A PROOF OF THE ERGODIC THEOREM USING
NONSTANDARD ANALYSIS

TRISTRAM DE PIRO

ABSTRACT. The following paper follows on from [2] and gives a
rigorous proof of the Ergodic Theorem, using nonstandard analysis.

1. THE ERGODIC THEOREM

This paper gives a nonstandard proof of the Ergodic Theorem. Al-
though, a standard proof of this result is known, we consider the ap-
proach taken to be useful. The use of nonstandard analysis is impor-
tant in Physics, where we can represent diffusions, either classically as
in the heat equation, or in electrodynamics, using infinitesimals. The
use of nonstandard analysis, probability and the method of the Er-
godic Theorem, finds an application in the computation of the entropy
of transformations, involved in the work of Boltzmann. An impor-
tant result in this area is the Maxwell-Boltzmann distribution for the
probabilities of occupying a given quantum state. A refinement in the
context of electrochemistry could be based on a recent paper [5] where
the energies of atomic systems are calculated using the wave equation.

There are many versions of the Ergodic Theorem. The one we will
prove in this paper, using nonstandard analysis, is given in Theorem
1.1. The nonstandard method of proof, in particular the proof of The-
orem 1.3, is mainly due to Kamae, see [2], but there are a number
of details omitted from his original paper, in particular the proofs of
Lemma 1.11 and Theorem 1.15, using the combinatorial footnote 11.
We show, in Theorem 1.3, that the Ergodic Theorem holds for a non-
standard probability space (K, *B, P, ¢), with a result from the Appen-
dix. Lemmas 1.4, 1.6, 1.7 and Theorem 1.9 reduce the main result
Theorem 1.1 to the problem of finding a typical element for the space
([0,1V, €, p, o), a result originally due to de Ville. This result, under
a certain hypothesis of weak convergence of probability measures, is

proved in Lemma 1.11. The hypothesis is proved in Lemmas 1.12, 1.14
1
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and Theorem 1.15, by finding a probability measure pg supported at a
periodic element 3 € 0,1V,

Theorem 1.1. Ergodic Theorem
Let (Q, €, ) be a probability space, and let T be a measure preserving
transformation, then, if g € L'(Q, €, pu);

og(w) = limy oot 1y 9(T'w)

exists for almost all w € Q, with respect to u, and, og € L*(Q, €, u),
with,

Joogdp = [, gdp

Remarks 1.2. There are a number of good standard proofs of this re-
sult. A particular good reference is [3]. However, the reader should be
aware that it is assumed there that € is complete and T isinvertible,
in the sense that T is one-one and onto, and both T and T~ are mea-
surable. A m.p.t is then required to satisfy u(C) = p(T1C) for all
C € €. We will not require these assumption in the proofs of this sec-
tion, in the sense that we only require a m.p.t to be a measurable T
with u(C) = w(T1C) for all C € €. In [3], a seemingly stonger result
is shown, (under the above assumptions), namely that if C € €, with
T-1(C) = C, then;

Joogdp = [, gdp (x)

from which it easily follows that if € is the sub o-algebra of all T-
invariant sets, where a set C' is T invariant in [3], if T'C = C a.e du,
then og = E(g|€’), (xx). In the particular case when T is ergodic, that
15 every T wnvariant set has measure 0 or 1, we obtain the well known
result that og = E(g) a.e du, (x * *). However, this result (x) follows
easily from our Theorem 1.1. as we can, wlog, assume that p(C) > 0,
and then restrict and rescale the measure. Of course, we even obtain a
slight strengthening of (x), by our weaker assumption on a m.p.t, and
obtain similar strengthenings of (xx) and (x x ). (It is not necessary
to restrict attention to real valued functions, in the statement of the
theorem, the complex version follows immediately from the real case).

As usual, we work in an N;-saturated model. Let k € *N-( be in-
finite, and let K = {z € *N : 0 < z < k}. We let R be the algebra
of all internal subsets of K. Observe that as K is hyperfinite, K is a
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hyperfinite *o-algebra. We let v denote the counting measure, defined

by setting v(A) = C“”Td(A), for A € K. We adopt some of the notation

of Section 3 in [4], and let P = °v. By Theorem 3.4, and remarks
before Lemma 3.15 of [4], P extends uniquely to the completion B of
the o-algebra, o(R), generated by K. It is clear that (K,B,P) is a
probability space, it is also the Loeb space associated to (K, &, v). We
let ¢ : K — K denote the map defined by;

olr)=c+1,if0<zr<k-—1

o(x)=0,ifr=k—1

Clearly, ¢ is invertible, internal, preserves the counting measure v,
and ¢! (g(R)) = o(R). Then Po¢! defines a measure on (K, o(R), P),
extending v. By Theorem 3.4(ii) of [4], it agrees with P. By definition

of the completion, P o ¢~! agrees with P on (K,B, P), so ¢, and sim-
ilarly ¢—1 are m.p.t’s. We will first prove the following;

Theorem 1.3. The ergodic theorem, as stated in Theorem 1.1, holds
for (K,B, P, ¢).

Proof. Let g € L'(K,B, P), without loss of generality, we can assume
that g > 0. For x € K, we let;

G(2) = limsup, oo S0 g(¢')
g(@) = liminfo oot X070 g(¢')

In order to prove the theorem, it is sufficient to show that g is inte-
grable and;

Jx9dP < [;gdP < [} gdP (7)

Then, as g <g, we must have equality in (f), so g = g a.e dP, that
is og exists a.e dP, and;

fKogdP = fK gdP
as required.

Now let M € N, then, as g is B-measurable, see [7], min(g, M)
is integrable with respect to P. Let ¢ > 0 be standard, then we can
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apply Theorem 2.1 in the Appendix to this paper, and Definition 3.9
and Remarks 3.10 of [4], to obtain internal functions F,G : K —* R,
with ¢ < F and G < min(g, M), such that;

| [a9dP — 13 ea F(2)] <€
| [ymin(@, M)AP = 3,4 G(@)] < ¢, for all internal A C K, ().

Now observe that g is ¢-invariant,(!). Fixing z € K, by the defini-
tion of g, we can find n € M- such that;

min(g(a), M) < 3 3775 g(é'z) + ¢ (+)
Then, if 0 < m <n — 1, we have;
G(¢"x) < min(g(¢™z), M), by definition of G
= min(g(z), M), by ¢ invariance of g
< 521 9(¢iw) + € by (%)
< 15V F(¢ix) + ¢, by definition of F
Therefore,
Sisy G(é'x) < n(f Xiny F(¢'z) +€) = 12y F(¢'x) + ne (++)
Now let S¢ : [1,k) x K — *R be defined by;
Sa(n,x) =* Y1) G(¢'x)
and, similarly, define Sp. By Definition 2.19 of [4], and using the

facts that K is x-finite, and G, F' are internal, S and S are internal.
Then, the relation (%) becomes the internal relation on [1, k) x K, given

IThere is a probably a proof of this result in the literature, but we supply one

here. Fix x € K. Let A, = %Z:’;Bl g(¢'z) and let B, = = > Lo(¢1m).
Then a simple calculation shows that 7m3n";:f(m) = Ayy1. Hence, | By — Apy1| =

\A’"%*g(w”, (). Suppose that g(xz) =t < oo, (*x*), (the case when g(x) = oo is

similar), and g(¢x) < ¢, (x * x), (the case g(¢x) > t is again similar). Then, by
(% % %), there exists § > 0, such that, for m > mg, By, <t —4¢. By (%) and (xx), we
can find my > myg, such that |B,, — Ap41| < %, for m > m;. Again, by (x), we can
find mg > my > myg, such that A,,,41 >t — g. This clearly gives a contradiction.
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by R(n,x) iff Sg(n,z) < Sg(n,z)+ ne. Using the fact above, that the
fibres of R over K are non-empty, by transfer of the corresponding
standard result, we can find an internal function 7' : K — [1, k), which
assigns to x € K, the least n € [1, k), for which (xx) holds. Moreover,
as we have observed in (), T'(x) is standard, for all x € K. By Lemma
3.11, r = maz,exT(x) exists and is standard. Now, define T; hyper
inductively by;

T[) =0 and T‘] = 7}_1 -+ T(T‘]_1>
and let J be the first j such that k —r < Tj < k.(?)
Observe that T; defines an internal partition of the interval [0, 7;_;] C

0, k), into J — 1 blocks of step size T; — Tj_1 = T'((Tj—1). Hence, we
can write;

P Gl >—% Y5 S GO'T)

ZJ Lo ST 0 L F(¢'Ty) 4+ T(T))e by definition of T and ().

| /\

Now we can rearrange this last sum as;
P ale Fla) + 57 3255 T(T))

=1 Xl Fla)+ 2

<P L Flo)+e

using the facts that * Z‘] LT(Ty) = Zj:_ol(TjH —T;) = Ty, and
T; < k. Therefore, we have that

e Gla) < 73000 Fw) + € (v %)

2This perhaps requires some explanation. Define I = {m € *Nso

31S(dom(S) = 0. m] AS(0) = 0A(V1 < j < m)S() = S(— 1)+ T(S( — moat)) ).
(x), then it is easy to see that I is internal, I(1) holds, and I(m) implies I(m + 1).
Applying Lemma 2.12 of [4], I = *N 5. Hence there exists an internal function
f, defined on *N s, such that f(m) is the unique S satisfying (). We can then
define T; = f(j)(j), and clearly T; — Tj—1 < r. Let V = {j € *Nso : T; < k}.
Then, as T > 1, V is the interval [1, ] for some infinite ¢ < k. Then k —r < T} < k,
otherwise Ty41 < k. Then U = {j € *Ns¢ : k —r < T; < k} is internal and non
empty. Therefore, by transfer, it contains a first element J.
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Now, observing that v([T;,k)) < £ ~ 0, as r is standard, we have
P([Ty,k)) = 0. Hence, using (1), (* * *);

Jx min(g, M)dP = [, min(g, M)dP < $*3°.7" G(x) +

<3 L F(w) +2e < [y 9dP +3e = [\ gdP + 3

=0

Now, letting M — oo and € — 0, we can apply the MCT, to obtain;

Jx9dP < [y gdP

As ¢ is integrable with respect to P, so is g, and a similar argument
to the above demonstrates that [, gdP < [, gdP. Therefore, (1) is
shown and the theorem is proved.

O

We now generalise Theorem 1.3, to obtain Theorem 1.1. We let P
consist of spaces of the form (RN, D, \,0), where ® is the Borel field
on RV, o is the left shift on R, and X is a shift invariant probability
measure. Note that ¢ is not invertible, but we require that A = o, A,
so o is a m.p.t, with respect to A. Similarly, we let Q consist of spaces
of the form (|0, 1]N, ¢, p,0), where € is the Borel field on |0, 1]N, ois
again the left shift, and p is a shift invariant probability measure.

We first require the following simple lemma;

Lemma 1.4. Theorem 1.1 is true iff the Ergodic Theorem holds for all
spaces in P.

Proof. One direction is obvious. For the other direction, let (2, €, u, T)
and g € L*(Q, €, 1) be given. Define a map 7 : Q@ — RN by 7(w)(n) =
g(T"w). Clearly, as g is measurable with respect to € and T is a
m.p.t, using the definition of the Borel field on R™, for finite m, we
have that for a cylinder set U € ©, 77'(U) € €. By the definition
of the Borel field on RV, 771(D) C &, (*). Let A be the probability
measure T,u. Then A is ¢ invariant, as clearly, using the fact that T
is a m.p.t, A = 0.\ on the cylinder sets in ®. Using the definition of
the Borel field and Caratheodory’s Theorem, we obtain that A = g, \.
Let 7 : RV — R be the projection onto the 0'th coordinate. Then
g=moT,and, som € L'(RN,®, \) by the change of variables formula,

3As {V € @ :77(V) € ¢} is a o-algebra containing the cylinder sets.
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(*). Moreover, g(T'w) = m(c'r(w)), so applying the Ergodic Theorem
for (RN, D, )\, o), with the change of variables formula, we have that
og exists and og = om o 7 a.e du, and [,ogdu = [,(om o T)dp =
fRN omd\ = fRN Td\ = fQ gdpu as required. -

We make the following definition;

Definition 1.5. We say that (R, D, )\, 0) € P is a factor of (I,B, P, $)

if there exists;
I':(K,%B,P)— (RN, D,)\)
which is measurable and measure preserving, such that;
['(¢z) = o(Tz) a.e (xr € K) dP.

We make the same definition if ([0,11V, &, p,0) € Q.

Lemma 1.6. Suppose that (RN, D, \,0) € P is a factor of (K,B, P, $),
then, if the Ergodic Theorem holds for (K,B, P, ¢), it holds for (RN, D, \, o).

Proof. The proof is similar to Lemma 1.4. If h € Ll(RN,Q, A), then,
by change of variables, I'*h € L'(K,B, P). Applying the Ergodic The-
orem for (K,B, P, ¢) and the definition of a factor, we have that oI'*h
exists and o['*h = [ o h, a.e dP, (x). So oh exists a.e d\, and, again,
by change of variables, (x), and the Ergodic theorem for (K, B, P, ¢);

[on 0hdA = [, T*(oh)dP = [, o(T*h)dP = [.(T*h)dP = [qx hdX

O

We now claim the following;

Lemma 1.7. Every space in P is isomorphic, in the sense of dynamical
systems, (5), to a space in Q.

4This states that if 7 : (X1,€1,11) — (Xo,Co, puo) is measurable and measure
preserving, so o = T 1, then a function § € L1 (Xo, €y, o) iff 790 € LY(X1, €y, p1)
and [, 0dr.py = frl(C) T*0d .

®By which I mean there exists measurable and measure preserving maps r :
(RN, @,)) = ([0,11V, €, p) and s : ([0,1]V, €, p) = (RV,D, \) such that sor = Id
and roog =coraed\ ros=Idand sooc =co0sa.edp
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Proof. There exists an isomorphism, in the sense of measure spaces,
d: (RN, ®,)) — ([0,1], &, ), where & is the Borel field and p’ is
a probability measure, see [3], Theorem 1.4.4. Now define r : RV —
[0, 1]V by r(w)(n) = ®(0"w). Again, using the argument above and the
fact that ® and o are measurable, r (&) C D, where is the Borel field
on [0,1]V. Let p be the probability measure r,\, so 7 : (RV,D,\) —
([0,1V, €, p) is also measure preserving. We have that r(ow)(n) =
d(o"'w) = (rw)(n+ 1) = o(rw)(n), so roo =g or, for all w € RV,
This also shows that p is o invariant, as A\ is ¢ invariant. Hence,
([0, 1]N, &, p,0) belongs to Q. Define s : ([0, 1]N, ¢ p) = (RN, D,)\),
by, s(w') = @~ 1(n(w’)), where again 7 is the 0’th coordinate projection,
clearly s is measurable. Then (sor)(w) = @ !oror(w), and mor(w) =
r(w)(0) = ®(w), so (sor) = Id a.e, and, similarly roo = g or a.e d\.
This clearly shows that s is measure preserving, and that (r o s) = Id,
soo = oo s,(x), hold, restricted to r(U), where A(U) = 1. As, by
definition, p(A(U)) = 1, and the conditions in (*) are measurable, we
obtain the result. (Note that the map s need not be invertible in the
ordinary sense.) O

We now make the following;

Definition 1.8. Let ([0, 1]N, &, p,0) belong to Q, then we say that «
15 typical for p if;

lzmn—wo Z?;ol g(o—iOé) = \/‘[071]"\[ gdp

for any g € C([0, 1]V).

We now show;

Theorem 1.9. Let ([0, 1]N, &, p,0) belong to Q, possessing a typical
element . Then ([0, 1]N, &, p,0) is a factor of (K,B, P, ¢) in the sense
of Definition 1.5.
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Proof. Define T' : K — [0, 1]N by I'(z) = °(c%a), (°). Now suppose
that g € C([0,1]V), so, as [0,1 is compact, g is bounded, (*), then;

°g(c*a) = g(T'(z)) for all x € K, (xx) (7).

This implies that [ is measurable, as if B is an open set for the
product topology on [0, 1]N , then, taking g to be a continuous function
with support B, ['*¢g is measurable with respect to P, by Theorem 3.8
(Lemma 3.15) of [4]. This clearly implies that I'"'(B) is measurable.
By previous arguments, we obtain the result. Moreover;

f[O,l]N gdp

n—1

= limyeor > iy 9(0'a), (by definition of a typical element «)

= (1" X0 9(0a)), (°).
= ° [, g(0"a)dv (using Definition 3.9 of [4] and Remarks 3.10 of [4])

= [ 9(T(x))dP, (using (%), (+*) and Theorem 3.12 of [4] (Lemma
3.15 of [4]))

( * %)

The result of (x* ) implies that I' is measure preserving. The prob-
ability measure T', P defines a bounded linear functional on C([0,1]V),
which agrees with p. Using the fact that [0, 1]N is a compact Hausdorft

%Here, (0%a) = *H(zx) for the internal function *H : *N — *([0,1]V) =
(*[0,1])%, obtained by transferring the standard function H : N* — [0,1]V, de-
fined by H(n) = o"(a). Observe that [0,1" is compact and Haussdorff in the
product topology, so, by Theorem 2.34 of [4], there exists a unique standard part
mapping ° : *([0, 1]N) — [0, 1]N. In fact, see [6], this mapping is defined by setting
°s = (°s(n)), cpr Where s : *N —* [0,1] is internal.

T have also denoted by g, the transfer of g to *C(*([0,1]V)). Observe that
o%(a)) ~ T'(x) by definition of T, it is then straightforward to adapt Theorem 2.25
of [4], using the fact that g is continuous, to show that g(c”a) ~ g(T'(z)).

1 n—1

80bserve that s(n) = 135 g9(o'a) is a standard sequence, with limit s =

f[o oy gdp. By Theorem 2.22 of [4], using the fact that k is infinite, s ~ s(k). Using
Definition 2.19 of [4], it is clear that s(k) is the hyperfinite sum +* Zi;é g(o%a)
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space, and p,[,P are regular, see [7] Theorem 2.18, (), we can ap-
ply the uniqueness part of the Riesz Representation Theorem, see [7]
Theorem 6.19, to conclude that I',P = p, we will discuss this further
below. Now, as ¢ is continuous with respect to &, (19),;

o(lz) = 0(°(0%a) =° (0(0”a)) =° (0"a) = I'(x + 1) = I'(¢(x))

except for x = k — 1, so a.e dP. Hence, the result follows.

0

We now address the problem of finding a typical element for a space
([0, 1]N, &, p,0) € Q. By Theorem 1.3, Lemma 1.4, Lemma 1.6, Lemma
1.7 and Theorem 1.9, we then obtain the Ergodic Theorem 1.1. The
proof of this result does not require the Ergodic Theorem, and is orig-
inally due to de Ville, see [2].

Definition 1.10. We say that a sequence of measures (pp)nen con-
verges weakly to p if, for all g € C([0,1]V);

limn—)oo(f[(ll]/\/ gdpn) = f[(),l]N gdp

We require the following lemma;

Lemma 1.11. Let (an),cp be a sequence of periodic, with respect to
o, elements in [0, 1]N, such that the sequence of probability measures
(Do, Jnens converges weakly to p, where;

Pon = 2= (0ap + 0oy, + -+ + Ogen—1q,,)

da, denotes the probability measure supported on o, and c, denotes
the period of c,,. Then there exists a sequence (1), 0f positive inte-
gers, such that if (T,,),,cr s defined by Ty = 0 and T, ;1 =T, = cpry, the
element o € [0, 1V, defined by a(m) = o, (m—T,,), for T, < m < Tpy1,
1s typucal for p.

Tt is easy to see that [0, 1] is o-compact. This follows from the fact that finite
intersections of cylinder sets form a basis for the topology on [0, l]N . Any open
set in U in [0,1]™ is a countable union of closed sets, as every z € U lies inside a
closed box B with rational corners, such that B C U. Hence, any cylinder set is a
countable union of such closed sets 7,1 (B).

10Again T have denoted by o the transfer of the standard shift o to *([0, 1]V).
The fact that o(0%a) = 0**1(a) follows immediately by transferring the standard
fact that o(0"(a)) = 0" (a) for n € N.
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Proof. The proof is intuitively clear, but hard to write down rigorously.
As p,, converges weakly to p, we have that;

limnﬁw(fx fdpa,) = fX fdp

By definition of p,,,;

fX fdpozn = é(f(an) +...+ f(gcnilan)

So it is sufficient to prove that;
iMooy Yoimg f(07) = iMoo (Flon) + ...+ f(0™ an)) (%)

We first claim that, if f € C([0,1]"), there exists an increasing se-
quence {m, }nen of positive integers, such that if b,c € [0,1]V, and
agree up to the m,’th coordinate, then |f(b) — f(c)] < £, (). In
order to see this, for z € [0,1]V, let U, = {y : |f(z) — f(y)| < =1}.
As f is continuous, U, is open in the Borel field, hence there exists
V, C U,, containing x, of the form 7=(W,), where W, C R" is
open, and 7 is the projection onto the first n, coordinates. Then, if
y.2 € U, |f(y) = F()] < [f(y) = f(@)] +1f(2) = f(2)] < 5 The sets
{V, : 2 € X} form an open cover of [0, 1]V, which is compact in the
product topology. Hence, there exists a finite subcover V,,, U... UV, .
We can choose m,, such that each V,, is of the form Wﬁl(ij), for
W,, C R™». Then, if b and c agree up to the m,’th coordinate, we
have that b € V,, iff c € V,, so |f(b) — f(c)| < %, showing (+*). Now
let { gy, }nenr be any increasing sequence of positive integers, such that if
Qn = sup{|f(b) — f(c)| : m,, (b) = 7y, ()}, then {Q, }nen is decreasing
and lim, @, = 0. Clearly such a sequence exists by (xx). Without
loss of generality, we can choose {g, }nenr, such that the periods ¢,|gp,

(#). Now choose {T;}ien as follows;
(1) Tira > 2'T;
(it). gi|Tiv1 —T; (so ¢;|Tip1 —T5)
(iti). C; = P > C;y = D=L (> 1),

(iv). Ty > 2%c; (i >1).



12 TRISTRAM DE PIRO

We now claim there exists a decreasing sequence {by, }nen, of posi-
tive reals, such that;

|7 i f(oa) = t] < by (x5 %)

where lim,_.b, = 0, and t, = é(f(ozn) + ...+ f(e™tay), for
n > 1. For ease of notation, we let;

=15 foia)
Apn = 2= 300 fo'a)

Recall the law of weighted averages, A, = mAm+(n—m) . We first
estimate |Ap, — Ap, , 1,.|. We have;

A — Trn-1A1, +(Tn—Ta-1)AT, | 9
Tn — T

|ATn - ATnfl,Tn|

_ Th-1 Th—Th—1
- | T ATnfl + Tn ATnflyTn - ATnflan|

S |AT,, —1] + | AT, T 1Tn| b ()

on—1 on—1
< gut, where | f| < M, (A)

We now estimate the average Az, , 7,,. The ideais to divide the inter-
val between T},_1 and T}, into C),_; blocks of length g,,_1, where the pe-
riod ¢,_1|gn_1, using () and (i7). We estimate |Az, , 7, — A1, 1 10—gn|;

_ n 1— 1
ATnthn Cho1 AT 1 Tn—gn T o, C ATn —9n—1,Tn

|ATn—17Tn - ATn—17Tn_gn—1|

ATn*anlen o AT —1:Tn—9gn— 1| < 2M (B)

Cn71 C’n 1 C’n 1
We now let;
B = o i T (0t ), form <
Tn_l,m - m—Ty_1 =0 o Oénfl 9 orm -~ n.

We estimate |Az, | 1,—g. —Br, 1 10—g.|- We have that 71" q and
o'ay,_1 agree up to the g, _1’th coordinate, for 0 < i < T, —T, 1 —gn_1-
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Therefore, for such i, |f(cfa,_1) — f(oT—1"a)| < @Q,_1, and so;

|ATn—17Tn*gn—1 - BTn—l,Tn—lfgn—ly S anl (C>

Now, by the same argument as in (B);

B,y 1, — By 10—ga| < 225 (D)

n—1

Finally, by periodicity;

= (flan-1) + .+ floo o)) =t (E)

Cn—1

Br, 1, =

Now, combining the estimates (A), (B), (C), (D), (F), we have;

Clearly {b, }nen is decreasing. Moreover, lim,, ob, = 0, as lim,_,..C,, =

00, (iii), and by the choice of {Q,}near. This shows (x * x). We now
have to estimate the averages up to place between the critical points
T, and T}, ;1.

Case 1. The place v is a periodic point of the form;

T, +mg,, where 0 <m < C, — 1

We have A, = Mg, +(1-X)Ag, , (0 < A < 1), where |Ag, ,—tn41] <
Qn, by (C), (E), and |Ag, —t,| < by, by (x**). Now, let t = lim,,_ootp.
Given € > 0, choose N (¢), such that |, —t| < ¢, for alln > N(€). Then;

| Ay — t] < maz{|Ar, —t[,[Arg, ., — 1]}

< maz{b, + 5, Qn + 5}

Choose Ni(€) > N(e), such that maz{b,, Qn} < §, for all n > N (e),
then |A, —t| <, for all n > Ny(e).

Case 2. The place v is a possibly non-periodic point of the form;

T, +w, where 0 <w <T,.1 —Th_1 — gn-
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Choose periodic points v; and ve, with T;, < vy < v < vy < T 11 —0n,
and vo—v; = ¢, 800 < v—v; =e <¢,. Then A, = UfjreAU1+ Ay, o
As vy > T, we have;

_€e
v1+e

e e
v1te S Thn+e S

% < 2% by (iv).

Therefore;

|AU - Avl‘ = |(1 - 5)Av1 + 6141)1,1) - Avl‘y (5 S 2%)
< O(JAy |+ [Auo]) < 55

Forn > Ni(5), |Ay, —t| < 5, by Case 1, so |A,—t| < ¢, forn > Ns(e),
where Ny (e) = maz{N;(%),log(2L) + 2}.

Case 3. The place v is of the form;
T, +w, where T,,.1 — T, — g, <w < Ty — T,
We have;

Av = )\ATn + (1 - )\>ATn,v> (O < A < 1)7 (T)?

ATanJrl = /“LATn,v + (1 - :U’)Av,TnHv Cg*;l < % <1

Therefore;

| Az, 10y — Arpw] < %

| AT, s = tng1| < bnga, by (B), (C), (D), (E)
|Az, » =t < % + byt

|Ar, — ta] < by by (% % %)

| Ay — t] < maz{|Ar, —t[,[Ar, . — t|} by (1)

< max{b, + |t, — t|, % + bns1 + [t — t}, (1)

We have, for n > N(5), max{|t, — t|,|[t,s1 — t|} < §. Choose
Nj(¢), such that maz{b,, % +bny1} < 5, for all n > N3(e). Then, for
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n > Ns(e), |A, — t| <.

To complete the proof, let Ny(e) = maz{N;(€), Na(€), N3(e)}. Then,
for n > Ny(e), |Am —t| <, for all m > T,,, by Cases 1,2 and 3. There-
fore;

lz'mm_m% Z::ol (c'a) = [y fdp

So « is typical, as required.
We now formulate the following criteria.

Lemma 1.12. Suppose that for every g € C([0,1}V), and € > 0, there
exists a periodic element [3 € |0, l]N, with;

| f[0,1]N 9dps — f[OJ]N gdp| < €

then there exists a sequence of periodic elements (0w, crr» With (P, Jnen
converging weakly to p.

Proof. We abbreviate [0, 1]N to X. Let M denote the vector space of
real valued regular measures on (X, €). As we observed every proba-
bility measure belongs to M. M is a Banach space, with norm defined
by total variation, see [7]. Using the Riesz Representation Theorem,
M can be identified with the dual space C'(X)*. It is easy to see that
then M = C'(X)*, as Banach spaces, however, we will not require this
fact. The weak *-topology, see [1], on M, is the coursest topology for
which all the elements g € C(X)*, where g € C(X), are continuous.
Formally, we define a set U C M to be open if for all p € U, there
exist {g1,...,9,} C C(X), and positive reals {ey, ..., €,} such that;

o eM:|p(g)—plg)| <e}CU

Fixing p, let 2, denote the open sets containing p. We show that €2,
has a countable base, (). Using the compactness argument, given in
Lemma 1.11, and the Stone-Weierstrass Theorem, see [1], it is easy
to show that the space V of pullbacks of polynomial functions on
[0,1]™, for some n, is dense in C'(X). Clearly V has a countable ba-
sis, which shows that C(X) is separable, that is, contains a count-
able dense subset Y. Now suppose that ¢ € C(X), ¢ > 0. Let
Use = {0 : 10 (g9) — p(9)| < €}, and D € Q. Choose § € Q with
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0 < spmpcony ad v € Q with ¥ < 5. Choose h € Y with
llg—hllexy < 0. Then Up,NUyp C Uy, (xx), as if |p'(h) — p(h)| < 7,
then;

1p'(9) = p(g)l = 1p'(g — h) + p'(R) — p(g — h) — p(h)] < o(]p"(X)| +
Ip(X)]) +7

and, if [p'(1) — p(1)| < D, then |p'(X)| + |p(X)| < D + 2[p(X)],
so |p'(g) — p(g)] < e. This clearly shows (xx). As sets of the form
Ungq € Q,, for h € Y, and ¢ € Q, are countable, we clearly have (x).
Let I : N — Q, be an enumeration of the sets Uy, 4, and let J : N — Q,
define the intersection of the first n elements in /. If the assumption in
the lemma is satisfied, we can define a sequence of probability measures
(Pa, Jnenrs by taking p,,. to lie inside the open set J(n). Then clearly
such a sequence converges to p in the weak x-topology, hence, for any
g € C(X), as g is continuous for this topology lim, cpa, (9) = p(g).
Therefore, the sequence (pa,, Jnenr converges weakly to p. O

We refine this criteria further;

Definition 1.13. Given a positive integer m, we define the partition
E., of [0,1] to consist of the sets;

Ejm = [L£,2) for j an integer between 0 and m — 2

m’ m

Em—l,m = [m_—l’ ]-]

Given positive integers m,n, we define the partition By, of [0,1]"
to consist of the sets;

Bimm‘ = Ejo,m X Ejl,m X ... X Ejn717m
where § = (Jo, j1s- -5 dn-1) and {jo, ..., jn_1} are integers between 0
and m — 1.

We define the partition Cy,,, of [0, 1]V to consist of the sets;
Cjmmn = Ty (Bjmm)

where m, is the projection onto the first n coordinates.
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Lemma 1.14. Let € > 0, g € C(X) be given as in Lemma 1.12, and
let p' be a regular Borel measure, then there exist positive integers m,n,
and 6 > 0, such that, if;

|p,<Cj,m,n> - p(Cﬁ,m,nM <90

for all sets C5 ,, ,, belonging to Cy, n, then,

| j‘[()’l].f\f gdp/ - j‘[()’l].'\f gdpl <€

Proof. For a positive integer n, let W,, consist of the inverse images in X
(from the projection 7,,) of open boxes in [0, 1], with rational corners.
Let W = {U,cpr Wha- It is clear that W forms a countable basis for the
topology on [0, 1}N. Adapting the compactness argument, given above
in Lemma 1.11, for any v > 0 and g € C(X), we can find a positive
integer n, and finitely many sets {W1,,...,W,,} in W, covering X,
such that |g(z) — g(y)| < v for all x,y in W;,,, 1 < j <r. Now choose
m such that each set of the partition C,,, lies inside one of the W ,.
Then |g(x) — g(y)| < v on each Cj,, ,, belonging to C,,. Now, for
given § > 0, suppose we choose p’ such that |p'(C5,,...) — P(Cjmn)| <9,
(%). Then;

| Jx9dp' =[x 9dpl = 1225 e, 9d0" =225 . 9dp|

<>l 9 = Jo. gdpl (+%)

Without loss of generality, assuming p’ is positive, by definition of
the integral, see [7], we have that;

;0 (Cimn) < Jo, . 9dp" < dip(Cjnn)
ij(Cj,m,n) < fcj,m,n gdp < dﬁp(cj,m,n)
where ¢; =infc; g and dj = supc. g. Then;

&0 (Cjmn) — dip(Cmn) < fci,m,n gdp — fC;,m,n gdp

< djp,(cjm,ﬂ) - C}/)<Cj,m,n)

Therefore, again, without loss of generality;
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< (d5 = ¢5)0P"(C5.m0) F 15110 (Cj.mm) — P(Ci.m0)] <P (Ciammn) + 1510
(s * %)

By (*)7 pl(X) = Z} pl(037m,n> < ZE p(037m7n> +om™ =1+ om", so
using (%), (% *), and the fact that |g| < M,

| [ 9dp’ — [y gdp| < (1 +dm™) + o Mm"
So if we choose 0 <y < 5 and 0 < < W, we obtain;

| [ 9dp’ — [ gdp| < €

as required.

We finally claim;

Theorem 1.15. If C,, ,, is a partition, as in Definition 1.13 and 6 > 0,
then there exists a periodic element (3, such that;

1p5(Cjmm) = P(Cjmm)| <O

Jor all sets C5 ,, , belonging to C, .

Proof. Let ¥ = {ﬁ, %, ce —27;;1}. Define k : ¥ — R by;
K((Q]éoﬂ-l-l, o 2jn2;r11+1)) _ p(Cj,m,TJ

As Cy,, is a partition of X and p is a probability measure, x is a
probability measure on ¥". Moreover, using the partition property and
the fact that p is o-invariant;

Yeen il(&os -+ &n1)) = p(m, 1 ([0,1] X By X oo X By )
= p(m,  (Ejym X - X By m))

= p(m,  (Ejym X ... X Ej | % [0,1]))

n
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- ZfoEZ K((Slv o€t 50)) (*)

Now let N > 0 be a sufficiently large positive integer, then we claim
that we can find a probability measure «’ on X" such that;

(i) [+'(§) = r(&)] <0
(74). The condition (x) still holds.
(iii). Nw'(€) is a non-negative integer, for all £ € X"

This follows from a simple linear algebra argument. We can identify
the set of real measures on " with the real vector space V' of dimension
m™. The condition (x) then defines a subspace W C V. The condition
of being a probability measure requires that;

2507---7571—162” H((gla cee 7671—17 50)) = 1, (**)

which defines an affine space S,y C V. Surr N W contains a ratio-
nal point ¢, corresponding to the probability measure with coordinates
m~". It is straightforward to see that (S,rrNW) = [(Sarr —q)NW]+gq.
Moreover, (S,rr —q) N W is a vector space defined by rational coeffi-
cients, so it has a rational basis. This shows that rational points are
dense in S, N W. We can, without loss of generality, assume that
all the coordinates of x are strictly greater than zero. If not, consider
instead the space S,rr N W N W', where W' = Ker(m) is the kernel
of the projection onto the non-zero coordinates of k. The same argu-
ment shows that rational points are dense in Sory N W N W'. We can
now obtain a probability measure ', satisfying conditions (i) — (i),
by finding a rational vector sufficiently close to x in S,pr N W, and
choosing N large enough.

Now take a longest sequence {£°,...,&"71} of elements in X", such
that;

(1) (517?5}1—1) = ( (i)—Ha"-a ;Lt12)
(2). Card({i: 0 <i<r & =¢}) < NK(E) for any € € X"

where & = (&0,...,& ), for 0 <4 <7, and £ = £°.
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Then, by graph theoretical considerations, (*'), one can show that
equality holds in the above inequality in (2), for any £ € X", (x * *).

1 The graph theory argument proceeds as follows. We construct a tree. For
every ¢ € X" where & = (&,...,&,—1), associate a vertex ve (the trunk).
Similarly, for every £ € ", where £ = (&,...,&n—1), associate two vertices l¢ (left)
and ¢ (right). Attach the vertex l¢ to ve iff w(§) = ¢, where 7 is the projection
onto the last n — 1 coordinates, and, attach l¢ to ve/. iff 7'(§) = &', where 7’ is the
projection onto the first n — 1 coordinates. In this way, we obtain a tree, having
m™1(2m + 1) vertices, m™~1(2m) branches, and m,,_; components. Each element
& € X corresponds to two vertices, one on the left and one on the right of the tree.
Now attach weights m¢ = ng¢ to the left vertices and right vertices respectively,
by assigning the vertices l¢ and r¢, the weights m¢ = N&/(§) and ne = Nk&/(§)
respectively. Observe that, by the condition () in the main text, for any given &';

me = deznm(g)zg/ Mg =Ngr = Z&Zn:ﬂ/(g):g' ne (7)

Now, given a sequence {£° &' ... &%} of elements in X", where ¢ =
(&,...,& ), for 0 < i < k, we attach sets L¢ to each vertex l¢, by requiring
that, & € L iff £ = ¢, and, similarly, we attach sets R¢ to each vertex re. We call
a sequence allowed if (¢). For each { € X", Card(L¢) = Card(Re) < mg = ng and
(ii). For each 1 < i < k, if £ appears in the set R, then £~ appears in a set Len,
where l¢r and re are attached to the same vertex ver, so that 7(¢”) = /(&) = ¢'.
Clearly, all allowed sequences are bounded in length by Nk/(X), so there exists a
longest allowed sequence s = (£%)g<;<¢. Let &' be the final element in the sequence,
and suppose that & € Lgv, then, we claim that €9 belongs to a set R¢, where
n(&") =7'(§) =&, (1). If not, all such sets Re, with 7'(£) = n(£”), consists of ele-
ments & with ¢ > 1. If, for one of these sets Re, Card(R¢) < ne, then we can extend
the sequence by setting £+ = €, clearly such a sequence is allowed, contradicting
maximality. So we can assume that Card(R¢) = ne. By condition (i¢), for every
element ¢, ¢ > 1, appearing in R, there exists an element £'~! appearing in an
Len, with w(€”) = m(&"). This provides a total of w + 1 elements appearing in such
Ler, where w = Y ¢ s (ey—g Ne- By (1), this is greater than D e (e)—e Me-
Clearly, this contradicts condition (¢) of an allowed path. Hence, () is shown.
Observe also that if & € "' and s, ¢ denotes the total number of elements from
the sequence s, appearing in sets to the right of £, s; ¢/, to the left, then s, ¢ = s, ¢,
In particular, by (1), mes — s1.¢ = ngr — sp 0 > 0, so the number of ”vacant slots”
(if there are any), is the same on both sides of a given &', (111). In order to see
this, we can, without loss of generality, assume that 7/(£°) # ¢, then just note that
an element ! belongs to a set on the right of & iff £ belongs to a set on the
left of ¢, by condition (ii) of an allowed path. We now claim that for all £ € ¥,
Card(Re) = ne, (T111), (so there are no vacant slots). We have already shown this
in the particular case when 7/(¢) = 7/(¢°). We define an element ¢ to be cyclic if
(&) = 7'(£), so cyclic elements are just constant sequences. We define an element &
to be free if Card(R¢) < ne. No free cyclic element ... can encounter the sequence
s, for suppose that there exists a ¢, for some 0 < i < ¢, with 7(¢%) = 7/ (cye),
then we can extend the sequence s to s’ = {€0,...,&", &0y, E771, .0 €M), and still
obtain an allowed path, contradicting maximality. So we have that, if £ is free
cyclic, with ¢ = ¢, then s = s, ¢ = 0, (T1111). Now suppose there exists a
free element £fc.. Choose the largest k, with 0 < k < ¢, such that &k appears
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Now let 3 be the periodic element in [0, 1}V, with period n 4 r — 1,
defined by;

(6(0),ﬁ(1),...,ﬁ(n+r— )) (507517'" n 1 711717 7%717"'752:%)

By (i), it is sufficient to prove that, for each j € m™;

108(Cjmn) — K'(§)] < €, (k% xx),

where € = min;(6 — |+'(&) — k(&)]), and & is the unique element of
" lying inside Cj,,,. By definition of pg, pg(C5.nn) = %, where;

= Card{k:0<k<n—r—1,m,(c%3)) = 55})

By definition of 8, and (x  *), nfjfl = N:Ifi)fy, where 0 < y < n.
As k' is a probability measure, again by (%), we have that r—1 = N.

Hence;

C; _ NHI(§ +y _ (5 ) yfnh:/ (65)
n+r—1 N+n J N4n -~
Therefore,

|pﬁ< ]mn) - (€J)| S n < €.

in Lev with 7(€"7) = 7' (§free), (£). As we have observed, k < t. We construct
a forward path from free as follows. Define n’ = ¢ free, add the element n° to
Re;,.. and Lg;, ., and call the new sets Ro ¢ and Lo, for £ € X", Having defined
7/, there are four cases. If w(n?) = 7/(n°), terminate the sequence. Otherwise, if

m(n?) = 7(&eye) for some cyclic element with Card(Rje,,.) < ne.,., then define
77t = &eye, add the element 777! to Rj ¢, and Ly ., calling the new sets Rj 1 ¢
and Ljiq¢, for £ € X", If there is no such cyclic element, and there exists a free
element ¢ with 7(n/) = 7/(¢') and Card(Rj¢) < ne, then define /! = ¢ (so
there is some choice here), and, as before, redefine the sets R;¢ and Lj¢ to Rji1¢
and L1 ¢, for £ € X", If there is no free element of this form, then terminate the
sequence. It is straightforward to see, using (111), (f1111), and the fact that n°
not cyclic, that the sequence {n°,... ,nj} terminates after a finite number of steps
I, with [ > 0, and 7(n') = ©'(n°). Moreover, for all k < i < ¢, and 0 < j < I,
we have that m(£%) # 7'(n?), by (#). Hence, we can construct an allowed sequence
s ={€0, . &R 0 L nplek L €Y contradicting maximality of s. This shows
(1111). It is clear that the sequence s = {£",...,£"71}, as defined in the main
text, is a longest allowed sequence, as defined in this footnote, using ({1). Hence,
by (t111), we have equality in (2) as required.
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if we choose N sufficiently large. Hence, (x % #%) and the theorem
are shown.

4

We summarise what we have done;

Theorem 1.16. The Ergodic Theorem 1.1 holds and admits a non-
standard proof.

Proof. Combine Theorems 1.3,1.9,1.15, and Lemmas 1.4,1.6,1.7,1.11,1.12,1.14.

0

Remarks 1.17. There are some outstanding questions in Ergodic The-
ory, which one might hope to solve using nonstandard methods, similar
to the above. One of these is Ornstein’s Isomorphism Theorem, I hope
to investigate this direction further.

2. APPENDIX

Theorem 2.1. Suppose g : X — R is integrable with respect to uy,
pur(X) < oo, and € > 0 is standard, then there exist F,G : X —* R,
which are A-measurable, such that;

(i) G<g<F.
(). | [ 9dur — [, Gdv| <€, | [, gdur — [, Fdv| < e

for all A € 2.

Proof. Consider, first, the case when g > 0.

Upper Bound. As g is integrable, by Theorem 3.31 of [4], it has an
S-integrable lifting F”) such that °F’' = g a.e u, and;

Sy Fldv = [y gdps

Without loss of generality, we cam assume that £ > 0. Now let
€ > 0 be given and choose § > 0 such that p(X)d < 5. Then F' + 0
is S-integrable and F' 4+ 6 > f a.e ur, (%), '+ > 0. Moreover;

OfX(F’+5)dV = fnguL +opp(X) < C+ 5, (%x)
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where C' = [, gdur. Let N € My, with py(N) = 0, such that (x)
holds on N¢. Let N, = NNg!((n— 1,n]), for n € Nog, Ny =
NnNng*0). Then N = U, ~o Ny, and pr(N,) = 0. By Lemma
3.15 (3.4(i)) of [4], we can choose U, D N,, with U, € 2, such that
wr(Uy) < m. Inductively, define Fy = F’ 4+ §, and, having defined
Fo let Fopy = F,on Uy, ,and F,, iy = F,+n+1on Uy,yy. Then {F,}
is an increasing sequence of 2l-measurable functions. Moreover;

fX FTLJrldV

= fU§;+1 F,dv + fUn+1(Fn + (n+1))dv

~ [ Fodv 4+ (n+1)pp(Upia)

< [x Fadv + 4(n—6i-1)2

Jx Fndv <C+ 5430 75 < C+e (using (xx))

We clearly have that for all x € N,,, g(z) < F,,. Now, by countable
comprehension, we can find an internal sequence {F),},e-n extending
the sequence {F,},en. By overflow, there exists an infinite w, such
that F,, < F,, for alln € N, F,, > 0, and;

Jx Fodv < C +e¢, (1)

Clearly g(z) < F,(x), for all x € X. Now, if A € 2, with;

Sy Fodv — [, gdpg, > €

then, using Theorem 3.16 of [4];

fX F,dv

= fA F,dv + fAC E,dv

>e+ [,9dup+ [, 9du, =C+e

contradicting (). Setting F' = F,, gives an upper bound.
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Lower Bound. Again choose d > 0, with p,(X)d < 5. Let F' be as
before, then F’ — § is S-integrable, F' — 6 < g a.e uy, and:

Jx(F" = ¢&)dv > C —
Again choose N, with pr(N) = 0, such that F'—0 < g on N¢. Using
Lemma 3.15(3.4(i)) of [4] again, we can choose a decreasing sequence

of sets {Uy }nen,, belonging to 2, with U, D N, and . (U,) < L. By
S-integrability;

© fUn(F’ —)dv = fUn °(F' = d)dur
and;
limp oo [y, °(F" = 8)dpr) =0

by the DCT, as °(F’ — d)xy, converges to 0 a.e ur. Hence, for suf-
ficiently large n, we can assume that;

fUn(F’ —0)dv < §

Now let G = (F'—=§) on UL, and G = 0 on U,,. Clearly G(x) < g(x),
for all z € X. Moreover;

Jx Gdv

= fU,g(F/ —0)dv

= [((F' = d0)dv — [, (F'' =d)dv > C —e

The same argument as above shows that, for all A € 2,

ngd,uL—fAGduge

Hence, G is a lower bound.

Now, if ¢ is integrable p, we can write g = ¢g© — g—, with {g*,¢97}
integrable piy,. Choosing G > ¢ and H <g~,G—H > (gt —g7) =g,

choosing G’ < gt and H' > g, G'— H < (¢" — ¢~ ) = g, and, clearly,
we can obtain the integral condition, using 5.

O
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