 iket [Eo( €0 2 —ikct €0
= —ce f —2ike dt t+cte f —2ikc dt

(E)t &(E)B—Qikct (E) 2ikct &(E)t

_ zkct €0 2 fzkct €0
- ( —2ikc —4k2c? ) + ( 4k2c? + —2ikc )
_Pa (T Pb (T, —2iket Pa 2ikct Po (T
— _Reiket( s k)t ke + Re-ihet o (R)eiber 2 (’“)t)
2ikc 4k2c? 4k2c2 2ikc

) Zia E)t _ < ( )t —ikct 7
_ cezkct()QT — ce~thet 02zk + e4k2 (60 (k) (k>>

and a general solution of (A) is given by;

A(R)e 4 B(R)e—ihet oot S oominet 0 | 2t (on () 4 1 ()
(FF)

where at ¢ = 0;

A(R) + B(R) + g (2(F) + 2(F)) = F(Vor) (F) (CC)

and differentiating with respect to t at t = 0;

. = . Ty o e ® R ke pa (TN L o (T
ikcA(k) — tkeB(k) + 55— — <35~ — 1= (22(k) + 22(k))
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Lo f) L)

= ikeA(R) — ikeB(E) + 5= — <= + 17 (5 () + £(R)

=0 (DD)

As v*(Vor) = —2, we obtain;

and, from (DD);

o gy gy _
ikcA(k) — ikeB(k) = 57— + 5= =z (g (F) + 2(F))

= st F (o) — g F (o)
= s F (o) = g F (o)
A(R) = B(k) = 55— F(f0) + 5= F(po) (FF)

Solving (E'E) and (FF), we obtain;

2A(k) = 7257 (po) + g0 T (h0) + 525 F (o)

= 2= F (po) + e F (Po)
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A(k) = 5= F(po) + giacs F (P0)

QB(E) 4k260f(00) m}-(/}o) - @}-@0)
= ﬁ]’—(Po) - m}—(f?o)

B(k) = gz F (po) = e F (o)

It follow that, from (FF), the solution of (A), matching the initial
conditions, for t > 0, is given by;

[Zkéeo ‘F(po) + 4ik§cso F<p0)]eik0t + [4k£eo ‘F(po) - 4ik%ceof<’0.0)]e_ik6t

Pb (1 )
(k) tket € (k)t — ket

+cetket 60211@ —cet i + :T( €o (E) (E)) (GG)

We want to differentiate (GG) with respect to t, so we require the
formula for the n’th derivative of e®*t, where o € R. Suppose induc-
tively that;

(e“t)™ = na"te® 4+ ame?t (1)
Then;

(eatt)(n—l-l) — [n&n—leat + aneatt]/
= na"e® + e + "t leott

= (n+ 1)a™e™ + a"tlevt

ikct ikct

so we can use the formula (1) applied to the terms te’* and te™
n (GG). Then taking the n’th time derivative of the process F(V})
and evaluating at £ = 0, we obtain that;

im0 F (V")

— (ihe)" = F (po)+ e F (o)) (— k) [k T (o) — izt F (o)

Cepga (k) . n—1 cpgb (k) n—1 (=tko)™ A 7.
+ -5 n(ikc) s (—ike)" T + g (G (k) + 2 (K))

— (ihe)" | 5= F (p0)+ 0 F (o)) (k) [k T (o) — izt F (o)
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32 [pa(R)(ike)™ ™ — pylR)(—ike)™] + A" F ()
— (ihe)" e F (p0)+ e F (o)) 4 (k) [5ek= F (o) — izt F (o)

+3ites [pa(k)(ike)" ™' — py(k)(—ike)" Y

It follows that for n even, n > 2, using the fact that p obeys the
wave equation [(0?(p) = 0 at t = 0;

lzthOJr‘/_'.(‘/;(n) )

F ike)™ ne(ick)™ 1
_ Ego)[( k2) + (2“2 ]
F n—2_ nf;,n ni" 2
— —EZ’O)k 2 i+ o]
F(po) k" 2cni"2(n—2)
€0 2

Flpo) k2" (1) "2 (n—2)
€0 2

= CODF((2)T (V)T po)

=S5 F e )

2€0

_ c2(n—2) f(p(n—2)>

2€q

By the classical theory applied to Duhamel’s principle or the inver-
sion theorem for split normal functions, see [2];

limy 04 Vi = Viu

and using the DCT, together with the classical inversion theorem,

applied to Vt(”), n > 2, which has compact support, see [4], we obtain
that, for n > 2;

c2 (n—2)p<n72)

limy o0+ Vt(n) = 2¢0

For n odd, n > 3, we obtain;

limg—o+ F (V™)
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_ F(po) 1 (ike)™ nc(ick)” 1
ego [Qik3c + 2ik(ikc) ]

_ F(po) ;.n—3 m—17i""1 ni" 3
€0 k c [ 2 + 2 ]

F(po) kn3¢~1i"=3(n—1)
€0 2

Flgo) k=3 1(=1)"Z" (n—1
(Po) (=) 2 (n=1)
€0 2

= 20D F(A)"F (V%) o)

n—3
= SGF ()

2€q
(n—1 .(n—3
= S F )

_ c2(n71)f( (n—2))

2€q

By the classical theory applied to Duhamel’s principle or the inver-
sion theorem for split normal functions again, see [2];

limy 04 Vi = 0

and using the DCT, together with the classical inversion theorem,

applied to V;("), n > 3, which has compact support, see [4], we obtain
that, for n > 3;

A(n—1)p" "%

limgo4 V"™ = 2e0

It follows that all the time derivatives of V; extend continuously to
the boundary ¢ = 0, and it is a straightforward argument to then prove
that all the derivatives % extend continuously to the boundary
t = 0 as well, see the corresponding argument in [5]. In particular,
by continuity, the inhomogeneous wave equation (J?(V) = —£ holds
at t = 0. We can use a similar argument for ¢t < 0, noting that
we have to make a sign reversal for p, and also a sign reversal for
limy_o_F (Vt(n)), when n is odd. The case for n even is unaffected,
and the case for n odd is also unaffected as we obtain a double minus
sign in the calculation. As the derivatives match at the boundary, this

establishes the smoothness of V on R*, as required.
O
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Definition 0.6. Opposites

Fizing 7, we have, by Lemma 0.4, that up to a set of measure zero,
Vi = Usen@.s) Ha, where;

Hy={7:|F' —d| =[F" —7|}

is parametrised by d € B(0,s). Given such a hyperplane Hgy, with
d € B(0,s), we let pg be the midpoint of d and T, and note that 7' is
defined by the intersection of lyz, the line connecting d and 7 with H,.
For 7 € Hy, we let 7 be defined by;

opp

We note first that, for 7 € Hy;
=/ -/
T+ Topp
=7 + (200 — )

= 2pg

and secondly, that, using similar triangles;

[P 7] = [F 7l

opp
so that;

AN - =/
(T_T) +(T_Topp)
_ =7 7_ﬁ)pp
T [7—7,

...lemma; I Topphi| _ O(%) forT=(r,y,2), v,z fized....

[r—7|

For v € Ry, we let Ey,(T) be defined by restricting the integral in
Jefimenko’s equations to the compact volume V N (|7 —7'| <w), Eo, is
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the initial condition of the electric field defined by restricting the initial

(p,J) to (—v,00). The basis of the hyperbolic method in [6] was to
show that lim, o E, = E. Observe, that if ¥ € VN ([T —7| < v) then

v
ﬁweVHQWﬂﬂgm.

~Aemma |7, ., —T'| = O(& 1,,‘)

...lemma, wave equation p with compact initial conditions,...p(7',t) +
p(Topp t) has higher order decay on V' than p(7,t).

1

...lemma, higher decay rate from restricting angle to O(\?) i blow

up region (asymptotic cone).

=/

Lemma 0.7. S22 = 2oy + O( )

[F—7 [F—7

Proof. Fixing 7 and 7, we have that;

opp
=2pq—T

_ 2(3;?) _
=d+7 -7 (4)
and;

By the same reasoning, we have that;

— o I?loppfF| =/

opp,opp [Foppl ~ OPP

<

7 —T| =
7

r opp

|?opp |
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so that, substituting from (B);

T opp = T — — i — (7 —
opp,opp F— \r‘ /|T|7/‘

Fixing 7, we have that, using Cauchy-Schwartz and Newton’s theo-
rem, that;

so that, using Cauchy-Schwartz, (x), and Newton’s Theorem again;

IT TI

[7—

T| =
[F—7|

PO

— _2
277 FO({H) >~ 20(5ry) | -
=[1- T ]

ol
L

T+ 0=

It follows, from (C'), (D D), that;

7 =7 — (1+O(|?i))( - (1 +O(|?i)) )

opp,opp

= —O(f)7 + (1+ O(F)*F

|
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so that;

Torpenr ™ — —O(El) 2 + OB 52

[F—7

= oy +o(Zha +o(h)

|7

0
Lemma 0.8. Let 7 vary as (r,y, z) with y, z fized. Then for 7 € Vg;

(G
= =0(;).

[7F—7

Proof. First observe that, by the definition of opposites and the fact

that 7 — d(7) is perpendicular to Hy;

ey )
(' - 7alozvp) Y E—d)| 0

where d(7') € B(0,s). It follows that, using Cauchy Schwartz and
the observations on opposites above, that;

|(F/ - F2>pp)1| = |(F, - Fz)pp) . él|

_ _ — F—d(7
= |(F = 7,) « (B — 20|

opp [7—d(7)
< [F = Topllen — =953
= (7 =) = (P = PllEr — 553
< 27 —Flfer — =40

so it is sufficient to show that;

& — i@’” = 0(%)

[F—d(7) r
We have that;
— 7—d(7')
1T T

— ].7 07 0 — 1 . d 7 _ d ’ B d
| ) [(’"—dl)2+(y—d2)2+(z—d3)2]%(T 1,y = da, 2 — d3)




16 TRISTRAM DE PIRO

et eaE W~ A = ) (2 = )

—(r—d1),y —dp,z — ds)

so then, using the fact that |d| < s, uniformly in 7, and Newton’s
theorem, for sufficiently large r;

r—d(7') |
)

< 1 — dq)? —d,)2 —d 211
< [(r_dl)2+(y_d2)2+(z_d3)2]%(I[(r )2+ (y — do)? + (2 — d3)?]2

—(r=d)| + 1y = da| +[2 = ds])

ler —

e oy ey de i (emdy)?) B ()
[(r=d1)?+(y—d2)?+(2—d3)*)2 [(r—d1)2+(y—d2)2+(2—d3)2] 2

IN

Cpa(0H0(NT | 140 ) —ray]
T RTRETE

_ Gy:(140(3)) + r(14+0(3))—r+d1|(14+0(3))

T T

IN

Dy | IO +](1+0()

<

< E?hz
— T

where {Cy ., D, ., E, .} are constants depending on {y, z}.
U

Lemma 0.9. Reynolds Transport Theorem for Hyperplanes and Spheres

Let f: R* — R be a smooth function such that uniformly int € R,
f(z,t) is supported on B(0, s), for some fivred s > 0. Let H; be a varia-
tion of the hyperplane Hy, obtained by translating Hy by the vector tv.
Then we have that;

Llimo [y, [T 1)dA
= [y, 3@ 0)dA+ [, v(f)(T,0).7dA
Let 6B, be a variation of the sphere § By = 0 B(To, cty), obtained by

altering the radius of 6By to ct and keeping the centre Ty fixed. Then
we have that;
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dili=0 Jp, F(T,1)dS(t)

= Jip, 5@ 0)dS(0) + [i5, V(f)(,0) . dS(0) + [, 2 dS(0)
where T is the unit normal to the sphere 6 By.

For a variation 0 B_. of §By, with t < 0, we have that;

%‘ﬁo faB,Ct f(@,1)dS(1)

_faB Bf (7,0)dS(0 faB .cndS(0 faB th“zo)dS( )

Proof. We have that;
Dico [, [T, 1)dA
= limusok ([, F@ h)dA~ [, f(T,0)dA)
= limnsoy (fy, (F(@ h) = f(,0))dA+ [, f(7,0)dA~ [, f(7,0)dA)

Checking the conditions of the Moore-Osgood Theorem, we have
that;

(7). For K’ fixed, using the DCT;

limn—soy [y, (F(@h) = f(T,0)dA = [, GH(T.0)dA

(71). For h fixed, using continuity;

lim o [ (F(@ R) = f(T,0)dA = [, LENIEDqA
(7i7). The limit in (7) is uniform in ', as;

limpo (f(T, h) — f(Z,0)) = (.:L' 0) uniformly in 7 € B(0, s)

because f is smooth, so th (7,t) is bounded on B(0, s) x (—¢, €) and
we can use the MVT. It follows that;

limh%ﬁ%(f]{h (f(f’ h) - f(f, 0>>dA
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= Mmh,h’—)O%(th,(f(fv h) — f(7,0))dA
= limw 0 [y, %(T, 0)dA
- fH a1 ( A (%)

We have that, using the fact that the Jacobian of a translation is the
identity and Taylor’s theorem,;

limp o, ( [y, f(T,0)dA — [, f(7,0)dA)

= limnoy, ([, (f (T +10,0) — f(7,0))dA)

= limpo3, ([, f(@.0) + h v (f)(7,0) .7+ O(h?) — f(z,0)dA)
= limp 03 ([, B 7 (F)(Z,0) . T+ O(h*)dA)

= limmo(fHO(V(f)(f, 0).7 4 O(h)dA)

= [ L TdA

so that we obtain the result.

For the second part, we follow the proof of the first part up to (x),

replacing H; with B;. Then, we have that, usmg the fact that the
change of measure dS(h) = %d&' = t°+h) dSy, and Taylor’s
theorem;

limhﬁoi(fwh z,0)dS(h f5B (7,0)dS(0))

= limpok ([, f(@ + ch 22, 0) (t°+h)2d50 —~ Jys, F(,0)dS(0))
= limnok (fyp, (F(F, 0)+chv (£)(F, 0)7+0(h?)) (LHE) — £(7,0)dS(0))
= limpsot([3 ch 7 (f)(T.0) 7 + O(h2)dS(0))

Hlimy, ok fwo( F(@,0) + ch 7 (f)(T,0) 7 + O(h?)) (2l S,

= deo V( ) cndS + fé’B g,O)dS«(O)
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as required.

For the last part, we have that, with s = —t, ds = —dt, and using
the second part;

%\tzo fis . FE0AS()
— s= Of(sBc(s+t0) —S)dS(—S)

= 530%@,0)(15(0” S5z, V()(Z,0).cidS (0)+ [, 2LEDdS(0)]

féB 8fﬂl:'()dS +f53 (£)(,0).cndS(0 —|—f53 tﬁ’o)dS(O)]

= faBo ?9{ (%, 0)dS(0 faB . cndS(0 faBo ti O)dS (0)]

as required.

U

Lemma 0.10. Convergence of opposite centres, angles and improved
version of Lemma 0.7

We have that;

< i >=—1+0(fF)
and;

d() = A7) + O )
and,

=T+ O )

Proof. For the first claim, by the definition of opposites, fixing 7, we
have that;

F/opp =7 — 2(F, - p_d>

= =7+ 2pg
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where d € B(0,s). Then, using the definition of pg, the calculation
above and Newton’s theorem;

=/

-
< L= s
717 [Foppl
_ =l =/
= "] <7 Topp >

1 — — J—
= P <7, -7 + 2pg >

I <7 pa>
] T

opp |

7] <7 d4+7>

o 175

PP‘

7| = |7 —d + d

< |7 —d| +1d]
- |F:)pp - a‘ + |8|

< [Foppl + 21
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and similarly;

[Toppl < |71 +21d]

opp

which gives the result.

For the second claim, let lpz intersect 6B(0,1) at p and loz — in-

tersect B(0,1) at q. Let S be a great circle containing the points
{p, —p, ¢} and suppose, without loss of generality, that p is situated at
(—1,0), —p is situated at (1,0) and ¢ is situated at (cos(f), sin(f)), in
coordinates on S. By the first result, we have that;

< p,q >= —cos(f)
=—1+0(&)
so that;

1 — cos(6) = O(LL)

and;

Now lp s intersects § B(0,w) at d(7'), for some w with 0 < w < s, so
rescaling;;

SIS

llo,, N BO,w) — (—dF)| = wO({&?)

|7
1
2
1)

[

= o(l‘

]|
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By similar triangles, we have that span(7,,,) intersects 6B(0,w) at
a further point ¢(77,,,) with;

e(7,,,) — d(7)| = O(LL#)

opp

Let e(77,,,) be the closest point on span(7,,,) to d(

F/

), so that [z )

is perpendicular to low, ) ae). As c(T,,,) € span(T,,,) as well, we must
have that;

|e(Topp) — d(T)] < [e(Top,) — d(™))]

opp opp

and, by Pythagoras’ theorem;

() = A7) = (1e(F%,) = d(F)P + Je(r

opp opp

) = d(m,,)1")?, (Q)

Let 6 be the angle between l?gpp,d(?’) and l?’opp,d(?;pp)v then;

|e(Topp) = d(Topp)| = [Topy, — d(T)[(1 = cos(6))

opp opp

=17, —T7|(1 — cos(0))

opp

= |7 = 7|(1 — cos(0)), (R)

whereas, by (1);

- le(Fopp) —d()|
sin¥) = TS

so that, using Newton’s theorem;

cos(f) = /1 — sin?(0)
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1 —cos(6) = O(

and, from (R);

€(Thyy) — (T,

opp opp
= |F/ - F|O( |7|ZI3)
_ |
— O(7h)

so that, using (Q);

as required.
For the final claim, we have that;

T — F/0111),01910 =7 - <F;pp - 2(?/01)1) —D d(?épp)>
)

d(?gpp)+F)
2

= = =
=T = Topp T+ 2(r0pp Pa,,,)

= = =
=7 =T, + 27, 2(

=7 +7,, —dF, )T

opp opp

so that, rearranging;

d(r,,) =7 + T

opp opp r— (F/ — T )

opp,opp

whereas;

A7) =7 — 21w

It follows that, using the definition of opposites;
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d(T/) - d(ropp) = (?/ - l?;‘?‘?/) - (F/ + Fi)pp -7 = (F/ - Fi)pp,opp))
f— f— 7,—7 f— ) —
=T-—= /opp - lr\?’\r‘r/ + (7 — 7“/opp,o:op)
g 7/—7 — g f—
=Tr—= (TJ - Q(T/ - pd(?’))) - ‘r|?"rlr/ + (7”/ - T,opp,opp)
_ [7'—7|

F/ + (F/ _ F/ )

opp,opp

=7 —d(T) — 07 (7 7 o)

opp,0pp
_ = [7" —=d ()| = =t

=r - d(r) T T+ <T B T0pp70pp)
= =

=r r0pp70pp

as 7,d(7") and 0 are collinear, so that;

7 —d() — Tl =

Now, use the second result.

Lemma 0.11. Wave Equation and Opposites

Let p satisfy the wave equation, (?(p) = 0, on R*, with compactly
supported on B(0, s) initial conditions {po, po}, let T be fized, and, with
the above notation, let {T, Ty} be a pair of opposites, then;

Proof. By Kirchoft’s formula, for ¢ < 0;

p(fa t) = ﬁ féB(jyfct) (pO - Ctp() + DPO . (y - T))dS(y)

so that, using the last part of Lemma 0.9 and the product rule;
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(T t) = 573 Jspge, e (Po — Ctio + Dpo« (5 — 7))dS(G)
+@ féB(f,—ct) (—cpo)dS(Y)
25 JsB@.—en(Po — ctpo + Dpo « (7 — T))dS ()
— faB(i’_ct)(V(po).cﬁ+v(—ctp0).cﬁ+V(Dp0.@—f)).cﬁ)dS(y)]

where 7 is the unit normal to the sphere § B(Z, —ct). Similarly, mak-
ing the substitution for the opposite;

P(Topps 1) = [ﬁ §B(jopp7_ct)(p0 —ctpo + Dpo« (J — Topp))dS(Y)

+ﬁ faB(foppﬁct)<_Cp0)dS@)
24w faB Fopps _ct)(PO — ctpo + Dpo « (J — Topp))dS(Y)
~ e Jsnza,, -y (V(P0) « gy, + 7 (=ctpo) o« iy, + 7 (Dpo + (7
~Topp)) « o, )AS (7)), (A)
Let pr be the projection from the sphere § B(Z, —ct,.) onto the hyper-
plane Hy) and let pr,, be the projection from the sphere 0 B(Zy, —ct,.)

onto the hyperplane Hyz,, ), let du(y be Lebesgue measure on the hy-
perplanes, then by the change of variables formula, we have that;

p(@,tr) = 2m2t3 fHd pr—"*(po — ctrpo + Dpo « (7 — T))du(7)
+47rc12t3 fHd@) prt*(—cpo)du(y)
_247rc12t§ fHd@ pr="*(po — ctrpo + Dpo « (T — T))dpu(7)

-1

_47rt12t3 IHW) pre*(V(po) « it + 7 (—ctrpo) « 1+ 7 (Dpo « (§ — T))s
cn)dp(y)] + e
and;

p(foppvt ) 271'02153 fHd(z ) /)O - Ct?“po + DIOO (y - fopp))d“’(?)

+ 47Tc12t$ f Hazopp) (—cpo)du(y)
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ﬂg@d@§<m—mm+0m< — Fop))AH(F)
—5ez Juy, , (V(P0) « oy, + 7 (=clrpo) « My +7(Dpo + (7
~Topp)) « oy )A1(H)] + €opp (B)
where € and €.y, are the error terms;

= [zrazzs Jra, P (p0—CtopotDpos (T =) (pr="(dS (7)) —dpu(¥))
ez S, P (=cpo) (pr™ " (dS (@) — du(D))
~25t55 Jig,, P (o —ctepot Dpo (7 —T)) (pr~ "+ (dS(7)) — du(7))

(7 (po) « 0+ 7 (—ctrpo) « 0+ 7 (Dpo « (Y — T))

~gmemz Sy, P
) (pr=1*(dS(y)) — du(y))]

and;

€om = ez Sz, (0 = Ctepo + Dpo + (I = Topp)) (P (45())
—du(y))

i Sy, (—CP0) (P (AS()) — du(3))

— 2 fHd(%pp)(po—ctmmLDPo-@—Topp))( Proy (dS () — dp(¥))
~ 5 Sy, (V(00) « gy, + 7 (=Ctufio) « Ty, + (Do - (¥
~Topp)) = Ty, ) (PT opi)*(dS( ) —dp(@))] (C)

We simplify the error term € + ¢, first, recalling from Lemma 77?7
that;

(pr=t*(dS(y)) — du(y)) and (pr,,,;*(dS(y)) — du(y))
are order O( == F‘2) We translate T'r the hyperplane Hy,,,) to Ha)
by the vector O(L uk ?), recalling from Lemma 0.10 that d(Z) — d(Topp) =

|z|
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so that;

e = O(%)0(5p) + OO () + O T|3>0<,£,2>

— gz Ja, [P (V (= ctopo)eci+57 (Dpor(§—7))wct) (pr= "+ (dS (7))
—dp(y))]

— gz S [P (V (= trpo)ecit 7 (D pon(§—T))wc) (pr~ 1 (dS(7))
—du(y))]

Copp = O<Ifj?|4) +O( T )

T—7|°

_47rt12t% fHd(iopp)[pT;p;*(V( Ct?”po) Cnopp+V(Dp0 (y :EOPP)) cnopp)( opi)*(d‘s( ))

—dp(y))]

€+ €opp = O(5) + O(0s) + O(525)
_47rc12t3 fHd@ [pr =% (7 (= ¢ty po)«ci+57 (D pos(Y—T) )ocTt) (pr S(@))

—dp(y))]
— gz S [T P (V (=t f0) o€ 57 (D p0x (T—Topp) )« ) (P77 (A5 (7))
—dp(y))]

By the proof gf Lemma 0.10, we have that on the respective spheres
restricted to B(0, s), that;

.......... Strategy; Reduce to hyperplanes and cancel  and ﬁopp in pairs
at t,, using Lemma 0.10, obtain \7(D(p) . T — T,pp in one term, use the
extra derivative on p and Lemma 7?7 with the higher decay in the z
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variable.

4

Lemma 0.12. Let the fields {E, B} be as in Lemma 77, then Ey(T)
and By(T) are of moderate decrease in the sense of [3]?

Moreover, the fields {aHHk(E) BMM(E)} are of moderate decrease

0xt0yI OzF 7 OOyl Ozk

2+i+j+k in the sense of [3]7

Proof. .......... Using the hyperbolic method and further refinements of
the hyperplane method, keeping track of the change of measure.

(1]

O
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