A SIMPLE PROOF OF A MARTINGALE
REPRESENTATION THEOREM USING
NONSTANDARD ANALYSIS

TRISTRAM DE PIRO

ABSTRACT. We give a proof of a Martingale Representation The-
orem using the methods of nonstandard analysis.

We introduce the following spaces;

Definition 0.1. Let v € *N \ N, and set n = 2. Define;
Q,={re*R:0<z<1}

T,={ze"R:0<z<1}

0 <i<v-—1, together with {1}

We define counting measures i, and X\, on C, and D, respectively,
by setting un([%, %)) = %, M((2, 2] =2 and A, ({1}) =0

We let (Q,),Cp, i1y) and (T, Dy, \,) be the resulting *-finite measure
spaces, in the sense of [4], and let (0, L(C,), L(py)), (T, L(D,), L(\,))

be the associated Loeb spaces.

We let V(Cy) = {f : Q, = *C, f(z) = f("2))} and W(C,) C V(C,)
be the set of measurable functions f : Q_n — *C, with respect to C,, in the
sense of [4]. Then W (C,)) is a *-finite vector space over *C, of dimension

n, (). Similarly, we let V(D,) = {f : T, — *C, f(t) = f(@)} and

1 By a x-vector space, one means an internal set V', for which the operations
4+ :V x V — V of addition and scalar multiplication . : *C x V' — V are internal.
Such spaces have the property that x-finite linear combinations *¥;crA;.v;, (%), for
a *-finite index set I, belong to V', by transfer of the corresponding standard result
for vector spaces. We say that V is a *-finite vector space, if there exists a *-finite
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W(D,) C V(D,) be the set of measurable functions f : T, — *C, with
respect to D, in the sense of [4]. Then W (D,) is a x-finite vector space
over *C, of dimension v + 1.

Definition 0.2. Given n € N~g, we let Q, = {m e N : 0 <m < 2"},
and let C,, be the set of sequences of length n, consisting of 1’s and
—1’s. We let 0, : Q, — N™ be the map which associates m € Q,
with its binary representation, and let ¢, : 2, — C, be the compo-
sition ¢, = (v o 0,), where, for m € N™, v(m) = 2.m — 1. For
ve*N\N, we let ¢, : Q, — C, be the map, obtained by transfer of
On, which associates i € *N, 0 < 1 < 2¥, with an internal sequence
of length v, consisting of 1’s and —1’s. Similarly, for n = 2, we let
Uy Q, — C,, be defined by ¥, (x) = ¢,([nz]). For 1 < j < v, we let
w; : C, = {1, =1} be the internal projection map onto the j’th coordi-
nate, and let w; : Q, — {1, —1} also denote the composition (w; o ),

so that w; € W(Y,). By convention, we set wy = 1. For an internal

sequence t € C,, we let wy : Q, — {1,—1} be the internal function
defined by;

t(G)+1
R 2
Wy = H1§j§u W

Again, it is clear that w; € W(2,).

Lemma 0.3. The functions {wj : 1 < j < v} are x-independent in
the sense of 2], (Definition 19), in particular they are orthogonal with
respect to the measure w,. Moreover, the functions {w; : t € C,}
form an orthogonal basis of V(Q,), and, if t # —1, E,(w;) = 0, and
Var,(w;) = 1, where, E, and Var, are the expectation and variance
corresponding to the measure [i,.

Proof. According to the definition, we need to verify that for an in-
ternal index set J = {j1,...,7s} € {1,...,v}, and an internal tuple
(g, ..., q4), where s = | J|;

(s wyy (2) < aq,. .o w) (T) < o, .. wj (2) < ag)

index set I and elements {v; : i € I'} such that every v € V can be written as a
combination (x), and the elements {v; : i € I} are independent, in the sense that
if () = 0, then each A; = 0. It is clear, by transfer of the corresponding result for
finite dimensional vector space over C, that V' has a well defined dimension given
by Card(I), see [5], even though V may be infinite dimensional, considered as a
standard vector space.
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s .
= [Ty (@ 2wy, (7) < i) (%)

Without loss of generality, we can assume that each «;, > —1, as if
some o, < —1, both sides of (k) are equal to zero. Let J = {j' € J :
—l<ay<ltand J"={j" € J:1<aju}, soJ=JUJ" Then;

(22 wyy () < ag, ..., wj (x) < )
= %C’ard(z €eCy,:2(j)=—-1forj € J, 2(j") € {-1,1} for j" € J")

21/75/ /

o =27

= 2%C’m’d(z €eC,:2(j)=—1 forj' e J) =

where s’ = Card(J"). Moreover;

/

[Ty (2 wj (2) < aw) = Tljrepr (@ wip(2) = =1) =27

as fiy(z : wj(z) = —1) = 3, for 1 < j < v. Hence, (%) is shown. That
x-independence implies orthogonality follows easily by transfer, from
the corresponding fact, for finite measure spaces, that E(X; Xj;,) =
E(Xj;,)E(Xj,), for the standard expectation E and independent ran-
dom variables {X;,, X;,}, (s*). Hence, by (*x);

E’I(wjlez) = Eﬂ(wjl)Eﬂ(wjz) =0, (.71 7é ]2) (* * *)

as clearly B, (w;) =0, for 1 <j<w. Ift# -1 let JJ={j/:1<
j' < v, t(j') = 1}, then;

t()+1

B, (wr) = En(ngguWT) = E”](Hj’e]’ wjr) = Hj’eJ’ E,(wy) =0 (1)

where, in (#), we have used the facts that J' # () and internal, and
a simple generalisation of (* % x), by transfer from the correspond-
ing fact for finite measure spaces. Hence, 1 = w-7 is orthogonal
to wy, for t # —1. If t; # t, are both distinct from —1, then, if
Ji={j:1<j<vt(j)=1}and Jo ={j:1<j <, ly(j) =1}, so
J1 # Jo and Jy, Jo # 0, we have;

B, (wrwg)

= En(HjeJ1 Wi Hj€J2 wj) (£)
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= EU(H]e(Jl\JQ 5 Hje(Jz\J1 wj) (458)
= Ey(TLicm) wi) En(TTjesp\ iy wi) = 0 (8288)

In (8t), we have used the definition of J; and J, and in (fft), we have
used the fact that (J1UJ2> (Jlﬂjg) (Jl\Jg)u<J2\J1), and CUJQ- = ].,
for 1 < j < wv. Finally, in (f#ftt), we have used the facts that (J; \ Jo)
and (Jy \ Jp) are disjoint, and at least one of these sets is nonempty,
the result of (#) and a similar generalisation of (x# x). This shows that
the functions {w; : # € C,} are orthogonal, (x * **). That they form
a basis for V(€2,)) follows immediately, by transfer, from (x * %) and
the corresponding fact for finite dimensional vector spaces. The final
calculation is left to the reader. U

We require the following;

Definition 0.4. For 0 <[ < v, we define ~;, on C,, to be the internal
equivalence relation given by,

%1 Nf %2 iﬁzl(j) = %2(3') (Vj < l)

We extend this to an internal equivalence relation on ﬁn, which we
denote by ~;

xy ~ Ty iff Y1) ~p Pp(T2) (*)

We let Cf7 be the *-finite algebra generated by the partition of Q,, into
the 2! equivalence classes with respect to ~, (). As is easily verifed,
we have Cll C ClQ, if Iy <, Cg = {@,ﬁn} and C, =Cy. For 0 <1<,
we let W(Cfi) C W(C,) be the set of measurable functions f : Q, — *C,
with respect to C,l7. We will refer to the collection {Cf7 0 <1 <v}
of x-finite algebras, as the nonstandard filtration associated to ﬁn. We
produce a standard filtration {9, : t € [0,1]}, (xx), by following the
method of [2|, see Definition 7.14 of [5], (replacing the equivalence re-
lation ~ there, by ~y, as given in (x), and being careful to use the index
v instead of . Note that Lemma 7.15 of [5] still applies in this case.)
We also require a slight modification of the construction of Brownian
motion in [2]. Namely, we take;
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¢
Xt 2) = F (X ws), ()
and W (t,z) = °x(t,z), (t,z) € [0,1] x Q, (xx).

One of the advantages of the non-standard approach to stochastic
calculus, is that it allows one to show easily that every stochastic in-
tegral is a martingale. We follow the notation from Chapter 7 of [5],
again using the filtration (xx) of Definition 0.4 to replace the one from
Definition 7.14, and its subsequent applications;

Theorem 0.5. If g € Gy, and f is a 2-lifting of g, then I(t,x), as
in Definition 7.20 of [5], is equivalent, as a stochastic process, to a
martingale, with respect to the filtration Dy, (*).

2 We adopt the convention that the sum is zero, when ¢t = 0
3 By which I mean a function I : [0,1] x Q, — R, such that;
(7). Iis B x ® measurable (complete product).

(#4). I is measurable with respect to Dy, for t € [0, 1].

(i13). E(|I4]) < oo, for t € [0, 1].

(). E(I+|Ds) = I, if s < t belong to [0, 1].

(v). For C C €, with L(u,)(C) =1, and z € C, the paths v, : [0,1] — R,
where 7,.(t) = I(t, ), are continuous.

Most of this definition can be found in [7], see also [8] for a thorough discussion
of discrete time martingales. We call a martingale tame if it satisfies the additional
conditions that;

(vi). I € L*(Qy, L(py)) and, for 0 < s <t < 1;

i (12 = P2)dL (1) < Ct— 5)

where C' € Rx>g

(vit) (UI) For a.a.s, 0 < s < 1 and sufficiently small h > 0, w is strongly

uniformly integrable in the sense that that there exists f: R — R, with f > 0 and
limg— oo f(x) = 0 such that, for K >0, K € R;

fmsﬂ—ms oK M,;msd[/(ﬂn) < f(K).

where [I] denotes the quadratic variation of the process I.
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Proof. Let I' be the modification of I, as given in the proof of Theorem
7.25 of [5]. Then I" and agree I on [0,1] x C, where P(C) = 1, and
P = L(u,), so they are equivalent as stochastic processes. We show
that I’ is a martingale.

(1) follows from the fact that [ is B x © measurable, and I = I a.e
p X L(fty), (x). Here, completeness of the product is required.

(74). By the construction in the proof of Theorem 7.25 of [5], I} is
measurable with respect to ©} C D;.

(i73). We have, for ¢ € [0, 1];

fmla(ta I>dL(:uT]) = fmIQ(ta x)dL(,un)

= fQ—n°F2(t,x)d,u77

S Ofsz(tafl?)dMn

o t

= fsTn fo f2<t7x)d)‘vdlu7l = HQH;([OJ}XW) (1)

using (), Definition 7.20, (see notation in Theorem 7.24), Theorem
3.16 and the proof of Theorem 7.22 in [5]. Hence I} € L*(Q,,C,, P), so
I € L}(9,,C,, P), by Holder’s inequality, see [6].

(v). Suppose s < t. We first show that E(I{|D}) = I}, (T). Suppose
i € *N, with L ~ s, then we claim that E(I{|o(C;)*™") = I, (¥). As
I, = If a.e P, we have E(I{|o(C;)*™)) = E(I]o(C})™)). We can

also see that F; € SL*(%,,C,, u,). This follows from the calculation
(1), Theorem 3.34(i) of [5], and the fact that;

S 2t 2)d L () = 191172 o ey

by Ito’s isometry, as g € Go. Hence, by Theorem 3.34(iv) of [5],
Fy € SLY(Q,,C,, i), (xxx). Applying Theorem 7.3(ii) of [5] and (x*x);

E(Li|o(C,)m?) = E(°Fi|o(C,)*™) = °E(F|C,)

We have;
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i\ 1—1 ] W41
E(FAC%) = Zj:o f(;u I) \Jf
i—1

by *-independence of the sequence {w;}o<j<py+1- Letting s" = ==,
so s’ ~ s, B(F)|C}) = Fy. We have, using Theorem 7.24 of [5], that
I, = Iy ae P, sol,=1I,=Isae P. As I is o(C}) " -measurable,
we have E(I]|(C;)*™) = I, showing (+*). As D C o(C;)*", and I
is ®’-measurable, we have E([]|D%) = I., showing ({1).

If A€ D, then, by Lemma 7.15(i) of [5], A € D’ , for s < 5, < L.

As E(I}|D,) = I, , to show (iv), it is sufficient to prove that;

817

Sy LA () = limg, s [ 1] dL(py) (111)

To show (f11), observe that |1}, — L[5 < [l9j0,5:) — 9o.9ll2 by (1),
where gjps,] is obtained by truncating the function g to the interval
[0, 51], (*). Using Holder’s inequality and the DCT, we have lim,, ||} —
Il|i < limg,sl|910,51] — 9j0,)|[1 = 0. Therefore, (111) is shown. This
proves (iv).

(v). This is Theorem 25 of [2].

O

We proceed to show the converse, that every martingale can be rep-
resented as a stochastic integral, using the nonstandard approach.

Lemma 0.6. For 0 <[ <, a basis of the x-finite vector space W(C’%)
is given by Dy = Uy< ey Bm, where, for 1 <m <wv, B, = {w;: {(m) =
Lt(m')=—-1,m <m’ <v}, and By = {w=}.

Proof. The case when [ = 0 is clear as w— = 1, and using the descrip-
tion of C) in Definition 0.4. Using the observation (x) there, we have,
for 1 <1 < v, that W(C}) is a finite vector space of dimension 2'.
Using Lemma 0.3, and the fact that Card(D;) = 2!, it is sufficient to
show each w; € D, is measurable with respect to C,ll. We have that, for
1 <j <, wj is measurable with respect to C% - C7l7' Hence, the result
follows easily, by transfer of the result for finite measure spaces, that
the product X;, Xj,, of two measurable random variables X, and X},
is measurable.

4Technically, you need to show that I, is the non standard stochastic integral
of go,s,], and then apply Theorem 7.22 of [5], however, this is clear by truncating
the corresponding lift of g.
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O

Definition 0.7. We define a nonstandard martingale to be a D, x C,-
measurable function'Y : T, x ﬁn — *C, such that;

(i). Fort € T,, Yy is measurable with respect to C,[fﬂ.
(ii). Ey(Yia|CY) = Yi, for 0 < s <t <1).
(¢i9). En(|Ywal) is finite.

We say that Y is S-continuous, if there exists C' C Q, with L(u,)(C) =
1, such that for x € C, Y (t,z) ~ Y (s,x), when s ~t, and each Y (t, x)
is near standard. We say that Y has infinitesimal increments if, for
allz € Q,, andt € T,, t # 1, Y([t”]TH,m) ~ Y(M x).

v

Lemma 0.8. LetY : 7, x Q_n — *R be a D, x C,-measurable function,
satisfying (1) and (it) of Definition 0.7, then;

Yi(z) = S0 ¢t m)wi(z) (%)

where ¢o = [0,1] x Q, — *C is D, x C)-measurable, ¢; : [£,1] x
Q_n — *C is D, x C%fl-measumble, for 1 < j < v, and co(s,z) =
co(t,z), for 0 < s <t <1, ¢i(s,z) = ¢j(t,x), for L < s <t <1
Conversely, if {c; : 0 < j < v} is a collection of functions satisfying the
above conditions, then the definition (x) produces a D, x C,-measurable
function, satisfying (i) and (ii) of Definition 0.7.

Proof. Using (ii), we have that E,(Y;) = E,(Y{|C}) = Y;. Replacing Y;
by Y; — Yp, we can, without loss of generality, assume that £,(Y;) = 0,
for t € *[0,1]. By (i) and Lemma 0.6;

Y = W0 ¢t w)wy(x)

where;

Clearly, ¢; is D, x CJ~'-measurable. Again, using (i), and the

fact that cg(t,z)wy is orthogonal to the basis D, of Wl for
[vs] < k < [vt], (T), we have;
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[vs] - [vs]
> 6t pwj(z) = 3757 ¢(s, m)w; ()

Equating coefficients, and using the fact that D; is a basis for W(C%),

for 1 < j < [vs], we obtain ¢;(s,z) = ¢;(t,z), for all £ <5 <t < 1.

The converse is easy to check. (i) is obtained, observing that for
t € 7T, all the functions c¢;; and w; are measurable with respect to C,[,Vt],
for 0 < j < [vt]. To obtain (i), just take the conditional expectation
of () and make the observation { again.

D

Lemma 0.9. Let X be a martingale, see footnote 3 for the definition,
with the extra condition that X, € L*(Q,), then there exists a nonstan-
dard martingale X, see Definition 0.7, with °(X,) = Xy, fort € T,
a.e L(uy), and such that the sequence {Y% 10<i<v}CSLAQ,, i)
Moreover, X is S-continuous, and we can take X to have infinitesimal
mcrements.

Proof. By (i) of footnote 3, we have X is B x ®-measurable. We claim
that X € L'([0,1] x ), (). Without loss of generality, we can assume
that X > 0, (°) Then (x) follows from the fact that, for 0 < ¢ < 1,
E(X}) = E(X|®0) = Xo, by (iv) of footnote 3, and so;

Joapea, X (& 2)d(L(A) x L(py)) = Xo < 00

by (iii) of footnote 3 and Fubini’s theorem, see [6]. By the hy-
pothesis that X; € L2(Q,), and using Theorem 7 of [2], see also
Theorems 3.31 and 3.34 of [5], we can find V € SL?(Q,,u,), with
(°V) = X1, a.e L(uy), (). We now define X : T, x Q, — *C by taking
X(t,z) = (EU(V|Cq[7Vt]))(x). We may assume that X is D, x C, measur-
able, by the definition of E,(]), see footnote 25 of Chapter 7, [5], and

® In order to see this, it is sufficient to show that Xt is a martingale, (x). We
have X = X* — X, and, by (iv), for 0 <t < 1;

X=X - X, = E(X1|D;) = E(X] — X |D¢) =Y; — Y/ (%%)

where V; = E(X{|D;) and YV} = E(X[|D,;). It follows easily, modifying YV
to Y, and Y’ to Y"!, ae L(\)) x L(uy), if necessary, and, using the tower law
and definition of conditional expectations, see [8], that Y,Y’ are martingales and
Y,Y’ > 0. We then have, by (x*), that X;¥ = Y¥; and X;” =Y/ a.e L(u,). Hence,
(x) is shown.



10 TRISTRAM DE PIRO

transfer of the corresponding result for finite measure spaces. Then,
by Theorem 7.3 of [5];

CX)(t,2) = °(E,(VICYN) (@) = B(CV)|o(CyTyeomn) (xx)
Moreover, if A € o(C™)*mP we have;

J 4 XordL(piy) = limy oy [, XpdL(piy) = [, XadL(py) (% * %)

using (iv),(v) of footnote 3 and the result of (x) to apply the DCT.
Hence, as ©.; C U(Cr[;jﬂ)c"mp C Dy, for 0 < °t < t/, using (#x*) in Defi-
nition 0.4, we have;

E(CV)|o(C)ome)y = B((V)|Day) = E(X1|Der) = Xoy

by (x ), (1) and (iv) of footnote 3. By (**), we then have (°X;) =
Xoy, a.e L(py). We now verify conditions (i), (), (74i) of Definition
0.7. (i) is clear by Definition of X and footnote 25 of Chapter 7, [5].
(1) follows by transfer of the tower law for the conditional expectation
E,(]), see again footnote 25 of Chapter 7. (zii) follows immediately
from the fact that V € SL2(Q,, u,), and;

Ifi;g()yt)! = |E,(V)| < E,(V]) < [[Vllsz2 > |IXillz2 < oo (for
teT,

by transfer of Holders inequality, the definition of E,(]), and prop-
erty (i¢) in Definition 0.7. Finally, using Theorem 7.3 of [5], we have
that the sequence {X: : 0 <i <w} C SL*,, t,). The S-continuity
claim follows from the Vproof of Theorem 8.1 in [3]. We omit the details.
For the final claim, we modify X to obtain the final condition, while
preserving the other properties. For n € *N, we let;

Vo= {ZL’ : E|t(|A7(t,:E)| > %)}’ (6)

By S-continuity of X, we have that the internal set A = {n € *N :
tin(Vy) < 3} contains NV, hence, it contains an infinite element . For

x € V., we let 7(z) be the first ¢ such that |AX(¢,z)] > 1 and let

6We use the notation AX (¢, z) to denote the increment X (¢ + Lz) - X(t ),
for0<t<1-— %
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7(z) = 1 otherwise. We let W be the internal process defined by;
Wo =X
AW (x,t) = AX (1), if t < 7(x).
AW (x,t) =0, if t > 7(z).

We claim that W is a nonstandard martingale in the sense > of Defini-
tion 0.7. For (7), by hyperfinite induction, and the fact that Wy = X,
it is sufficient to show that if W i-1 is measurable with respect to Cffl,

v

then W . is measurable with respect to Cf7, for 1 < i <w, (t). If

x ~; o/, we have that =1 < 7(2) iff =+ < 7(a'), as this is an in-

ternal definition depending only on information up to time *, hence

must contain the equivalence class [z].,. In this case, we have that
W(z, L) = W(z, 22) + AX(z, =), which is constant on [z].,, us-
ing the inductive hypothesis and measurability of X. The case when
=1 > 7(z) is similar. Hence, ({1) and (i) are shown. For (i), it is
sufficient to show that if z € Q,, then;

Jopo,  Wizadpy = [y Wadpy, for 1 <i < v (f11)

Clearly, if =1 > 7(2/), for all 2’ € [z]., ,, then AW (z, D, , =
0, and the result (11) follows trivially. Similarly, if =% < 7(z'), for

v

all ' € [:L’]Ni*l, then W‘[l’]w,lx[%,%) = Yl[ﬂﬁ]wflx[i% itly, and the

v v

result (111) follows from the martingale property of X. We can, there-
fore, write [z]., , = [z1]~, U [22]~,, and assume that =% < 7(2/), for
all / € [x1],, and =% > 7(2f), for all 2/ € [x].,. If =2 > 7(2),
for all ' € [x5]~,, then the same must hold for all 2’ € [z4].,, con-
tradicting the assumption. Hence, we can also assume that % <
7(2'), for all 2’ € [x5]~,. It follows that |AX(z, “Dliay).,| < + and
|AX (z, “Dli@s), | > +, but this contradicts the martingale property
(t11) for X. Hence, this case can’t happen, so (1) and (i) is shown.
Property (iii) follows from the fact that W, € SL*(Q,), (111), which
we show below, and the inequality;

E,([W ) < B,(Wa)} < (7

v
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which uses Cauchy-Schwartz, and the martingale property (i7). By
construction W has infinitesimal increments. As we are only modifying
X inside V,; x T,, where L(p,)(V,) = 0 it is clear that S-continuity is
preserved. Similarly, we must have that °(W,) = X, for t € 7, a.e
L(py,). It remains to show (1ff). By the above remark on modifi-

cation, it is sufficient to show that fVK Wfdun ~ (. We can define a
relation on ﬁn by x ~ &' if 2’ € [2]-(5)-1. If 2 ~ 2', then, by the above
discussion, 7(z) = 7(2’), and so ~ defines an equivalence relation. We
clearly have that V, = UJ,.;<,[7;]~ is an internal union of such equiv-
alence classes. A simple calculation gives that;

—9 " 72

an Widp, = ZISJS?" f[$y‘]~ Wdi
. -2

=" Yigiar i Krtap 1l
§ -2

< Ezlﬁjﬁrf@ﬂT@ﬂ—lj(ld“”

2
= an Xidp, ~0

Zjlr(e;)-1

where we have used the definition of W, and the calculation of The-
orem 12(ii) in [2]. This gives the result.

l

Lemma 0.10. Let X be a tame martingale, and let X be as in Lemma
0.9. Then we can find k € *N \ N such that kv, and for all t € T,;

2 —_

fﬁn(ywé - X

where C € Rx>o is as gwen in footnote 3. Moreover, we can find
D c Q,, with p,(D) ~ 1, E C T, with p,(E) ~ 0, such that for all
teT, \ E;

?)dﬂn < <

K

1D’§([7]t+% — [X10) € SLY(Qy, y)

Proof. Without loss of generality we can assume that n|v, for alln € N.

If t € T, and n € N, we have that {X,;, X,, 1} C SL*(Q,, i), hence

(7?+; - 7?) € SLY(Q,, 1ty). We, therefore, have that;

. —2 —2
(fﬁn (Xt+% - Xt)d:un>
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= fﬁn(C)(YH-%)Q — O(Yt)z)d[/(/ﬁn)
- fgn(XOQH% — X2)dL(py) < §

It follows that;

2 J—

fﬁn (7t+% - X

As this holds for all n € A/, and the property is internal, we can find
an infinite k|v, such that;

?)dﬂn < e

n

~2 ~2
fﬁn(Xt-‘r% — X;)du, < S

K

for all t € 7T, as required, for the first part.

For the second condition, using Proposition 4.4.12 in [1], we can as-
sume that there exists C' C Q,, with L(u,)(C) = 1, such that [X] lifts
the standard process [X] on C' x 7,. For ease of notation, for m € N/
and t € Ty, let [X];,, denote the increment m([X],, + —[X];) and [X];»
the corresponding standard increment, for ¢ € [0, ﬁ We clearly have
that O[Y]tym = [XJotm on C' x T,.. Choose a sequence of {C,, : m € N'},
with C,, C C, such that each C,, € C, and p,(Cp,) =1 — % As C,,
is internal and [X] lifts X on C,, x T, by compactness, we must have
that [X] is bounded on C,, x 7., |[X]| < D(m), where D(m) € R. Let
V' C [0,1] be the set on which the incremental condition (vii) in Def-
inition 3 does not hold. Then L(\,)(st™*(V)) = 0, and we can choose
E,, € C,, with A\, (E,,) = %, such that E,, D st~1(V). Then, we have
that, for all t € T, \ E,, for all K < 2D(m)m, that;

’ f[y}t,m>K e, [Y]t,mdun

=" fﬁn LXpem>E)NCm [y]t,mdun
= Jo, LX) [ X ot md Lty
It follows that;

Szt Lo Xlemdp,

< f[X]otym>K71 le,, [X]Ot,mdL(Mn> + %



14 TRISTRAM DE PIRO
< f[X]ot’m\>K—1[X]c’t,mdL(:un) + %
=(K=-1)+5

where we have used condition (vii) in the definition from footnote 3.
The condition (x) holds trivially when K > 2D(m)m, as then;

‘/‘[Y}t,m>K 1Cm [y]tvmd/’bn — O

It follows that;
RENMeT,\ En)(VK,)

Jxpeo i Lo Xlomdpy < f*(K = 1) +

for all sufficiently large m € N. By overflow, we can satisfy the con-
dition for the same infinite x € *\ as above. In particular, we obtain,
for infinite K, t € T, \ E, that;

R LoalXundin < fHK = 1)+ =0

It follows, using the criterion in Lemma 3.19 of [5], that 1¢, [ X, €
SLY(Qy, 1y), for all t € T, \ E, as required. Letting D = C,, E = E,
and noting that y,(D) = 1—1 ~ 1, u,(E) = 1 ~ 0 we obtain the result.

K

t

Definition 0.11. Let X be as in Definition 0.7, with E,(X,) = 0, and

let {c;(t,z) : 1 < j < v} be given as in Lemma 0.8. Then we define;

{d
H(t,2) = \/vcpy(s, z)

where s > [”t}fl, for 0 <t <1 and;

<8
|

H(t,z) =0, fort=1

(z) =" Zogjguq(yﬂ# (z) — 7%‘ (x))?

N
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Y(t,z) =0, for 0<[vt] < £ —1

<

(t,x) = g(ﬁ%%t] —|—ﬁ2[ut}T—1 —i—...—l—ﬁ@), for 2 —1<[vt] <1
W =vVY

di(s,x) = %W%(x), for1<j<v, and % <s<1.

S(t, @) =Y d;(1, 0w,

(z) ="~ Zogjgua(g% (z) — S%(x»z

O

Lemma 0.12. If X is_as in Lemma 0.9, and X is tame, then Y €
SLYT, X QA X ), Z € SLY(Qy, ) and S is a nonstandard mar-
tingale, with Sy € SL*(Q,, j1,).

Proof. The fact that Z € SLY(Q,, u,), (1), follows from Proposition
4.4.3 of [1] and the properties of X. This does not require that X is
S-continuous or has infinitesimal increments.

For the last claim, it is easily seen that the functions d; : [£,1]xQ, —
*C are D, x C)~"-measurable, for 1 < j < v. Hence, using Lemma 0.8,
we have that S satisfies conditions (i) and (i7) of Definition 0.7. By
Proposition 4.4.3 of [1], it is sufficient to show that Q@ € SL*(,, i),

as So = 0. (explain why we can assume this?) We compute;

= ,%* Z%*lﬁjﬁl/72§<ﬁ2% + F%%l + ...+ H37%+1)
. =2
= Zogjgule%d/in +r(z)

=" Zlgjgl/c?(17 z)dpiy + ()
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=Y ocicr1(Xima (2) = X5 (2)) + r(z)

v v

=Z(z) + r(z)

where r(x) > 0 is a remainder term. We have that £, (r(z)) ~ 0, and
r(z) < Z(x). It follows, easily, that r(x) ~ 0, a.e L(u,), Q(z) ~ Z(x)
a.e L(u,), and Q(z) € SLQ(ﬁn,un) as required.

For the first part, observe first that H is progressively measurable,
that is H, is measurable with respect to C,[,Vt], hence, so is Y.

By Lemma 3.19 of [5], it is sufficient to prove that;
f?>K ?d(/\y X llm) ~ (), for K infinite

As Y is progressively measurable, the set Y > K is progressively
measurable. Moreover, it has infinitesimal measure. This clearly fol-
lows from showing that;

nyxﬁn Yd\,dp, is finite, (x)

To see (), we compute;

fﬂ,xﬁn Y (t,x)d\,duy
= 1* ZO<]<1/ 1 fQ x)djuy
= ll,* Zf—1<J<u 1 fQ ;) dpy

= e 1an (i +Hi 4.+ Hign))dp,
<3 Yoejen Jo, Hidp

=" Yocic Ja, vlei (L 2) Pdpy (1)

=" Zogjgy—l fﬁ,, ¢ (1, 2)[dpy

= Jo, [X1PPdp, (111)

where, in (1), we have used Definition 0.11, and, in (f17), we have
used the fact that Xy =*3 ., ,¢;j(1,7)w;, by Lemma 0.8, and the
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orthogonality observation (k) there. Hence, (x) is shown, by the as-
sumption that X, € SL*(Q,, u,). Therefore, it is sufficient to prove
that;

[, Yd(\, x :“n) ~
Ay X i (A) 2= 0. (%)

0, for a progressively measurable set A with
We now verify (kx);

Case 1. Let A C Q,, with y,(A) ~ 0, then;

foﬂ Ydu,d\,

= zl/* Zogjgu—1 fA ?d/‘n

* —=2
zl/ Zogjgu—l fA H%d,un (as above)

IN

= Ju Zogjqu(yu — 2d,un fA

Case 2. Let B C T,, with B € D, and \,(B) ~ 0. We can write

B = U <<, Ij, where [; is an interval of the form [%, ijLl) for some

0<i;<v-—1,and ? ~ 0. We compute, for i; > 2 — 1;

fﬂ,,xl (8, 2)dAvdpy
_ %fm(%(ﬁ% +H%%1 +...+ﬁ%r¢))dﬂn
ka +1+ ’L‘— +2)d:u77

We have that;

X(t,z) = Zogjgtu c;i(1, x)w;(z)
X(t,2)* = Yoespen 6L ) (L, 2)wj(2)wr () (£)

Then;
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o, (X02(2) sy
— ZOSj,kS[tV] fﬁn ¢i(1, z)er(1, 2)wjwrdp, (using (1))

Zo<]<w fQ (1, x)dp, (using Lemma 0.8) (1)
It follows that;
fﬁn(cz?jﬂ + Cz?jfgw)dﬂn

_2 1 —_2 1-Y

= fﬁn(X% Xz]+y K )d:un
and, therefore, that;

fQ w1 Y (¢, x)dAdp,

8 fo (Xt = Xh ) )dp, < S

v

using Lemma 0.10. We then have that;

fQ “B Y (t, x)d\,dpu,

s(C+1
Zl<]<s fQ <1 Y (t, x)d\,dp,y < ( V+ L~

as required.
Case 3. Let B € D, x C,, with (A, X p1,))(B) = ~ 0. Let;
I={i:0<i < v u(pro(BOpryi()) > 63}

Let C = U,;[%,21), so C € D,, and let By = BNpr,}(C). As

v’ v

B, C B, and by construction of C', we have that;

§ > (A X 1) (By) > 62),(C)
It follows that A, (C) < 62 ~ 0. By Case 2, we have that;
fBl Yd(\, X i)

< fﬁnx()?d()\y X fiy) 20
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Let B, = BN By, then By € D, x C, and (A, x p,)(B2) ~ 0, and to
show Case 3, it is sufficient to prove that;

S5, Yd(A X piy) =0
We say that B € D, x C, is wide, if there exists ¢ ~ 0, with
pn (pry (BN pr,1(t))) <, for t € T, and note that By is wide. We are

thus reduced to;

Case 4. Suppose B is progressively measurable and wide, and let;

L={ie*N:0<i<v-—1rem(2i)=jBnpr,* (%) # 0}, for
0<;<1

Sj=Uier,[2.5),0<7 <1

Then B = Uog ;<1 Bj, and each B; is progressively measurable and

wide. Let;
Vi = {(i,s) € *N? : 1 <i <v—-10<s < 2 rem(2,s) =
],Bﬂpr 1(}})%@,30]97“51(%) P}, for0<j <1

W U(stV[z H—l)x[s )O<]<1

v’ v 217 20

By the progressive measurability of B, B = J,- <1 W; and each W;
is progressively measurable and wide. Let B;; = B;NW,;, 0 <17 <1,
0<j<1. Then B = U0<i,j<1 B;; and each B;; is progressively mea-
surable and wide. We say that B € D, x C, is separated if, for all
(t,z) € B, (t+ 1) ¢ pr,(B), and (¢, [ﬂt:y]]ﬂ) ¢ B, for [vt] > 1 and
0 < [[#2] < 2] — 2. By construction, each B;; is separated, for
0<1,7 <1. We are thus reduced to;

Case 5. Suppose B is progressively measurable, wide and separated.
Observe that;

A~ (X))
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vt|—1 /7 N [V(t_%)]_l Y Y
S0 ale S A e S 4

N

It follows from Lemma 0.10, that there exists £’ with pu,(E') = 0,
such that 1pY; € SLY(Qy, py), (11) for all t € 7, \ E’. We now com-
pute;

fB Ydo\u X Nn)

= fBﬂ(DCXTu)?d()‘” X fn) + me(ﬁan') Yd(A, x i)

+ Jpapxrim Y A X )

= fBﬂ(Dx’];\E/) Yd(A, % p) (by Cases 1,2)

= fTV\E’ fﬁ,, 1D?tdﬂnd)‘v
- fTU\E’ g(t)d\, (where g ~0on T, \ E')
~0

where we have used the assumption (f1) and the fact that B is wide
in the penultimate line. It follows that Y € SL'(Q, x T,) as required.

O

Theorem 0.13. Any tame martingale X is representable as a stochas-
tic integral;

X(t,x) = [y F(s,x)dB,

where F : [0,1] x Q, — R € L*([0,1] x Q,, L(p,)), and B is a

Brownian motion.

Proof. By Lemma 0.9, there exists a nonstandard martingale X, with
°(X;) = Xoy, for t € T, a.e L(y,). Let notation be as in Definition
0.11. Then by Lemma 0.12, we have shown that Y € SLY (T, x Q).
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We have that S = f Wdy, , where x is Anderson’s random walk, and,
therefore, the quadratic variation;

[S]=Q = [Wdt.

We claim that;

B, t) = i £, s)ds a.c dL(u,) ()

where f € L'(Q, x [0,1]). To see this, we first claim that Wi €
SLY(T,) a.e dL(uy), (xx). Suppose not, then, using Theorem 9 of [2],
there exists A with L(u,)(A) > 0, such that;

° [YWidN, > [1oWdL(A,).

But then;

o 11572

[y SR N dp,
> [,° [1 W d\dL(u,)
—2
> [ Jo e W dL(\,)dL (1)

contradicting the fact that W € SL*(T, x Q,, A, X p,). Hence, (sx)
is shown. Let V,(t) = fot Wid)\,,, for t € [0,1]. By (**), we have that;

Vo(t) = fy WodL(\)

We claim that °V, is absolutely continuous, (x % *). Suppose not,
then there exist internal B, C 7,, with each B, a finite union of in-
tervals with real endpoints, such that A\(B, N [0,1]) < X, where X is
Lebesgue measure, and € € R+, such that;

[y SWodL(N,) > €

o 772 oTi72
Then ° [, W.d\, > an W_dL(\, > €
and \,(B,) ~ A(B, N[0,1]) < +

as each B, is a finite union of intervals. We can extend the sequence
(Bp)nen to an internal sequence indexed by *N. By overflow, we can
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find an infinite p € *N \ N, with B, € D,, such that \,(B,) < + ~ 0

and;

1
p

[, Wad, > €

This contradicts (xx). Hence, (* % x) is shown. By real analysis, see
[6] Theorem 7.18, the derivative f, = (°V,)’ exists a.e d\, f, € L'([0,1])
and;

= Jo f(z,s)ds a.e dL(u,)

We compute;

Ja, Jo f(x,9)ds

= Jo S, WAL\ AL (1)
=°fs, J7. WX, dp,

which is finite, as W € SL*(T, x Q,, A\, X i), hence f € L'(Q, x
0,1]), thus (*) is shown.

We have that;

[S]; ~ [X ]t—ZtaedL(

This follows by computing the remainder term 7(z) in the proof of
Lemma 0.12 and using the fact that Z is S-continuous. This last is
a consequence of the fact that X is S-continuous and X; € SL*(1,),
using Theorem 4.2.16 of [1]. Hence, we have;

fo z,s)ds a.e dL(p,) ( * *x)
Define a new adapted process g by;
g(z,t) = f2 (x,t) if f(x,t) £0, and g(x,t) = 0 otherwise.

Let 1, be the characteristic function of the set {(x,t) : g(x,t) = 0}.
We have that;
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1 ~ 1
E(fy 9(z,s)*d°[X]) = E([; g(z,5)* f(z,s)ds) < 1

hence, g € L (Vo). Let G € SL*(X) be a 2-lifting of g, and 1 a
2-lifting of 1,. We can assume that G.1¢ = 0. Define;

Bla,t) =°(fy Gla, )dX (x,5) + [y 1(z, s)dx(x,5))
Since, G and 1 have disjoint supports;

[B)(@,t) = °[ [ GdX)(w, 1) +°[[ 1adx] (. 1)

=°([ G*dX)(z,t) + °[[ 1edt](x,t)

= [y 9°fds + [y 12ds = [ 1ds =t

It follows, using Proposition 4.4.13 and 4.4.18 of [1], this requires that
X has infinitesimal increments, that § is a Brownian motion, adapted
to the filtration (€, Dy, L(u,). We have that fz e L*(vg) and;

Jf2ap = [ frgd°X + [ fal,dox = [ f2gd°X

since félg = (. It remains to show that °X = J f%gdof, since, we
then get the result by setting F' = f 2, Using Doob’s inequality;

E(supy<i4e0(*X (q) — [ f29d°X)?)
<4B((X(1) - [y f29d°X)?)

= 4B(f, (1 - f29)*d°X)

= 4B(f) (1 — f29)%dt) =0

as f%g = 1, whenever f # 0.
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