ELECTRON BUNCHING

TRISTRAM DE PIRO

ABSTRACT. We consider a theory of electron dissipation in terms
of martingales and derive the time evolving probability distribution
of the process.

Definition 0.1. We let p,v C *(N)\ (N),
{v,n} € *(2N)\ (2N), and p = logz(7), v = loga(n). We adopt the
notation of [2], Definition 0.1, with (Q,,Cy, i) and (T,,D,, \,) denot-
ing *-finite measure spaces, and (Q,, L(C,), L(1,)), (T,, L(D,), L(\,))
the associated Loeb spaces. We adapt Definitions 0.2 and 0.4, of [2],
by defining x : Q_n xT,—=*R;

(@ t) =10 XM wi(x))

where, in this case, w; : C, — {0, —1} is the projection onto the j'th
coordinate of sequences in C,,, consisting of 0’s and —1’s, (*)

v =2, n=2" so that
)

More generally, if d € * is prime, we let 7y = d” and let;
Zi={re*Z:0<x<d-1}
Z,={re"Z2:1-d<x<0}

Cap={z€*2":2(j) € * 24,1 <j<v}

We let (Qy,,,Cy., tin,) be defined as in Definition 0.1 of [2], with 74 replacing 7,
and corresponding Loeb space (L(,,), L(Cy,), L(ty,)). For 0 < i < d—1 and
1<j<v-1, weletw;: Cqp, = *Z; be defined by w;(z) = —2(j), and let
wj : Qy,, = *Z7 also denote the composition w; o 1, where 1, : Q,, — Ca,
associates = € Qi,,d with the d-adic representation of [ngz]. For 1 < j < v —1,
we let p; : Q,, — *Z7 be defined by p;(xz) = 0 if 0 < |w;j(z)| < ¢ — 1, and, by
pi(z) = =1, if ¢ < |wj(z)] < d—1, where o« = <, and let B = 1 —a = 4~
We set xo(z,t) = ( Z[Vt]luj( )). It is easily seen that {u; : 1 < j < v —1}
forms a *—independent identically distributed, sequence with E(u;) = o — 1 and
Var(u;) = a(l — ).
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We let (Povy, Eovey, Ou pov~) denote a new *-finite measure space, where,
as above;

Py ={z € "R :0 <z <1}, Eny consists of internal unions of
the intervals [237, %), for 0 <i <2y —1, and, for0 < a < g <1,

with o + B =1, {a, B} CT*R;

0oz ([3, 51)) = o i € *(2N), 0 < i < 2%y — 1

Oop2vn([3: 52)) = 5o i €*(2N +1), 0< i <27y — 1

We let (Povry, L(Egvry), L(0a5.2v4)) denote the associated Loeb space.

Lemma 0.2. The standard part mapping st : (Povy, L(Eavs), L(0a.g2v+)) —
([0,1],B, 1) is measurable and measure preserving, where p denotes
Lebesgue measure and B is the completion of the Borel field on [0, 1].

Proof. Letting § = ny, if {m,n} C N ,{a,b} C [0,1) and [[5(“(;%)]’ W’;i)]) c
[0, 1], then;

[b(a—)] [6(—1)]
90‘75’21"\/([ ) Y ) ))

o 16(b—L)]—[6(a—2 5(b—L1)]—[6(a— 1
:%([( m)]z[( n)])_’_%([( m)} [6( n)])

_ [B—)-[(a—3)]
5

2b—a+%—

L
m

1 1
Hence L(Qaﬁguv)([[n%z;ﬁ)], [W(Z;W)])) =b—a+ < — =, The result

then follows from the proof of Theorem 6.7 in [3], see also [1].

l

Definition 0.3. We let (Ty4,, Dyip, Ayp) denote another x-finite mea-
sure space, where;

Typ={te " R:0<1t<14 ety

Dy, consists of internal unions of the intervals [, 1) 0 < k <

v+p—1
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)‘V-i-p([k @)):%,ngng-p—l

v’ v

Again, we let (Ty4,, L(Dy4,), L(Av+,)) denote the associated Loeb
space.

We let x : *Ni<j<, X T, — ?2,/7 be defined by;
(s, £) = x(554 5) — (5 )]

For given (x,t) € (Pav,y x T,), we let;

Ty = {5 € "Nigjey : 2(s, %) = 20}

and define N : ﬁguv x T, — *ngjgn by;
N(z,t) = (*Card)(Jzy))

Q : Fgupy X T,, — *N1§j§77 by;

Qa, 1) = ¥

It is easily checked that N and ) are measurable with respect to

52”"1 X Dy, F) .
We define a filtration {€5,,: 0 < k < v+ p—1} on Py, by letting
5’27 be the x-finite algebra, generated by the intervals;

2In general, we let x, : *ngjgn x T, — ?gw be defined by;

ma(sa %) = Xa(sgla %) - [Xa(%v %)]

For given (z,t) € (Pav, x T,), we let;

Joyz,t = {se *Nlﬁjﬁn Tal(s, [tTV]) = [g%]}

and define Na :?gu,y X TV — *Nlijﬁ”] by;
Na($7t) = (*Card)(J(x,t))
Qa :PT"Y X TV — *ngjgn by;

Q) = Ferd

Td

It is easily checked that N, and @), are measurable with respect to vy X D,

3
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{[QV—(zﬂ)w zuj(til)r)) 0<i < QV_(k+1)’Y -1}

Lemma 0.4. Let N be given as in Definition 0.3. Then, for 0 <1 <
7_2,O§kSV—2,
N(E, £y = JN(EL ) + N, 5))

v v

N('yfl k+1) —

(N(0,3) + N(%+.3))

1
2
and similarly for Q).

Proof. The proof is an easy consequence of Definition 0.3, (%). 0

Lemma 0.5. Let N be given as in Definition 0.3. Then, there ezists
N : Py xTyiy — *N, such that LN is a nonstandard (reverse time)
martingale, in the sense of Definition 0.7 of [2], with respect to the
filtration, {€5,,: 0 <k <v+p—1}, and;

N =N(,5),0<i<y-1,0<k<v-1

v v
Proof. We define N inductively as follows. Let;

N(ZE, V__1> = N(ZE, V__1>

v v

Suppose N has been defined on Pav, x (T4, N[22, 1)), for some
1 <k <v-—2, then let;

N(L E):N(%,f),forogigfy—l

v

=

= i(er =Y 11 g . k ]
(%a;)=1\’(%7;)7f0r0§2§7—1

=

(2”_(2’“5“)7’ é) - N( 2”—(":“)7’ %)7 N(zvgfljfl)y’ é) = N( 2u—(1§+2)'y7 %)

for 0 < s < 2-1, with {2s,2s+1}N{i(2v-¢+D) (27~ kD) 41} = 0,
for0<i<yrv-1

3 We have that, for 0<i<~y—2,0<k<v—2;

hily og]\foé(%7 By 4+ (1 - a)Na(%, %)

14

Na (55, 55 = aN(0, ) + (1 — a)Na (35, £)

77;

and similarly for @,
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Then define N inductively on Pavy x (T4, N [1, 222)) by;

N(@ V_+S) — l(ﬁ(%) u+s 1) + N((21+1)(2 )’ ,,+s_1>>7

vyl v 2\ v v v
forOSsSp—l,OSZSQS%—l.

and letting N(x,t) = N(%, ['f}) for (z,t) € Povy X Toypp.

By construction, for t € Tl,+p, we have that N4 is measurable with
respect to the algebras & [lﬁg, giving condition (¢) of Definition 0.7. Us-
[v1]

Eyly) =
Npupyg,for0<s<t<1+ 1092( )| giving condition (i) of Deﬁmtlon 0.7
in

ing Lemma 0.4 and the construction, we have that Fov., (N[ys]

v

[2]. A simple calculation gives that;
E2"7(NVT*1)
L x S o< v N(i V_—l)
2V 0<i<y—1 ¥ v
= %* ZogigwlN(%’ VT_l) = %
By condition (i7) of Definition 0.7 in [2], we have that Ey.. (N us]) =

g - %7 and Ezw(gluNM) =1, for0<s<1+ %, SO condltlon
(

i1i) of Definition 0.7 holds as required, (*).
U

Lemma 0.6. Let H : ﬁgu X T,,er — *R be as in Definition 0.11 of
(2], with respect to 5 2N, then, for k> p;

H(E, 20 = o p = T (N (2, 2 N (3, wsfitl)

'Y’

Proof. We have that;

4Deﬁning N, in terms of N,, with the same definition, we obtain that N, is a
nonstandard (reverse time) martingale, in the sense of Definition 0.7 of [2], with
respect to the measure 0, 52v~. We have that;

Ba,p2(Na) = Ty Zogigv—ﬂl’N(%» L) = %

Eo 20 (52 Na) = 1



6 TRISTRAM DE PIRO

H(L, ey - =12 (N(L, vip—(42)y N(;’Vﬂ; (k1))

’Y’

and;

QL LM) —Q(L LM)

v’ v 7’ v
= H(QUiEL, el o (2, sy _ (i, viesfhed)
7 v+p—(k i v+p—(k
= L(Q(i, ) (L, ()

N(é: V—i-p—y(k-i-l)) _ N(l I/+p—(k‘+2))

= S(N(, =) - (G, =)

(N(MH V+p*(k+2)) N( 2V vtp— (k+2)))

1
2 2V v 2V v

H(%, l/-l-p—y(k-l-l))

~2vitl vip—(k N2 vip—(k
:\/V+p_12V11(N<22V:/17 +p]/( +2)) N(SVW’M))’ (5>

O

Remarks 0.7. It is straightforward to show that we can find {p,v} C
NAN with /v +p =152 = cpp, for v =2°, and 1 < ¢,, < 2.
Then, for this choice of {p,v}, we obtain;

Tr(i vip—(k+1 N 2vitl vtp—(k+2 Nr(2vi vip—(k+2
H(aw):%w(]\](?zvﬁv +pV( +)) N(22V77 +py( +)))

Tomorrow:
(i). Reweight measure to get martingale condition with o = (3 — €),

B=(+e

(ii). Check this specialises to Lebesgue measure.

5

Let H : Pyvy x Tyy, — *R be as in Definition 0.11 of [2], with respect to
ﬁﬁa, then, a similar calculation, shows that, for k > p;

T(i vte—(k (2% v4p—(k vi v+p—(k
H(s, #5)) = o p = Topo (N3, i) — N (3, i)

2V v

=
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(iii). Construct random walk with «, § probabilities, use € € *Q,
a=35 8= d%‘:, d-adic representation of *[0,1], same time step %,
replace 2 by d, n = d".

(iv). Choose € to get rid of constant term /v + p — 1%. (now need
d” electrons but p = logy(1/V) stays the same. Derive equation for d.

(v). Use footnote and calculation of N, to get (N(Zitl vte=(ht2)y

2v\/v ) v
—-— vy v —(k+2 AT Ve v —(k+2
N(g2k, ey o N (2L, o) ()

(vi). Alter last step in construction of N to get (*) holding every-
where.

(vii). Martingale representation theorem gives dX; = ¢X;dW,, solve
for X; and use Fokker-Planck to derive probability distribution.

(viii) Nonstandard formulation of Fokker-Planck.

Lemma 0.8. Forl <~y —1;

N by=cl_ | 277 ify—(1+1)<j<~y-1

v y—1—j

N(L LD =0,if0<j<y—(l+1)

‘v

Proof. The proof is clear from the definition of N, and a simple tabu-
lation. 0

Lemma 0.9. Ifk > p, v <yandy—(v+p—(k+1) <j<vy-1,
and H 1is chosen relative to N, then;

H(L V+ﬂ—(k+1)) _ V12D P2y —1—g)) —(vp— (k1) ~wtp—(k+2)
7’ v o (v+p—(k+2))—(y—2—7) ]

Proof. By Lemmas 0.6, (kK > p), 0.8, (v < ), and footnote 16 for
k > p, we have that;

H (L, wre=lbrl)y — x/vzﬁ (N(Zitl | vho—(ht2)y (20 vio—(b42)y)

~) v Wy ) v PR v

_ Vr¥p—1 J+1 vdp—(k+2)\ i vtp—(k+2)
- 2 (N< v v ) N(ﬁ/’ v ))

vt p— v+p—(k+2 v+p—(k+2 —
_ v J;p 1(07_5_]( )_Cv—f ( ))2(k+2) )
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:_\/mg(mz)fp( 2(y—1—4) __ (vAp—(k+2)+1 )Cu+p—(k+2)
2 (v+p—(k+2))—(v—2—3)  (v+p—(k+2))—(v—2—j)/ ~7—1=J

_ o120 (1)~ (vtp— (k1)) o+ p—(k+2)
= o (h+2))—(—2-7) y=1-j

O

Definition 0.10. X : Q_n x T, — R_n/ be measurable with respect to
(g X A). If {t1, o, ts} C T, with Mol < Wl Wl () “ype define

the joint cumulative distribution functions Py, 4,4, @ (Ry11)® — *[0,1],
Qut : (Ry+1)? = *[0,1], 1 <k <1<3, Ry : (Rys1) — *0,1],
1<k<3, by;

Pt1,t2,t3 (mlax?a x3) = Mn(mlﬁkﬁ?)(XM < l‘z))

Qs (@i, 1) = (X < 2p) N ( Xy < 7))

v v

Ry, (1) = pn (X ey < ap)

v

~—

and the joint density functions py e @ (Ry+1)® = "R, @y
(an_l)z — *R, Tty - (Rn/+1) —*R by,

& (P )
P oY t1,t9,t3 oo
pt1,t27t3(x17x2=x3> 911012073 (1‘1,[E2,I‘3)

52 Qt,.,
Qo (@} 7}) = Tpitt) (g1t

dR
ro (@) = Wt,f(%)

where the derivatives are defined as in [4], (°)

60bserve that the partial derivatives commute and the choice of 7’ + 1 ensures
that;

Sy b = Sy Gt = Jom oy Pt ta ity = 1,

for 1 < k < 3,1 < k < I < 3. DMoreover, we have that, for
T € Ry \ [, + 1), letting K =0’ + 1;

f(ﬁ) Gty (T, o) dp (1)

=" 252_2 BQ(th,tl)(xk l)

i=—r? Bdx} Ox] '
2_, . ) )
= 77* Z?:-R2712(th7tl (xk + %a %) - thﬂfl (xk + %7 %) - th,tz (l’k, %)

8
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For {z, x4} C Ry, with g ,(x7,25) # 0, ry,(x5) # 0, (xx), and
{t1,t2,t3} C T,, satisfying (x), we define the conditional density func-
tiOTLS, pt3|t2,x’2,t1,x'l : R?],-Fl — *R7 Qt3|t2,x’2 : R?],-Fl — "R by7

! !
__ Pty ,ty,t3(27,25,73)
Ptslto,zl t1,2) (73) = Gyt (@)

Gt tg (Th,23)

Qt3|t2v$/2 (373) - Tiq (2h)

We say that X is a nonstandard Markov process, if, for all {t,,ts,t3} C

T,, satisfying (x), and {z, 25} C Ry, satisfying (xx), we have that;

ptg |t2 ,.I’2 ,t1 ,Z"l = th [t2 ,1"2

or, equivalently, with the same conditions (x) and (*x);

Pty 23 (xlla '7/27 x3>rt2 (xIZ) = Qtyt5 (13/2, $3)Qt2,t3 (17117 :LJZ)

Lemma 0.11. Let Y : Q_n — R_n’ be measurable, with associated ry :

Ry+1 — *R, and let V € C*(R) be right analytic, with |22X| < Km!,

form € Z>¢ and some K € R, and let V1 be the measurable coun-
terpart 0f*V|ﬁ, then;
n

E,(Y) ~ fmxn“rlﬁ”d)‘n“rl
E,(Viypa(Y)) =~ fm ViparydAy
The same result holds if Viy41 is measurable, with |%| <K.

Proof. We have that;
If Vn’+1 > 0;
fm ‘/:,]/+1Tyd/\n/+1

+th,tl (xkv %))

= %(_th,tz ('rk_‘_%v _H2)+th7t1 (xk""%a H2_1)+th7tz (mk’ _"{2)_th¢1 (xk, K-
1))

= L(Ru, (z + 1) = Ru(@n)) = T (an) = 7o, (@)
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- #* Zf(n/+1)2§j§(n/+1)271Vn’“(#)W(#J
T)

=" Z—(n’+1)2SjS(n’+1)2—2V;7'+1<#)<Ry(n Ry(n 71 )

* 1
= Z (n'+1)2<j<(n'+1)2— QVn +1(7, +1):un(,7 '+1 <Y< Tj]il)

= 1*2 (' +1)?<j<(n'+1)?—-2 ZzeJ 77+1(Y)(:7)

where J; ={i € *ZN[0,n—1]: Y(%) € (nil’ 7;111]})

= %* Zogign_1%’+1<y)<%> = ETI(‘/H’Jrl(Y))

Y

* 1 j+1
<T2- (' +1)2<j<(n'+1)>— o Viy ‘*‘l(nil)'u”(n EEE Y=< ﬁH) =9

Then |0 — 7|

= ’*27(77’+1)2§j§(77’+1)272(‘/;7/+1(%) - V?WH(#))UU(# <Y <

dv, ;
S n’+1 D3N (' +1)2<5<(n'+1)2— 2| n/H'(n’jJrl)“n( s V< n+1)

K+e
< Bt~

10
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where € € R~g, as p,(Q,) = 1 and dV”’“ ~ (BY), 41, (7). Hence,

E,(Vy(Y)) ~ fRi,H Viys1rydAy 1. For arbitrary V41, we have;

By (Vi (V) ~ fm Vo arydy 41

E, (Vo (Y)) ~ fm ViarydAy 41

Ey(Vya(Y)) = Eg(Viia (V) = Ep(Vy (V)

n'+1 U]
= fR 1TYd)‘ +1 T fR Ty Ay
= fR Virary dAy 1

as required.
O

Lemma 0.12. There exists W € C*(R), which is right analytic, (*),
K >0, such that |57 | < K, (°), form € Z5o, and, limjy oW (z) =

7 We have, using the assumption of right analyticity, that, for ¢ € R;
[V (zo) — V(zo + %)|

Dv7Y‘L
o —m |W(m0)|
< Zm:l n m!

o0 — K
SKZm:ln "=

n—1
and

20+ L1)-V(z
%(xo) _ V(zo+5)-V( 0)|

—  3H

< Zm . —(m—1) m!(wo)\

S KZ?::Q n_(m_l) — K

n—1

Then R |= (Vz € R)(Vn € N)(maz(|BY — L= |V — Vehiay < ), hence, *R
satisfies the transferred statement. In particular, for any infinite n € *N, we obtain
that (8Y), ~ dd‘; ,as 2= ~ 0, and *(8Y) is S-continuous on *R.

n Dx
8B Wthh we mean that, for any zg € R, there exists h > 0, such that
y y
W‘ézo,ro-&-h) is defined by a power series.
We define % inductively, by setting;

D™t 7. " (zo+h)=D™ (z0)
Dxpmt1 (330) - lzmh—>0,+ h

11
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lim‘xHooW’(x) = 0. In particular, for infinite n, (X)), ~ (dZ”), and,

Dx

(d Wiy

moreover, (ZW), ~ (TV)

Proof. Let Wi(z) = >0,

W"(x) = Y0y i(i—1)aa’
WA(-1) = (WEY(~
M (@) = by, (%) where;
1 1 1 1
0o 1 2 3
— 0O 0 2 6
M=1y 1 1
0 1 -2 3
0O 0 2 -6
and
1
—1
- 1
1
bo = = 1
1
1

) on R,.

alx' with@ C RS, then W'(z) = 37_, daa’",
~2. The condition that W{(1) = (W7)"(1) =

1) = (WEY(—1) = L, (WEY(1) = =2, is given by

1 1
4 5
1220
1 -1
-4 5
12 =20

The equation () is solvable, with solution @, as M is invertible. Let

W(x) = W% (2), if |z| < 1,

W( )=e " ifx > 1, W( )—e ifr < -1,

then W € C%*(R), and is rlght analytic as {e ™| (1—c.00), €7 (=o0,—1)> Wi°|(1—e1) }
are analytic, for e > 0. We clearly have that;

| B | =W = (-

Dax™

Dme | <1, (x > 1)

| B | = W] =e?| < 1, (z < 1)

Daxm™

Bt = 1) ™| < matger-11,0emss (|(W7°)™]) = K7,

Dxm™

(x € [-1,1))

as 22002 — 0 and (W)™ € O([—L,1] for 0 < m < 5. Taking

D2ab

K =max(1, K;) gives |52

V< K, for m € Z5y. We clearly have that

lim)g) oW () = limig W' (z) = 0. (M)77 ~ (dd 1) follows from

Dx
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footnote 7, in Lemma 0.11, or by a simple calculation, (*°) Moreover,
(B )y = (g
Dz2 /1 dx?

) is again a simple calculation, see footnote 10.

U
Lemma 0.13. Let ty € [0, 1], then there exists Vi, € C?*([0,10]), which
is right analytic on [0,ty), and K > 0, such that |DDI‘2°| < Kml, for

m € Zsg, and V3, (0) = Vi, (to) = 0 and Vi, (t) > 0, fort € (0,ty). In

particular (D;/;O )y d(‘gf)” , on (T, N*[0,t0)).

Proof. Let Vi (z) = sin(77), then clearly V;, is right analytic, V;,(0) =
‘/;f()(tO) = Oa ‘/to(t) > 07 for t € (Oat())? and;

1DV ] < (2)™Vi| < (2)™ < (2)*ml

to

where a € Z-¢, is chosen so that a +1 > % The last claim follows
from footnote 7, in Lemma 0.11, or by a simple calculation, ().

10 Namely, for zo € Ry >1;
St lag = n(eap(= (15l + 1)) — *eap(~(1eh))
= n(*exp(—1) — 1)*eap(—(122ol))
~ —*eap(—(129)), (as p(*ep(=1) — 1) = —1, and [*exp(—(22e))| < 1)
= (%)n(ﬂﬁo)-

A similar calculation holds for zyp € R, <1. For 29 € (R, N *[—1,1)), we have
that;

A(Wy%)y |
dz o

= n(wie (el 4 1)) — e ((lely))
= (X0 aio(zt (I 4 1)) — wgi((Lelyy))
= (30 i0(S5o(CO a7 ((Rel)) e (1) — =g ((Lely )

~ (Y0 ai0)ita’ ™ (1))

UThat (V). (t) = “Im(exp, (if-t));

13
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U
(**)
m *Im(u(*exp(%(@ +1) - exp(t—”(@))))
= *Im(v(*exp(iE) — 1) exp(ix (1))

~ *Im(izeap(4£ (42)))

T * T |V DVt
= Zrcos(Z ) = (Z50), (1)

12Not sure about this....

Lemma 0.14. There exists W € C®(R), with limg_W(z) =
lim‘w‘_moW’( x) = 0, such that, for infinite 7, (‘%f%7 ~ (dgz"), and, moreover,

2 d>W, =
(ddTVX)ng( dz)oan'

Proof. Let W(z) = e=*", so that W = _2ze~ @* and ddW = —2e7 4 4a%e ",
Clearly, lim |0 W (x) = limzocW'(2) = 0. We have that, for infinite n and
Xo € ﬁn;

T (w0) = (" erp(~(5 + %) —eap(—=(52)")

= (veap(~(1%51)?) (n(*eap(—2( 1) — ) — 1))

Using Taylor’s Theorem, we have, for n € Z>; and x € R, that;

_oz _ 1 2L 4 m
n(e 277, n2 — )_an 1#
(_1)7n(2%+$)7n
=2t
z _ 1 1\m
(e 2% 7 — 1) 4 22| < Ly Cotu)

O

Lemma 0.15. If W € C*([0,1]) and analytic, K € R, with |%Y| < K, for

dx™
2
m >0, then, for infinite n, (4% ), ~ % and (‘{jxvg)n s ddEZ”-

Proof. The first part follows from footnote 7. For the second part, we have, if
xo € [0, 1] that;

(Ll )ioh 3 (wg) = n2(W (o + 1) — 2W (o) + W(zo — 1))

(%QIV;/)(:EO) =2n2(W (zo + %) — W(zo) — W’(xo)%) + O(%) (analytic)
(B ) (o) — (L) M (o)

:2712(W(350+%)*W( 0)— W’(ﬂfo)%)* Q(W(T/OJF%)*QW(%)JFW(ZFO*%))

14



ELECTRON BUNCHING 15

Lemma 0.16. Let X : Q_,, x T, — R_nr be a nonstandard martingale
in the sense of [2], with E,(X;) = 0, for t € T,, where |X| < 7/,
n=2", and v € *N \ N, with associated H : Q_n x T, — Ry, where
n' = [2—\}; + 1], such that H*> = 2D(X,t), where D : R,y x T, — Rym,

/"

with 0" = ("), then the nonstandard cumulative probability distri-
bution p : Ry x T, — *[0,1], defined by p(z',t) = ZEP(a’,t) where
P(x,t) = py((Xpy <)) satisfies the differential equation;

— (W (@0 + &) = 2W/(50) 4 = W(ao — 4)) + O(})

n

=0 (W (xo + ) = W(wo) — 2W'(w0) 37 + W (x0) = W(zo — 1)) + O(;)

n

Ish,X ,
= n( G — W (wo)) +n(Ge=""" = W(x0)) + O(3)

Using footnote 7, we have that;

W' (o) — 921 < 755

dx n—

Hence;

2 2 sh, L n
(%) (o) — ()" (wo)| < 35 +O(3)

It follows, (using transfer), and (%)“h’% o~ dz;/g", that, as (dj,TVzV)n is bounded,
2
G, = ddz'g” is bounded, hence S-integrable. We have that, for ¢ € *[0, 1];

dw, aw, t d?w, t
da:7 (t) - d:r77 (0) = Jo d$2n d)\” = fO Gﬂd)\l’

Using the first part, we have that;

(DY, () — (4Y),(0) = [5 Gpdy

Taking standard parts, we obtain that;

(DY) (©t) — (4X)(0) = [ °GpdL(\y)

By the FTC and the fact that st : (*[0,¢],L(\,)) — ([0,t],du) is measure
preserving, for Lebesgue measure du, we have that;

ci

(2) (1) — (D)(0) = fy (L% )dp = [y (°(LHF),dL (M)

Hence, fot(oG77 - O(ﬁw‘{_‘,/)n)dL()\,,) =0

It follows, as t € *[0,1] is arbitrary, that G,, ~ (d;g)n as required.

15
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9  9(Dp) _

B_Zt) - (9&:gj =49

where the partial derivatives %, a% are defined as in [4], and g : R_n/x
T, = *R, with |glv,, .| < € withe ~ 0, and (py xA\)(Ry x T, \ Ue))
0.

Proof. For ty € [0,1], let V;, € C2([0,t]), as in Lemma 0.13, (**), with
Vi (0) = Vi (to) = 0 and Vi, () > 0, for t € [0,t0]. Let Wy (z,t) =
Vi ()W (z), where W is given by Lemma 0.12, then W;, € C?*(R x
[Oﬂfo]), (14), WtO(ZL’,()) = Wto(l’ to) = 0 for z € R WtO(ZE t) >
0, for (z,t) € (R x [0,%5]). We have that |DWt0| = Vi l|B%| <
K, and, for t € [0,%o], lim|p—ocWi (2, 1) = lzm|mHOODg; (x,t) = 0.

2
Let {*W,,,* 20t «DWio «D Wiy .« 5 #[0,¢] — *R denote their

Dt ° Dx ’ Dzx?
DW; DW; D2W;

transfers, and {Wyya,, (F5%) w15 (pa )+, (Tpz® )1} Raypqa X
Toto — Rym denote their measurable counterparts, (**). Let S, :
Q, x T, — R,m be the measurable function defined by Sy, (z,t) =
Vipar+1(X (z,1), 1), then, we claim that, for ¢ € (u(to) N Ty, );

8\/% 82 Vi
Stoar (@) 2 [T 152 )yt | (X w,5),9) + DG 41 (X (w5).0)]dA ()

th
+fo ol 1] (X (2,5),9)AX (T, 5) (%)

(Truncate functions appropriately and use [3], proof of Ito’s lemma,
(AB) gives dt,dW terms, (B) gives square term in dt, Dy = t, F =0,
D, =0, F} = fo (t,z dX (t,x), cross terms and error terms vanish up

to ~, to get (x).)
Follow proof of Rouah

From (x), Definition 0.7(ii), the assumption that E,(X;) = 0, Lemma
0.11, (obtain bound in ns derivative of D term, for suitable choice of v

13By which we mean that Vi, € C([0,t0]), V(o.t,) € C?(0,tp), and the derivatives
{ (it"} extend to g;, € C([0,%0]), for 0 < ¢ <2

4By which we mean that Wto € C(R x [0,t0]), Wislrx(0,t9) € CF(R x (0,10)),
and the partial derivatives { 8t18m1°} extend to g; j, € C(R X% [0,t]), for 0 < ¢ <
1< 2.

5Here, 7.+, denotes the interval [0 [ “’071'7]“) with the x-algebra A;, generated by
) and measure )\, defined by A, ([, £51)) =

no

internal unions of the intervals [17
oo for 0.<j < [ton/]
16
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and p..D(z) = o ),n'?, we obtain that;

1/+p 1
tor, OVz 0?Vi,
En(5t07n’($’t0) = En( 00[(3_,50)77’-1-1‘( X(z,s), S)+D( 9x2 )77’+1|(X(x,8),8)]d)‘u(3))

B (f5° H(%0) 1] (xmrs).0)AX (2, 8)) ()

tor, OV 92V,
= Ey(Jo (G2 w41l (x@s).s) + D)+l (x(25),9)|dAw (5))

av 02V,
= fRn/-H 0 az )1l (x (9,5 +D( Bxgo)7],+1|(X($15)75)]p('r7 §)dA, (s)d Ay 41 ()
AV, a2 oV,
Observe that [(25 ),y —(52) | @y < e, compute [(25), —(FZ) | @)

2 0%V, oV, 2 9%V,
(5w — (G oy Alter = (57 ) rto (), (G)y to (3 ), and
use ns integration by parts.

to obtain;

fR / nyo<t<t (x t)( — axQ 2N, du,y =~ 0, for all t; € T,. Use
propertles of Lebesgue measure and continuity of V', to get (A, X
oy )((a > 1)) < L. where a(z,t) = g—i - aéfzp), giving result.

()

16 We have that;

! n!

Chn=Chpr = (n_Zi;)!m! T n=(m+1))(m+1)!
_ n..(n—(m-=1))  n...(n—m)
m! (m+1)!
_ n..(n+l—-m)(m+1)—n...(n—m)
(m+1)!
n m+1 n—m
C (7)n+(1) :
= Che- i)
Cho ol (n—(mA1)maD)! _ (metD)
Chii— (n—m)im! n! — (n—m)
n n m+1 n
Cn = Cpyy = 22— Hr)eny,

= (Q(grjnl)) a ((;ir:@)))cﬁzﬂ

Then, for n >>m, C}, - C}, ., ~—-C} .1, Cp = C}L ~CJ

17
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