SOLVING SCHRODINGER’S EQUATION USING
NONSTANDARD ANALYSIS

TRISTRAM DE PIRO

ABSTRACT. We propose a new method for solving Schrodinger’s
equation on a surface, with applications to quantum physics.

Definition 0.1. We let S'(1) denote the circle of radius 1, which we
identify naturally with the closed interval |—m, 7], via p : [—m, 7] —
SH1), u(0) = €. We let C°([—m,n]) = {u*(f) : f € C=(SY)}. We
let T denote the closed domain [—m, 7] X [—m, 7|, and let T° denote its
interior (—m,m) X (—m,m). If f € C(T), then if {z,y} C [-m, 7|, we
let {fz, fy,} € C([—m,7]) be defined by f*(y) = f(x,y), and f¥(x) =
f(z,y). We let;

COO(T) - {f S O(T) : f|T° S COO(TO>7f<_7T7y) - f(ﬂ',y),f(l‘, _ﬂ-) =
f§$,ﬁ),fx S Om([_ﬁﬂr])’fy S Coo([_ﬂ-vﬂ-])v_ﬂ- <z < 7w -—7m< Yy <

We let,

m

VANT) = {f € C®(T) : (flre)ae + (flre)yy = A flze)}. If f
C>=(T), we define (F)(f) € C([—m, 7] x Z) by;

F(f)w,m) =5 [T fz,y)e ™ dy

Lemma 0.2. If f € C®(T), and m € Z, we have that F(f..) =
(F(f))zw and F(fyy) = —m*(F(f)). Moreover;

f@,y) =3 ez F(f) (@, m)e™
Proof. We have, differentiating under the integral sign, that;
(F(fza))™ ()

= % fjﬂ(fm)(x/awe_imydy
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= =7 f@, y)e ™ dy) e,
= ((F()™)aw(2).

and integrating by parts, using the fact that, for x € [—m, 7], {f;, fi,} C
C( [_71—7 ﬂ-] )a

(F(fy))™ (")

= 5n [ Sy ey’

= 5zim [T f, (2’ y)e” "y
= —5m® [T f(al,y)e " ™dy

= ()
the last part follows from the fact that, for x € [—m, 7], f* €
C*°[—m,r], and the result of [2].
O

Lemma 0.3. Let Z = {\ € Zoo : =\ = m? + n?, for some m,n €
Z}, then VAMNT) = 0 iff X & Z, and if X\ € Z, dime[VANT)] =
2Card(Xy), where Xy ={m € Z : X+ m? = —n?, for some n € Z}.

Proof. Let f € VANT), and let g = f|ro, SO oz + gyy = Ag, OD
T°. Applying F, and using Lemma 0.2, we have, for m € Z, that
(F(9)z — m*(F(g))™ = A(F(g))™, on (=7, ). Let h™ = (F(g))™,
defined on [—m, 7], then h™(—7) = h™(7) = ¢y, and A7, = (Mm% 4+ \)h™,
(). The general solution to A™ = p*h™, for u € C, on (—m, ) is given
by;

h"(z) = Acos(u(x + m)) + Bsin(pu(z + m))

Setting © = —m, we obtain A = ¢,, and, setting x = 7w, we ob-
tain ¢, = cpcos(2um) + Bsin(2um). If sin(2um) # 0, (8), we have
B = exlioesBm)  Then;

sin(2um )

h™(z) = cplcos(p(z + 7)) + %sin(u(m + )]

(h™) () = em[=psin(u(z + ) + pU52 N cos(u(x + )] (%)
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We have that h™ € C*°([—n, x]), asfory € [—m, x|, f¥ € C®([—m,7]).
Hence, (h™)'(—m) = (h™)'(7) gives that, from (x);

% = ucos(Zuw)% — psin(2um)

(1 — cos(2um))? = —sin?(2um)
cos(2um) =1

hence, p € Z, and sin(2um) = 0, contradicting (). It follows that
sin(2um) = 0, giving ¢, = ¢peos(2um). If ¢, # 0, we obtain that
cos(2um) = 1, and p € Z, then ¢™(z) = ¢pcos(n(x + 7)), for n € Z.
If ¢,, = 0, we obtain A = 0, and g,,(z) = Bsin(u(z + 7)), then
Ggm(—7) =0 = gn(m) = Bsin(2ur) = 0, giving again that u € Z, and
gm(x) = dmsin(n(z + m)), for n € Z. Simplifying this, we obtain that
gm(x) = cpmeos(n(z 4 m)), or gn(z) = dpsin(n(z + 7)), n € Zs¢, (171).
From (1), (1), we obtain that m* + A = —n? hence, A € Z-,, and
we obtain a non-trivial solution to (}) iff A € Z. For a given \ € Z,
observing that Card(X), is finite, using ({1) and Lemma 0.2, we obtain
that;

(F(f))(@,m)

= emeos((—(m2 + N)2(z + 7)) + dpsin((—(m? + \)z (z + 7))
F(@,9) = 3 ex, Emeos((—(m? + X)) (@ + 7)™

+dpsin((—(m? + X))2 (z +m)e™ (1)

It is easily checked that f(z,y), of the form given in (111), belongs

to VAA(T), as required.
U

Remarks 0.4. The Hodge Theorem for compact manifolds implies
that, if f € L*(T);

f= Z,\ez Zl§i§20ard(X>\) < frexi>exni (1)

where, for A € Z, {ex; : 1 < i < 2Card(X,)} is an orthonormal
basis of VAMNT)
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and convergence is with respect to the L? norm. The proof can be
found in [7], and uses the existence of a heat kernel e'®. One of the
aims of this paper is to improve this result to uniform convergence, in
the case when f € C*(T), using a nonstandard argument. Alterna-
tively, observe that, defining Yy = {(m,n) € Z? : m*> + n*> = —\},
A\ € Z, we have that, if f € VAMNT), by (111) in Lemma 0.3;

mx

einy

f = Z(m,n)EYA C(mvn)e
Observe that the family {e™%e™ : (m,n) € Z*} is orthonormal in
L3(T), with respect to the inner product;

< f,9>= 1= [p fgdp

where p is Lebesgue measure on T'. Moreover, the family W =
{e™* ™ . (m,n) € Z?} separates points, hence, the x-subalgebra
generated by W is dense in C(T'). By the usual arguments, see Lemma
3.2, Chapter 2, of [8], adapted to the 2-variable case, W is dense in
LA(T). It follows that, given f € L*(T), we can obtain explicitly;

f — Z)\EZ Z(m,n)eY)\ < f’ eimxeiny > eim:ceiny (.H.)

with convergence in L*(T), and, without invoking the Hodge The-
orem. If f € C®(T), letting frn, =< f,e™ €™ > we have, using
integration by parts, that, for any r € 2>y, |m| + |n| # 0;

A’I‘
Rearranging (11), we have that;
|Z(m )22 < f7 eimxeiny > eimzeiny|
AT f| A" 7|
< ool +22 ez, ooy T2 meza) 2anezag mZindy T

< Ifool + 2(J|A™ f]| + ”AT'HfH) + 2Zm6221 |AT+1g|

2r+1 rm2"

r ATJr r Ar+1
< |fool + 2(/[A £ + IG5 + 2(|am+ £ + U5
Taking r = 1, guarantees that the series defined by (1), converges
uniformly to define a continuous function h € C(T), such that all the
Fourier cofficients (f — h)mn = 0, (x). We claim that f — h = 0.
Suppose that f — h s real valued, and, without loss of generality,
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(f—=h)(0,0) > 0. As (f—h) is continuous, we have that |(f—h)(z,y)| >
w, for (z,y) € Ss, where Ss = {(z,y) : |(z,y)| < 6}. Choose
€ > 0, so that Vi = {(z,y) : (€ + cosx)(e + cosy)) > 1} C Ss, (xx).
Letting pp(x,y) = (€ + cosx)* (e + cosy)*, we have, by (x),(x*) that;

Jo(f = h)prdady = 0, for k € Z5¢
limi_oo f?lc(f — h)prdxdy = 0
limy—soo fV1<f — h)prdzdy = 0o

a contradiction, hence, f —h = 0. If (f — h) is not real valued, we

can repeat the same argument, noting that Re(f — h) = w,

and the Fourier coefficients of (f — h) also vanish. It follows that the
series defined by (1) converges uniformly to f on T, not just in L*(T).

Lemma 0.5. Let [a,b] C R be a bounded interval, and suppose that,
foralla>0,Ge C®((a—a,b+a)xC",C"). Let Ty € (C)" be given,
n € *R infinite, and suppose that there exists K > 0, L > 0, such that
for allt € [a,b] and T € C";

|G(t,2)|len < K[|Z|[en + L

Let X : *[a,b] — (*R)" be defined inductively by;

7(@) = fo

X(a+ ) ~K(a+1) = L(C)(a+ 5, F(a+1) 0 < < [nb-a)) -2

>

(a+7‘):Y(a+["—nT]) T €*0,b—a)

X(b)=X(b-7) (%)

Then X is S-continuous, and letting T = °X : [a,b] — (C)", we have
that;

T(t) — T = [} G(s,7(s))ds
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In particular, T € C*([a,b]), (*), and solves the differential equation;

7'(t) = G(t,T(t)), fort € (a,b), with initial condition T(a) = .

Proof. Assume first that ||G(t,T)||c» < ¢, for all (¢,T) € [a,b] xC", with
¢ finite. We have that, for {7,7'} C *[a, ], || X (7") =X (7)||¢-c)n <c|7' —
7|. This follows, by | 1nternal induction, see Lemma 2.12(ii) of [ ]

have that || X (1) — X (7)||¢-¢c)» = 0, and, 1fHX(T+77) X(7)||¢=c

1X(7 + 5%) — X(7)

<X (r 4+ 2 = X(7 + L[ ey
+HIX(T 4+ £) = X(1)|¢cy

* i v i ci __ ¢ ci __ c(it+1)
<IBCG)a+ 5 X(a+ H)llery +2 =2+ 9 =D

Then X is S-continuous, in the sense that, if {7",7""} C *[a, 1],
with 7 ~ 7" then [|X(7") — X(7")|[¢)» ~ 0. It follows that
7 =°X € C([a,b]). Now let F : *[a,b] — (*R)" be defined by;

Fy(r) =*G(r, X (7))

Fla+7)=Fi(a+ ), 7 €*0,b-a)

— 1

F(b) = F(b—3)

Then, for all 7 € *[0,b — a], we have, using the fact that X and *G
are S-continuous;

F(a+7) = Fi(a+ )
=*G(a+ @,7(@ + @))
~ G((a+ 1), °(X(a + B))

= G((a+ ), (@((a + 1))

n the sense that Z|(ap) € C*(a,b), and for all n € N, there exist g, € Cla,b],
with Fn(ap) = (Fl(ap) ™
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so that F(1) ~ G(°7,Z(°T)), for T € *[a,b]. (*x*)

Moreover, F' is measurable with respect to the x-algebra C, and, as
F' is bounded, F'is S-integrable. It follows that, using the definition
(%), Remarks 3.10, Theorems 3.20 of [3], Theorem 3.14 of [1] and (*x),
that if t € [a, b];

z(t) = °X(t) = °X (a + =21)

= L T Gla+ 5 K+ ) + X (o)
Z(t) — T
o/ t
=°(Jf, F(r)dAy(7))
to
= J, “F(T)dL(A,)(7)
= [YG (T, 7(°))dp
= [l Gs,7(s))du(s)
where du denotes Lebesgue measure, A, is the counting measure on
*la, b], with respect to the %-algebra C,, and L()\,) is the correspond-
ing Loeb measure. By the Fundamental theorem of Calculus, and the
condition on G, we obtain the final claim.
For the general case, we claim that that there exists a finite real

constant C' > 0, such that || X (7)||¢=c)» < C, for all 7 € *[a,b]. We
have that, for 0 < ¢ < [n(b — a)l;

X (a+ Dlleey < (14 2 ([Toll¢eyn + L + €y (% %)
where, for 0 < i < [n(b—a)] —1;
€1 = (1+ %)Zez + %, €0 = 0, (* % %)

By internal induction; we have that (* % %) holds for ¢ = 0, suppose
true for 0 < iy < [n(b — a)]. Then, using transfer of the boundedness
assumption on G to (*G);

1X(a + )|y
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=IX(a+2)+;(G)a+ 2 X(a+ )

_O
n’

< (1+5)o|[z,

(rym L) + € + 3 [K (1 5)° |[Tol| (-ryn + L(:

i
n

)+

€) + 1]

= (14 Kyi ryn + L) 4 KLio ¢ 4 Toho
n ("R) n

= (1 + %) (*R)" -+ L(%) -+ Eio+1

giving (* * %), with the condition (x % xx). Hence, for all 7 € *[a, b];

1X(7)

where € = €fp_ay < (1 + %)[nﬂ}([b—aﬂ])w[n(b —a)]

tom < (1_|_ )[n+1]([b a+1]) ||§0

(-Cyn _}_L([n(bn—a)]) +e

We have that (1 + %)” ~ X as limy,oo(1 + 2)" = e”, for v € R.
Hence;

1X(7)

— e[K+1][b—a+1] (| =

oyt L(b—a)+ K L(b—a+1)elEH1b-atl]

(R S

Now, clearly, by compactness, there exists a finite real constant
F > 0, such that;

IG(t,7)|| -y < F, for (t,7) € *[a.b] x (*B)(0,C)

Then, we can use the proof in the previous part, to give the result,
as X (1) € (*B)(0,C), for T € *[a,b].
O

Lemma 0.6. Let [a,b] C R be a bounded interval, n € N, and, for all
a >0, {c,...,ch-1,do} C C®(a—a,b+ ). Let Tp € R"™ be given,
then there exists x € C*(|a, b]) such that;

Loy ()T 4L g+ do =0, t € (a,b)
and z(a) =T, ..., 2" Ya) = T8 (1)
Moreover, for s € [a,b], 0 < j<n—1, £ 2(s) = 241 (s) = °Xj41(s),

where, for 1< k < n, Xy(s) = (pry o X)($), 24(s) = (pry o 7)(s) and
X : *[a,b] = *C™ is defined inductively, as in Lemma 0.5, with G given
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by;

G(s,21, .., Tp) = (To, ..o, Ty —Cpo1(8) Ty . .. —1(8)T2—Cow1(5) —dp)

Proof. Let M = maxo<i<n—1(||¢i||claps ||dol|cfap). Then;
[|G(t, 1, .., z0)||cn

< Z2§i§n || + M((Zlgign |zi]) + 1)

<(M+1) Z1§z’§n || + M
< (M + 1)y/alfelen + M

Hence, G satisfies the conditions of Lemma 0.5. Therefore, if 7 = °X,
then T solves the differential equation;

T(t) = Gt,z1(t), ..., x,(1))
= (22(t), ..., xn(t), —Cpn_1(t)xy . .. —c1(t)xa(t) — co(1)), t € (a,b) (xx)

Setting x(t) = x1(t), we obtain that 2'(t) = (z1)'(t) = 22(t), ..., (2;)'(t) =

2j41(t), for 1 < j < n—1, hence, ££(s) = z;41(t), for 1 < j < n—1and;

() (1) = —cpn1(8)zn(t) ... — c1(t)za(t) — co(t)z1(t) — do(t)

= (Gt (5) = —caa (5) Gt (5) . — ca(t) % — co(t)a(t) — do(t)
(%)
as required. O

Remarks 0.7. Given an ODE of the form (%), with solution T, and
€€ 7€'>0;

Se={n: (v7 € *[a, t)(|"(@) (@) — X, (@)

(r)n <€)}

15 an internal set, which includes all infinite positive integers n €
*N\N. By overflow, see [3], there exists a positive integer B(e) €
N> with S, D NZBE . By transfer, it follows that mazcpy||[T(t) —
Y. (O)||leryn <€, forn > B(e), where Y, is given by the 2+ [n(b—a)]-
step discrete algorithm, given on [a,b] by G and (%) of Lemma 0.5.
This guarantees the convergence of computer programs based on the
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Euler method, for solving ODE’s of the form ().
We adopt the following notation;

Definition 0.8. Forn € *N \ N, we let;

Hy=Vy = U0<z<277 =7+ 7T‘ —m+ sz,l)

so that H, =V, = *[-m,m). We let {€,,D,} denote the associated
x-finite algebras generated by the intervals [—m + 7r— -7+ 7TZ+1) for
0 <@ < 2n—1, and {\, iy} the associated countmg measures, de-
fined by \p([=m + 7o, =7+ 75H2) = py([=7 + 75, —m + 7)) = T
We let (H,, L(€,), L(An)) and (Vn, L(®,), L(,)) denote the associated
Loeb spaces, see Definition 0.5 of [|. We let ([—W,W],‘B,u) denote the
interval [—m, |, with the completion B of the Borel field, and p the
restriction of Lebesque measure. We let (’H_n X V_m ¢, X Dy, Ay X i)
be the associated product space and (H, x Vy, L(€, x D,), L(\, X 11,))
be the corresponding Loeb space. (H, x V,, L(€,) x L(D,), L(\,) x
L(u,)) is the complete product of the Loeb spaces (H,, L(€,), L(\,))
and (V,, L(D,), L(p,)). Similarly, ([—m, 7], B x B, 1 x p) is the com-
plete product of ([—m,w], B, n) and ([—m, ], B, w).

We let (*R,*®) denote the hyperreals, with the transfer of the Borel
field ® on R. A function f : (H,,&,) — (*R,*D) is measurable, if
f71:*® — &,. The same definition holds for V, Similarly, f : (H, x
V), €, xD,) = ("R, *D) is measurable, if f~1:*D — €, xD,. Observe
that thzs is equivalent to the definition given in [?]. We will abbreviate
this notation to f : H, — *R, f:V, = *R or f : H, x V, — *R is
measurable, (x). The same applies to ( C,* D), the hyper complex num-
bers, with the transfer of the Borel field ®, generated by the complex
topology. Observe that f : H, — *C, f:V, = *C f:H, x V, — *C is
measurable, in this sense, zﬁ Re(f) and ]m(f) are measumble in the
sense of (*)

We let Tn = 7-[_17 X V_,] and;
V(H,) ={f:H,— *C, f measurable d(\,)}

and, similarly, we define V(V,). Let;
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V(T,) ={f:T,— *C, f measurable d(\, x u,)}
Lemma 0.9. The identity;
i (Hy % Vi, L(€, x D,), LA\, X 1))
= (Hy % Vy L(€,) x L(Dy), L(Ay) x Lpy))
and the standard part mapping;
st (Hy X Vy, L(€,) x L(D,), L(\,;) x L(py)) — [—m, 7] x [-7, 7]

are measurable and measure preserving.

Proof. The proof is similar to Lemma 0.2 in [4], using Caratheodory’s
Extension Theorem and Theorem 22 of [1].
]

Definition 0.10. Discrete Partial Derivatives

Let f : V, — *C be measurable. As in [2], we define the discrete
derivative f' to be the unique measurable function satisfying;

fllemtmy) =2 f(—m+a5) — f(—m+ 7))

fOT 1€ *NOSiSQn—2~

and, similarly, for 7—[_77

If f :V,, — *C is measurable, then we define the shift (right);
(= —|—7r%) = f(—7 —|—7Tj%1) for0<j<2n-—2

fr = ) = (=)

fref(—m +7T%) = f(—7+ WJ%) for1 <j<2n-1

frm) = fla = %)

and, similarly, for ’H_77
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If f+ H, x V, — *C is measurable. Then we define {%, %} to be
the unique measurable functions satisfying;

(-t miy) = 2(f(-m+ 7t y) = f(-m+ 7l y));
fori € *"Nocican-2,y € Vy

=y) = 2 f(=my) — f(m = T,y))

S, —m+ 1) = 2(f(x, —m + wL) = f(z, =7 + 7L));
for j € *Nocicago,x € H,

o (@, —m + ) = 1(f(x, —7) — f(z,m = T))
We define {f*"=, f*'v, frohe, frshv} by;

o= (2o, o) = (fy)™" (wo)

fo (@0, 90) = (f2)™(90)

frete(@o, yo) = (f,)"*" (o)

fret (@0, yo) = (f2)"*" (%0)

where, if {xg,yo} C V_m'

fuwo) = fulyo) = (220, m0)

Remarks 0.11. If f is measurable, then so are;
of Of O%2f 02 2 2 2 2
3_!;73_573_33]207a_y];afx>fy7fth7fShy7erhx>fTShyafth7f8hy7fTth7fTShy}

This follows immediately, by transfer, from the corresponding result
for the discrete derivatives and shifts of discrete functions f : H, X
V.. = C, where n € N, see Definition 0.15 and Definition 0.18 of [5],

()

21 f - V, — *C is measurable, then, as in [2], we can define the discrete
derivative f’ to be the unique measurable function satisfying;
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Lemma 0.12. Let g, h : V_77 — *C be measurable. Then;
fv (y)dpy(y) =0
(ii). (gh) = g'h*" + gh’
(itd). [y, (g M) W)dpn(y) = = [, g™ h'dpy (y)
fv y)dpu(y fv " (y)dp (y fv " (y)dpn ()
(0). (9)" = (g*")

fv (9"h)(y)dpy(y fv sh® R") (y)dpn(y)

Fomtmi) = 1(f(—m+ mil) = f(—m 4 wd));
fori e *N0§i§2n—2~

2n—1
J(—m+ w21y = 0
and, similarly, for 7—[777 We can define the shift by;
fSh(—w—&—w%):f( 74wkl )for0<]<2n 2

sh T\

fo(m = 5) =0.

Similar extensions can be made to {%7 «%’ fohe, fohu | frsha grshyy
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The same results hold, if g, h : 7—[_77 — *C are measurable, (*)

Proof. In the first part, for (i), we have, using Definitions 0.10 and 0.8,
that;

an d:un )
- %[* ZOSJSanQ %[9(_7 + W(]%l)) — g(_7T + 7.‘.(7]_7))]
+2g(=7) —g(m = 7]] =0

The proofs of (i7), (i7i) are as in Lemma 0.12 of [2]. (iv) is clear.
(v) follows easily from Definitions 0.10 and (vi) follows, repeating the

3Similar results hold for {sh,,shy, 2 =, ay} Namely, if g,h : 7, — *C are
measurable. Then;

f d An X py) =0
(”) %gwh 8g hSh‘T + g%
(4i1) fT 99 Shd(Ay X piy) = — fT gShz%d(An X )

(). J79d(Ny % pig) = [ g™ = d(Ny X ) = [ g™ d (Mg X )

9 Sz_ashz
(v). (92)she = 2o 1)

(vi). F(G8R) AN, X ) = [(g° G)d(Ny X ) (+)
and, with sh, replacing sh;, and a%, replacing a%, in (x).
For (i), using (7) from the argument in the main proof, we have;
ff, %d(/\n X fin)
= fW(fT(%)ydAn)dﬂn(y)
f fq—( ax )dAy)dpin(y)
= [ 0dpy(y) =0
The proofs of (i), (i), (iv) are similar to the main proof, relying on the result

of (7). (v) follows easily from Definitions 0.10 and (vi) follows, repeating the result
of (i), and applying (v).
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result of (7i7), and applying (v).
]

Definition 0.13. We define the nonstandard Laplacian operator A :

V(Ty) = V(Ty) by;
Af=2f+54
and <,>: V(T,;) x V(T,) = *C by;
< f.g>= [7 fgd(A, x py)

-1 VI(Ty) = V(Ty) by:

1f1le = S 1Ay X o)

Lemma 0.14. We have that A* = A+ S
where S : V(T,) — V(T,) is given by;

T'Sh,!% rshg) _ < rshg T‘Shg)

S(9) = (9yy ¥ — 9guy Jzz ~ — Jax

Proof. We have that, for { f, g} € V/(T,,), using (iv), (vi) of Lemma 0.12;
< Afog == [ (ARTAN, % 1)
— S (o + Fi)TAO % 1)
= S (F a0 + [5Gy, )Ny X 1)
= Jr [AG AN X ) + [ (£ = F9)g,,d(Ny % )
=< [ Ag>+< [ — [T g, >
=< [LAg >+ < [, (93)"" — (9)""" >=< f.(V + 9)(9) >

By symmetry, we obtain the result.
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Definition 0.15. If {f,g} C V(T,), with ||f]l2 = |lgll2 = 1, we say
that f and g are almost orthogonal, if < f,g >~ 0.

Lemma 0.16. If {\, u} are distinct eigenvalues of A on V(T,), with
(A=) ¢ u(0), and corresponding eigenvectors {fx, fu} C Vigrs (*)
with [|f|l2 = |lgllz = 1, n > 2 then f\ and f, are almost orthogo-
nal. Moreover, if {\, u} are distinct generalised eigenvalues of A on
V(T,), with (A — p) & u(0), and corresponding generalised eigenvec-
tors {fx, fu} C Vagr, n > 2, then fy and f, are almost orthogonal.
(...2In particular, there exists a pairwise almost orthogonal basis of 77
consisting of generalised eigenvectors of 7 on V(T,)?...)

Proof. For the first part, we have that;

<A fu>
=<Afx, fu>

=< fr, A" f, >

=<y, (A+9)f. >

=< fapufu >+ <, S(fu) >

Hence;

“For g € C(R), with g(z) > Cz, for sufficiently large z € R, C > 0, and
n € *N>q, we let;

Wog(Hy) = {f € V(Hy) : [f(=m + 7551) = f(—m +7)| < 555
(with the convention that 27 = 0)

Wag(Hn) = {f € V(Hy) : {f. - I} C Woe(Hy)}
Wi,gr(Hy) = {f € Wag(Hy) : maz(If,|f'],.... [f™]) <}

where r € R, and, similarly, we define {Wo ,(V;), Wi,g(V): Wi .r(Vy)}. For
feV(Ty), welet [|fll2 = [ [£12d(Ay x py)]=.

Vig.r(To) = span-c{f € V(Ty), [IfI| = 1,

f:C € Wn,g,r(vi’r]% fy S Wn,g,r(rHin)a (.13, y) € T’f/}
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A =1) < fas Ju >=<fx,S(fu) >

We have, as |fy| < r that;

2
rshy

| < Fu SO > T <l (o = i)l

For (x,y) € Ty, ((fu)yy)e and ((f.)yy)y are S-continuous, (explain
this), hence;

rsh? rsh? rshg rs g
I (( u)yy ! = (fu)yyhz)Hl < mﬂm((fu)yy - (fu)yyh )=e~0
Hence;

[<F2,S(fu)>] re
| <fofu> < 5056 < a5 =0

Sketch..For the second part, observe that A : V,, ., — V,,_2,, and
S Vagr = Vaeags for n > 2. If K € *Nsg, we can choose a
basis {v,} for V, 4., and extend it to bases {v) : 2 < A < &} for
{Vagr : 2 < X <k}, with the property that vy, C 7y, if 2 < Ay < Ay
Let By : Vo g, — Va4, be defined by;

Bn(f) = A(f) if f S U4§,\§,{ V/\,g,r

B(f) = fa3,if f € Vagp, where A(f) = faz+f1, fo3 € span(vz \ v),
f1 € span(v1 \ 12)

B.(f) = fo, if f € Vo4, where A(f) = fo+ fo1, fo € span(v2),
fo1 € span(vg \ v2)

We have that B} = B,,+S1, where S1(g) ~ 0, for g € Vo .., ||g]|2 = 1.
Hence B, = B, s + S, where B, ; is symmetric and Sy(g) ~ 0, for
g € Vag,. Suppose that A is a generalised eigenvector of A, with
corresponding eigenvector f, € W,, such that, for n minimal with

(A= XD)"(f) =0, (A =X)™(f) € Wy, for 0 < m < n. Then, clearly;
0= (B, — AI)"(f»)
(13m5'+'55'_'AI)n<fk>

= Z?:o(Bn,s - /\])nij’sg (fA)
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=~ (BH,S - )\I)nf)\

As B, ; is diagonalizable, it follows there exists X\ € pu(A), with A" an
eigenvalue of B, s, such that (B, — N'I)fy ~ 0. It follows that;

(A= AI)fa

= (Bx — M) [

= (Bys+S2— M) f

>~ (By,s — ML) fa

= (Bis = AN fx+ (N =A)fr=0

Hence, using the same argument to show that ((A — ul)f, ~ 0;
0~< (V= AD)fr, fu>

=< fa, (V= A)" fu >

=<\ (V+S =N fu >

~< fa, VI > =A< fa fu >

=< P (V= pD) fu >+ =) < frs fu >
~ (= X) < fr, fu >

< fxr, fu >~ (.

Strategy:

@. Show that for finite A, a generalised eigenvalue of A in C' = {f €
V(Tﬂ) : f(_ﬂ-ay) = f(ﬂ- - %7y)7 %(_ﬂ-7y) = %(ﬂ- - %,y),f(l“, _7T) =

flz,m), g—;(m —7) = ?)—5(95, m—7)}, °Als an eigenvalue of A on ([—, 7] x

[—, ], same question with V/(T,) replacing C?.
it). Show that for finite A\, an eigenvalue of A in C*°([—m, 7] X
[—m, 7], there exists g € C, N € u(A\) an eigenvector of A in C, with
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eigenvalue \. (Show, using S, there exists | X' € p(\). If, using V(T,),
there might exist multiple...or use Lemma 0.17 and second question in
(7), extending solution to all of T7,.)

(#47). For corresponding eigenvector fy, || fxv]| = 1, {fx, (fx)azs (fx)yy}
are S-continuous, in particularly S(f) ~ 0, and °fy is an eigenvector

[¢] o 82 ° (o]
O£ A on ([—m, 7| x [=7, 7], °((fA)ez) ((fk)yy) = %a ((fA>yy) =
%. Extension of Lemma 0.26, differentiate nonstandard equation,

satisfied by fy, use same specialisation argument in (i) to prove the
last two claims.

(iv). JCF implies basis of generalised eigenvectors e; in V(T',).
(v). Eigenvectors for finite A are almost orthogonal, as shown above.

(vi). Generalised eigenvectors for finite A are almost orthogonal, as
shown above.

(vii). Decay rates and spacing; show that | < f,e; > | < 55, for
feC, [N\ —X|>DeR,need a transfer argument, result for suthi-

ciently large finite n, (finitely many (finite) eigenvalues.
(viid) f~*>" < f,e; > e;, using GS+(vi).

(iz) °f = > ez < [,% > °e;, uniform convergence in Hodge Theo-
rem for the torus.

(1) (43)(473)’. Although S is not A-invariant, can replace A by non-
standard approximation e*®, and find integral representation to show
that S is e*A-invariant. Similar questions to (i), (i7), (iii)...

a. Evaluate eigenvalues of A in V(ﬁn), using linear algebra argu-
ment.

b. Show that, for finite m if (A —=AXI)"f =0, f # 0, in V(H,), then
°) is an eigenvalue of A on [—7,7]. Hence, for finite m € N, n suffi-
ciently large, (A, = N'1)™f = 0, implies [A = X'| < €, A € Spec(A|_rn)
Use transfer, to show that A ~ X for generalised eigenvalues A" of A.
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Lemma 0.17. Given measurable boundary conditions {hy, ho} C V(V,),

there exists a unique measurable f € V(T,), satisfying the nonstandard
Laplace eigenvalue problem, for A € *C;

on (H, \ [W”T_Q,ﬂ)) XV,

with f(—=m,y) = hi(y), SL(=m,y) = ha(y) fory € Vy, (%).

Proof. Observe that, by Definition 0.10, if f : 7, — *C is measurable,
then;

2 . 2 . .
g (—m 7L y) = L (f(-m+ w2 y) - 2f (—m+ wEh y) + f(-m+

%(_ﬂ',y) = %(f(—ﬂ' +7T%7y) - f(_ﬂ-7y))7 ye Vﬁ

Therefore, if f satisfies (*), we must have;

f=my) = (), (y € V)

flemtmby) =20 4 fomy) = P20 4y (y), (y € V)

fl=m+m22,y)

= —f(—7r+7r%,y)+2f(—7r+7r%,y)+’;—§()\f(—7r+7r%,y)—giy£(—7r+
T y))

(0<i<2n-3,y€eV,)

See also the proof of Lemma 0.5 in [4].
U

Definition 0.18. We let Z ={me*Z:—n<m<n—1} Given
a measurable f : 'V, — *C, we define, for m € Z,, the m'th discrete
Fourier coefficient to be;
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sr Sy f(@)expy(—iym)du,(y)

(and, similarly, for V,).

Transposing Lemma 0.9 of [2], (°);

F() = Xnez, Ja(m)expy(iym) (x)

Given a measurable f - 7-[_,7 X 7,7 — *C, we define the nonstandard
vertical Fourier transform f : H, X Z — *C by;

= 3 Jo, f(@,y)expy(—iym)dpn, (y)

and, given a measurable g : H, x Z, — *C, we define the nonstan-
dard inverse vertical Fourier transform by;

9@, y) = X ez, 9(x, m)expy (iym)

so that, by (%), f :f

Similar to Definition 0.20 of [2], for f € V,, we let ¢, 1y, : 2, — *C
be defined by;

b(m) = L(expy(—im=) — 1)
dy(m) = eap,(im®) — 1)
Ry(m) = 3= f(w(1—-1)) (exp, (—imm(1-2))—eap, (22 )exp, (—imm(1-

)

Ry (m) = 5 f'(n(1=3)) (expy (—imm (1= 1)) —exp, (% ) exp, (—imm (1—

)
T,(m) = ¢n(m>Rn(m)
Sp(m) = ¢y(m)hy(m) Ry (m)) + ¢, (m)R; (m)

5We have there that the measure on S, = Ay. The result follows using the scalar
map p: V, = S,, p(z) = £, and the fact that p,(u,) =\,
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The following is the analogue of Lemma 0.14 in [2], using the defini-
tion of the discrete derivative in Definition 0.10 and the discrete Fourier
coefficients from Definition 0.18;

Lemma 0.19. Let f : Vn — *C be measurable; then, for m € Z,,
fr(m) + Sy(m) = 2(m) f(m)
In particular, if {f, f'} are finite, which is the case when f = *h, for

h Eg[—’ﬂ,’ﬂ], or f € Wag,, Sy(m) ~0, form € Z,, and, similarly,
for H,.

Proof. We have, using Lemma 0.12(iii), that;
(F)(m) = 3 i ' (9)eapy(—iym)d,(y)
= —5; S5 [ (W) (eapy) (—iym)dp, (y)
A simple calculation shows that;
(expy,) (—iym) = expy(—iym)d,(m)
where ¢, (m) = 2(eap,(—imZ) — 1).
Therefore;
(f")(m) = —¢y(m) foh(m)
We have f¥(m) = & fi f"(y)eapy (—iym)dpu, ()
= o Jor F(W)exp)™ (—iym)dp, (y)

= exp,(im%) f(m) + Ry(m)

Hence, (f')(m) = —¢,(m) f*h(m) = —y(m)exp,(imZ) f (m) =, (m) R, (m)
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= 1y (m) (4 (m) f (m) — dy(m) Ry(m)) — by (m) Ry, (m)

= 45 (m) f(m) — &y (m) iy (m) Ry(m)) — by (m) Ry (m)

= yp(m) f(m) — S, (m)

as required. O

We also obtain an improvement of Lemmas 0.15 from [2];

Lemma 0.20. If f € C(|—m,7]), then the functions f”mst(m) are
uniformly bounded, independently of n, for n > 1, and, if n is infinite,
fA”n’st(m) is bounded. The same result holds, if f € Wa,,.(V,).

Proof. For the first part, we follow through the proof of Lemma 0.22
in [5], ignoring the constant D,, there, to obtain that ]f”n’st(m)| < M,
for m € 2, where M = ||f"||11(—xx)). The second claim follows by

transfer. For the last part, we have, using the first part of Lemma 0.22
in [5], that;

||t
< (Zogngn—Q |f/(_7T + W(J%l)) - f/(_7T + 77(%)”
[ (=m) = f'(=m + 7 (22))]

21
< g(n) <

~—

%’ by definition of Wy 4.

We improve Lemma 0.16 from [2];

Lemma 0.21. Let f € Wy g, (Vy), then °f € C'([—=, 7)), °((f)(m)) =

(°f)(m), for m € Z, and, there exists a constant W € R, such that
|f(m)| < 25, form € Z,. In particular;

(Xez, f(m)exp,(ima’))
= Ynez “((f)(m))eap(im® ("))
=Y ez () (m)exp(im®(a'))

Proof. For the first part, by definition of g, we have that g(n) > Kn, for
some K € R. Then, if {z,y} C V,, with z ~ y, we have |z — y| = %,
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with j < g1 for all € > 0. Then [f(z) — f(Y)| < ;55 < 755 < =%
Hence, f(z) ~ f(y), and f is S-continuous in the sense of Defini-
tion 2.35 of [6]. As f is finite, by Theorem 2.36 of [6], we have that
°f € Cl—m, 7, (°). Similarly, °(f’) € C|—n, 7], and, using the fact that
Cf) = °(f"), (") we obtain °f € CY([—n,x]). We have °((f)(m)) =
(°f)(m), for m € Z, using Theorem 3.20 of [6], as f(y)exp,(—iym) is fi-
nite, and, therefore S-integrable, with °[f(y/)exp,(—iy'm)] = °f(y)e~¥™,
y = °y’. For the next claim, we have, by Lemma 0.20, that f”n,st(m)
is bounded, for m € Z,, and, by Lemma 0.19, that S,(m) ~ 0. Hence,
again using Lemma (.19, and the estimate on wf], from Lemma 0.16 of

[2];

A [f"(m)+Sn(m)| _ |f"(m) - W
[Fm)] < = = e S we

The rest is clear, from the proof of Lemma 0.16, in [2].

Lemma 0.22. If f : T,, — *C is measurable then;

Q

(i1). [(ZE]™ = v2(m)(f)™ = S,(m)

so, if f is an eigenvector for the Laplace operator, given by Lemma
0.17, with eigenvalue A € *C;

LU (27) 4 (2m)~N) ()™ (@)~ Sy (m) = 0, ('€ Ty \ [~m(1 + 2), 7))

UD™ (7 4 ) — Gy(m) = 0

(/)™ (=m) = gi(m)
(*)

60bserve that fa4d is S-continuous and finite on *[—m, 7] , for the compact
interval [—m, 7], where f*(7) = f(—m), f*%_; ) = flimrm)-

"To see this, observe that we can adapt the proof of Lemma 0.6, taking
G(t) = f'(t), for t € [—m, ), so |G| < L, G is S-integrable and °G € C[—m,w]. We
then have that f*¢"(t) satisfies the defining schema (%), where f**(r) = f(m(1— %))
and fSCh|[—7'r,7r) = f|[—7‘r,7r)~ Then;

Pt =2 f (=) = o (t) = fh (=) = [1 °Gls)ds

Therefore, °f € C[—n, 7], and (°f) = °G = °(f’)
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forme Z,, 2’ € H,.

Proof. The proof that [(%)]m = d[(?xm], for m € Z,, is a simple

adaptation of the proof of Lemma 0.8 in [2], using the new defini-
tion in 0.12. Hence, [(ZL)]™ = L") Using Lemma 0.22, we have

Ox2 dz?
that A(%) = w% f —S,, hence, substituting for m € Z,, we obtain
(2D = w2(m)(f)™ — S,(m). The final result is then clear. O

Lemma 0.23. If {\ a,b} C *C are finite, m € Z, is finite, then if
g € Hy, and g"(x) = (A =42 (m))g, with g(—n) = a, ¢'(=7) = b, then
h = °g satisfies the ODE;

W'(z) = A+ m?)h(z), (x € (=, 7))

with initial condition h(—m) = °a, K'(—m) = °b.

Proof. Let H : *[—m, ) x *C* — *C* be given by;

H(r 2y, 25) = (2, (A — 1 (m))z})

Observing that, H(°T,°x},°xh) = (°xh, (°A + m?)(°x})), a simple
adaptation of Lemmas 0.5 and 0.6, with co(s) = —(°A + m?), H
replacing *G, where G(s,x1,72) = (z2,(°A + m?)x;), and (a,b) re-
placing the initial condition Tz € C?, (noting that, in Lemma 0.5,
°(X(—7)) = (°a,°b)) gives the result.

U
Lemma 0.24. Let {u,e, f} C *C, and let h € 7—[_,7 be the unique so-
lution to % = ph, (), on H, \ [77("77;2),7&, with boundary condition
h(—7n) = e and W(—=n) = f, (). Then, there exist x-polynomials in
AP (2), Q% (2)} C *Cla], with 1 <4 < 2;

N

X

8Given go € ’I—Tn, we can also consider the equation 327}; = ph + go, (%) on
Hiy \ [W(UT_Z),W), with boundary condition A(—7) = e and h/(—m) = f. Then H is
defined by H(r,2',y") = (v, ux’ + go(7)), (check convergence, Lemma ??). The
solution to (x*), with initial condition h(—m) = e, h'(—m) = f, is then given by,
using Definition 0.10 and the method in 0.6;

h(—m)=e, ' (—m) = f

h(=m+m(EE)) = b= + m(2)) + ZW (-7 + 7(£)), 0 < j <=2, (i)
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with h(—r + (1)) = P, (n)e + Q} (1) f
W(=m+7(L) = P}, (e + Q3 (1) f

Moreover, let {\,c,d} C C and let m € Z, then, if g € C®[—m, 7],
and ¢"(x) = (A +m?)g, with g(—7) = ¢, ¢'(—n) = d, then there exists
"e*CNu(N) and h € H,, satisfying the ODE;

W'(x) = (X = g(m))h(z), (x), 2 € (Hy \ [x — 7, 7))
such that *h = g, with h(-7) = h(r — 7) = ¢ and W'(-7) =
with initial condition h(—m) = °a, K'(—m) = °b.
Proof. Suppose {u, e, f} C *C, and let H : H, x *C x *C — *C x *C be
defined by;

W(—m+ m(UE) = 07 + (L)) + Z(uh(—7 + 7(£)) + go(—7 + 7(£))),

. m—w+wg»
(=7 + (L))
c <7‘rgo(—7r+7r )
and;
_ 1
4= (;‘ i)
= (A)I (o) +* Lhy (AY Fep 1, 1< j<n—2

As in the main proof, we obtain that, for 1 < j <n —2;

w; =B diag((mE +1), (2 — 1)) B(wp)

4 Z{leg_ldiag((% + 1)k, (# —1)7")B(eg-1)

b= +7(2) = Ply(me + QL () +* ShoaQ) gy (1) 5o0(~m +7(551)

W(—m+m(L) = P2 (e + Q% () f +* 311 Q3 ., (1) Ego(— + m(E5L))



SOLVING SCHRODINGER’S EQUATION USING NONSTANDARD ANALYSIS27
H(r, 2", y') = (v, px')

The solution to (x), with initial condition A(—m) = e, W'(—m) = f, is
then given by, using Definition 0.10 and the method in 0.6;

h(=r (L)) = h(—m+m(L)+ZH (—m+7(1)),0 < j < =2, (i)

W(—m+r(E)) = W (—m+ (L) + Zuh(—m+m(1)), 0 < j < 2p-2,

(if) !

Wiy = Awy, 0 < j < 2n—2

W, = AW, 0< j < 2m—2

where;

(M)
P~ \Wem ()

and;

— 1 Z
1= (s 1)
n

The eigenvalues of A are given by {%ﬂ +1, %’7 + 1}, with eigen-
vectors {U1, Uy}, where;

(3

and;

so that B AB = dmg(%ﬁ +1, %ﬁ + 1), where;

7= (s va)



28 TRISTRAM DE PIRO

1
5 (1 2)
2 24

w; = Bdiag(™E +1, 2 +1)7B " ()

= Bdiag((™* + 1), (™" — 1))B

[(+5E)+="E)] [+ D) —(1-TE)i)

h(—ﬂ' +7T(1j—7)) = U] 5 n e+ T n f
, 14+ TVEYj (1 _TVEY; 14 TVEYG L _TVEy
Wt w(d)) = P T A, e e

so that;

P2, (a) = (1 + 25 - (1 - =2y
2 () = 3+ 55+ (1 - 22y

...work out G,,, initial terms, formula for A’. Obtain algebraic P, (e, f, 1) =
h(m). Use multiplicity argument to get result, for finite n, and transfer
to get result for 7.

0

Lemma 0.25. Let Ay = {\ € *C,3h € V(H,)z0, h(—7) = h(r(1 —
n)) B (—m)=h'(r(1— ))} then A,\ # 0, and Card(Ay) < 2(2n—1).

Proof. By 0.24, we have that A € A, iff det(B — I) = 0, where;

o= (sl &l

Clearly, degree(det(B — I)) < degree(Py, ,,) + degree(Q3, ,,) <
2(2n — 1) as required.

O

Theorem 0.26. Let notation be as in 0.3. If A\ € Z and g € VAMNT),
then there exists [ satisfying the nonstandard eigenvalue problem from
Lemma 0.17, (with eigenvalue \) such that °f(2',y") = g(z,y), for
(ZE’,y/) € ?7]7 ("L‘7y) S [_71—777-] X [_ﬂ-’ﬂ-] with O("L‘I7y/) = ("L‘ay)
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Proof. Let g1(y) = g(—m,y) and ¢g2(y) = gg( 7,7), and extend the ini-

tial conditions {gi, g2} to smooth functions {hy, ho} on [—27, 27|, with;
{hly h2}|[—27T,—27r+6)U[27r—5,27r] =0
and {hh h2}|[—5—7r,—7r)u[7r,7r+5] - {91, g2}|[7r—§,7r)u[—5—7r,—7r)7 (*)

for some § € Rsg. Welet V) =+ UO<Z<277 1[—27r+27ri —27r—|—27ri+—1)
so that VI = *[=2m,2m). Choose 7/ infinite with 7’ < [ ] — 1. Us-
ing Definition 0.8, we replace 7-[,7 with Hn/, and let {Cn/, Dm} denote
the corresponding - ﬁnite algebras with counting measures {\,, u;?},
defined by Ay ([~ + 7, =7 +755)) = I and g ([=27 + 277, =27 +
2#%)) = 27”, and correspondmg Loeb spaces, (?). We let f € V(T,.,)
be given by Lemma 0.17, for the corresponding eigenvalue problem
on Ty, with initial conditions {hi,,hay} C V(V)), being the mea-
surable counterparts of {hy,hs}. By the choice of 7', we have that
f(z,2r—7) = 0and g—i(x, 2m — 1) =0, for x € H,y, hence Sy, ;1(m) =
0, for m € Z,, * € H,y (), see notation in 9. It follows, using (*)

91t is a simple exercise to verify Lemma 0.9, replacing [—, 71| by [—27, 27] where
necessary. We extend Definition 0.10 in the obvious way to these spaces, and simi-
larly Lemma 0. 12 goes through Similarly to Definition 0.18, if f € V], and m € Z,,

we let f = fv, y)expy( i;ny)d)\;?, so that f(y) = Zmezn f( )e:vpn(zmy).
We deﬁne

Pn1 = %nv Yna = %
Rpya(m) = g f(2m(1— 1)) (eap,(—imm(1 - 2)) — eap, (22 eap, (~imm(1- 1))

R}n 1(m) = ﬁ '(2m(1 - %))(empn(—imﬂ'(l - %)) expn( % )eaxpy(—imm(1 —

)
Ttna(m) = ¢na(m)Ryn1(m)
Sf,n,l(m) = ¢n,1(m)wn,1(m)Rf,n,l(m)) + ¢n(m)R},n,1(m)

As in Lemma 0.19, we obtain, for m € Z,, that f”(m) + Sy,1(m) =
%71(m)f(m). We let T, = Hy x Vi, with the obvious modifications
Wagr My ), Wag.r (V)5 Viug.r (T )}, and obtain corresponding versions of Lem-
mas 0.20,0.21, 0.22 and 0.23. We adapt the notation of Definition 0.1, for

f € C®([-2m,27]) and m € Z, we define the standard Fourier coefficient

F(f)(m) =& E;T f(y)e~ 2" dy, to obtain the analogous result of 0.2, f(z,y) =

Yomez F(f)(@,m)e™.
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and the corresponding result of Lemma 0.22, see footnote 9, that, for
'€ Hy, m e Zy;

LO™ (1) + (@2, (m) — N ())™(@) = Sy, pa(m)
= LU (1) 4 (2, (m) — A)(F)™ (@) = 0 (+%)

We let T = [—m, 7] X [-2m, 27], and extend g to et € C(T), solving
problem on 7T, with g, € C*(|—2m,2x]), for z € [—m, 7], (1), (check
this), and geyt,—r = 1, (8%?'5)4 = ¢, 0 that gew|r = ¢g. Then, for

x € (—m,7m) and m € Z;

(F(geat))tee = MP(F (Geat))™ = MF (gear))™ (4 *)

with initial conditions;

(F(gear))™ (=) = F(ha)(m)

(F(geat))7 (=) = (F ()™ (=) = (F(ha))™ (% )

Using (#*) and the corresponding result of Lemma 0.23, we have
that, for m € Z, fi,, : [-m, 7] — C, defined by fi,.(z) = °f™(z),

°z' = x, satisfies the differential equation (f1 )z — m?f 1m = AM1m,
with initial conditions;

Fum(=m) = °(f™) (=) = °(hy (M) = F () (m)

(fl,m)x(_ﬂ) = O(d(ﬁm(_ﬂ)) = O(%A)m(_ﬂ) = O(hAZn(m)) = "r(hZ)(m)

(3 s % % x)

where we have used the fact that {hy,, he,} are S-integrable. Com-
paring (x * %) and (* * * % %), and, using Peano’s Theorem, we obtain
that f1,, = (F(9))m, for m € Z. By 4, we have that, for = € [—7, 7|

2
and m € Z;,go, |(]:(gg;))(m)| < % < B where E = ||g_ngC(T)'

m27

Then, using Lemma 0.19 and footnote 9, we obtain that, for 2’ € H,,
m € Zo;

(fo)"(m) = 21 (m) fur (m)
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°(fo)(m) = =m? fo(m) = —=m?fo (') = —=m?(F(g))m(°2")
°(f2)"(m)] < m?Sg- = Cey

|(far)"(m)] < Cogr +1

and, for m € Z;

3 )" (m Co 41
[ o (m)| = el < oy < B (89)

where € € u(0), D € Rug and D > 2(E + 1) > 2(Copr + 1).

For given m € Zy, we let ¢(m,n) € *N <1(8)-1 be minimal with
the property that;

|77f($,m)| S%,forxeﬁn,,7¢(m n)<77”< [2_7]]_1

By the above ¢(m,n) exists, for all infinite n € *N, hence, by under-
flow, there exists a finite n(m), (need independent of m, work through
calculation (fff), using explicit expression for 1, 1 and { P}, (), Q5 (1)},
for given j, when n, 4 are finite. Use fact that these are polynomials in

;’7%? (check this), hence can remove the dependence in u with 1 to get
a uniform bound.), such that, for all k& > n(m);

e f(z,m)] < L for w € H,, p(m, k) <r < I[Sk] 1.
Then,;

R I[: (]Vm E) Z40)(Fn(m))(VE > n(m))(|r.f(z,m)| < L2 € H,, ¢p(m, k) <
r< 1

By transfer, if m € Z, 4,

------- Let g1(y) = g(—m,y) and gao(y) = §2(-7,y). Let f € V(T,)
be given by Lemma 0.17, with eigenvalue A and initial conditions
{g1,92} € V(V,). We have that f satisfies the equations in (%) in
Lemma 0.22, and F(g) satisfies the requirement in lemma 0.3. In par-
ticular, for m € Z, we have that;

LI (21) + W2(m) — \)()™(2') — Sy(m) = 0
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(F(9)i —m*(F(g))™ = A(F(9))™, on (=7, )

rxr

Sketch proof...
Extend i.c’s {g1, g2} to smooth functions on [—27, 27|, with;

{hla hQ}|[—27r,—27r+(5)u[27r—5,27r] =0

and {hh h2}|[—5—7r,—7r)u[7r,7r+5] = {glag2}|[7r—5,7r)u[—6—7r,—7r)7 (*)

for some § > 0. Alter z-step, to get f(z,2n(1 — 7]) Sz, 2m(1 —

%)) =0, forz € 7-[,7, so error term S, = 0, (as in [4]

)

)-
ing Lemma 0.19, adapted to include error term, °(f(m)) = F(g)(m)
for m € Z. Moreover, by (x), we have that f |[—m,m) solves origi-

nal problem. Have (de)(fn)( m) = (de)(fn)(m) < C’ (C finite), a

maz(hy(m), hjg( )) < D, for m € Z, and sine/cosine solution to
z”—i—(/\ m )z—O FormEZ \Z consider {n:ME (¥Vme(N)):

(d:@)(fn)( m) = (d:ﬁ)(fn)( m) < C (C finite), holds for all infinite n,so
for n > k, transfer to get result for m € Z,. Gives decay rate for

me Z,\ Z, < #, by Lemma 0.15. Then °f = g, and, therefore
Of’[—w,ﬂ = J[-n,x]-

ence us-

O
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