A NON STANDARD APPROACH TO THE THEORY
OF ALGEBRAIC CURVES

TRISTRAM DE PIRO

ABSTRACT. This paper is divided into four parts. In the first part,
Sections 1-3, using methods developed by Robinson, we find a com-
plete theory suitable for a first order description of specialisations.
We use this theory to construct a specialisation having univer-
sal properties. In the second part, Sections 4-10, we provide an
alternative account of multiplicity for finite morphisms between
smooth projective varieties. Traditionally, this has been defined
using commutative algebra, rather than geometrically. In model
theory, a different approach to defining multiplicity was developed
by Boris Zilber, using Zariski structures and infinitesimal neighbor-
hoods. Here, we first formulate Zilber’'s method in the language
of algebraic geometry, using specialisations, and secondly, show
that in classical projective situations, for smooth algebraic curves,
the 2 definitions essentially coincide. The third part of the pa-
per, Sections 11-15, extends the considerations of the second part,
by proving an analogue of Bezout’s Theorem for algebraic curves.
We achieve this, by showing that in all characteristics, Zilber’s no-
tion of Zariski multiplicity coincides with intersection multiplicity,
when we consider the full families of projective curves of degree d
and e in P?(L). The result holds even when we consider the inter-
sections at singular points or when the curves contain non-reduced
components. In the final part of the paper, Sections 16-18, we give
an introduction to Robinson’s theory of enlargements in a first or-
der context. In characteristic 0, we construct an enlargement with
respect to the complex topology, which is simultaneously a univer-
sal specialisation in the sense of the first part of the paper. This
shows that Robinson’s monads coincide with infinitesimal neigh-
borhoods. We can then re-interpret the results of Parts 2 and 3,
in a non-standard context. We obtain, by transfer and compact-
ness, further standard analogues of results in algebraic geometry,
reformulated in the complex topology.

The author was supported by a Seggie Browne Research Fellowship (Edinburgh)
and a Marie Curie research fellowship(Camerino).
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2 TRISTRAM DE PIRO

Part 1
1. SPECIALISATIONS AND VALUATIONS

Let L and K be algebraically closed fields with an imbedding 7 :
L - K. Let P(K) = J,»; P"(K) and P(L) = |J,~, P"(L). By a
closed algebraic subvariety of P*(K), we mean a set W (K) where W
is defined by homogeneous polynomial equations with coefficients in
K. We say that W (K) is defined over L if we can take the coefficients
to lie in L. Let W"(K) denote the m'th Cartesian product of P"(K).
By a closed algebraic subvariety of W*(K), we mean a set W (K) de-
fined by multi-homogeneous polynomial equations with coefficients in
K, similarly we can make sense of the notion of being defined over

L. Note that by completeness of projective space, the projection maps
prem : WHEK) — Wm(K) are closed.

Definition 1.1. A specialisation is a map © = |J,~; ™ @ P(K) —
P(K), such that each 7, : P"(K) — P™(K) has the following property;

(1). Let W(K) denote the m’th Cartesian product of P"(K). Then,
if V.. WI(K) is a closed algebraic subvariety defined over L and a
is an m-tuple of elements from W, (K), such that V(a) holds, then
V(mp(a)) holds as well.

The following compatibility requirement must also hold between the
Tny

(ii). Fiz the following chain of embeddings i,, of P*(K) into P"(K),
forn >1.

intlTo: . ixy) = [Tor . a0 0.

Then we require that m,,1 0 iy = ipyq O Ty

We also require;

(iii). If j - Im(m) — P(K) is the inclusion map, then woj = Idpx)

Definition 1.2. A Krull valuation v is a map v : K — I' U oo where
[' is an ordered abelian group with the following properties;
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(i). v(z) = 00 iff x = 0.
(ii). v(zy) = o(z) +0(y)
(iit). v(x +y) = min{v(z),v(y)}
(). v|L = 0.

Here, we adopt the convention that v < oo for v € I' and extend +
naturally to I" U co.

We let O, = {x € K : v(x) > 0} be the valuation ring of v,
O = {x € K : v(z) = 0} the subgroup of units and M, = {x €
K :v(x) > 0} the unique mazimal ideal of Ov. We can identify the
algebraically closed residue field K,es with O U {0}. Then, by (iv),
1: L — K defines an embedding of L into K.

Definition 1.3. We say that two Krull valuations vy and vy are equiv-
alent, denoted by v ~ ve if O, = O,,.

Lemma 1.4. vy and vy are equivalent iff there exists © : I'y — I'y such
that © o v = vs.

In order to see this, define ©(vy(z)) = va(x), this is well defined as
if vi(z) = v1(2’), then vy(z/z’) = 0, hence z/2’ and 2’/ belong to
O,,. If v; ~ vy, then /2’ and 2’/z belong to O,, as well, which gives
that va(x) = ve(2’). One can easily check that © is an isomorphism of
ordered abelian groups as required.

Our main result in this section is the following;

Theorem 1.5. Let X := {n: P(K) — P(K)} be the set of specialisa-
tions and Y :={v/ ~:v: K — '} be the set of equivalence classes of
Krull valuations. Then there exists a natural bijection between X and
Y. Specifically, there exists maps ® and V;

¢: X Y

UV:Y - X

with Wo ® = Idy and ® oV = Idy

We first show;
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Theorem 1.6. There exists V:Y — X

Proof. Let [v] denote a class of Krull valuations on K. We define a
specialisation map 7, as follows;

Let (zg: @1 :...:x,) denote an element of P"(K) written in homo-
geneous coordinates. For some A € K, the elements { Az, ..., Az, } will
lie in @, and not all of them will lie in M,,. Let 7 : O, — K,.; denote
the unique ring morphism such that moi = Idg, . where 7 is the inclu-
sion map from K,.s into O,, (x). Then (m(Axg) : m(Ax1) : ... 7(Axy,))
defines an element of P"(K,.s). As is easily checked, the mapping is in-
dependent of the choice of A and depends only on O,, hence we obtain
T, @ PP(K) — P"(Kyes). We need to check that each 7, [, satisfies
the property (7) required of a specialisation. We will just verify this in
the case when m < 2 for each n > 1, the other cases are straightfor-
ward generalisations;

For m = 1, let V' C P"(K) be a closed subvariety defined over L,
then V is defined by a system of homogeneous equations in the vari-
ables {xo,...,x,} with coefficients in L. Taking a tuple a belonging
to V, we can assume that the elements {ag, a1, ..., a,} belong to O,.
Now, using the fact that the residue map 7 is a ring homomorphism
fixing L, the reduced elements {m(ag), 7(a1),...,n(a,)} also satisfy the
same homogeneous equations as required.

For the case when m = 2, we use the Segre embedding which is de-
fined by;

Segre : P*(K) x PM(K) — P""*2)(K)
((ro:eooimn),(Wo:ooiyn)) = (ToYo i - ToYn * T1Yo & -+ - Tpln)

The following diagram is easily checked to commute:

Segre
—

P"(K) x PY(K) Prn+2)(K)
l’fn,m XTn, [v] l’fmnw),[v]
P (Kyes) X PY(Kyey) 225 pr2)(K, )

Therefore, it is sufficient to prove that the property holds for ;42 0] :
Pr2)(K) — Pr2)(K,,) when m = 1.This is the case covered
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above.

We need to check the compatibility requirement (iz) for the m, ),
this is a trivial calculation.

By the property (x), 7, fixes P(K"), and therefore (7, o j) =
IdP(KTCS).

Denote the specialisation map we have obtained by ) and let
U([v]) = 7).

O

We now show;

Theorem 1.7. There exists ® : X — Y

Proof. Suppose that we are given a specialisation 7. In particular we
have a map m : P}(K) — PY(K) satisfying the requirements above.
We want to show how to recover a Krull valuation on K.

Let v: K — PYK) bethemapy:k+— [k:1],somoy: K —
PY(K). Let U C PY(L) be the open subset defined by P!\ [1:0]. Let
Ok = (mo7y) Y U) and Mg = (7w 07) ([0 : 1]). We now claim the
following;;

Lemma 1.8. Ok is a subring of K with Frac(Og) = K and My is
an ideal of Ok.

Proof. Suppose that {z,y} C Ok, then both m([z : 1]) and m([y : 1])
are in U. Let C C PY(K) x PY(K) x P(K) be the closed set defined
in coordinates ([u : v],[w : x|, [y : z]) by the equation uwwz = yvz.
As is easily checked, we have that C([z : 1],[y : 1],[zy : 1]). By
the defining property of w1, C(m([x : 1]), m([y : 1]), mi([xy : 1])) also
holds. Therefore, C'([A : 1],[p : 1], [, B]) where A, u, o, B are in K.
By definition of C, we have Auf = « which forces § # 0. Hence,
7 ([zy : 1]) € U and therefore zy € Ok. Let D C PY(K) x PY(K) x
P(K) be defined using the same choice of coordinates by the equation
urz + wvz = yvx. Then we have that D([x : 1],y : 1],[z +y : 1])
and therefore D(m([x : 1]),m([y : 1]),m([x +y : 1])). Again, we
must have D([A : 1], [u, 1], [d, €]) where A, u,d, € are in K. This forces
(A + p)e = § and therefore € # 0, so z +y € Ok. Clearly, 1 € O



6 TRISTRAM DE PIRO

which shows that O is a subring of K as required. In order to see
that Mg is an ideal of O, let x € Ok and y € Mg. We have that
C([A:1],[0 : 1], [a, B]) where m([zy : 1]) = [a, f]. Then X\.0.5 = 1.1.«
forcing « = 0 and f =1, so 2y € Mg. If v € Mg and y € Mg
we obtain D([0 : 1],[0 : 1],[d,€]) where m([z +y : 1] = [0,€]. Then
0.1.0 4+ 1.0.e = 1.1.6, so 6 = 0 and ¢ = 1, hence x + y € Mg as
required. Finally, we show that Frac(Ok) = K. Suppose z ¢ Ok,
then m([z : 1]) = [1 : 0]. We have that C([z : 1],[1/x : 1],[1 : 1]),
hence C([1 : 0], e, 8], [1 : 1]) where m([1/x : 1]) = [a, B]. This forces
l.a.l = 0.8.1, hence &« = 0 and 8 = 1. Therefore 1/x € Ok as
required. 0

We now further claim the following;

Lemma 1.9. If my is non-trivial, then Ok s a proper subring of K.

Proof. By the same argument as above we have that m o y(1/ M) =
[1: 0], hence if Ok = K, using the previous lemma, we must have that
My = 0. If 7y is non-trivial, we can find z € K and y € K distinct
such that 7y ([z : 1]) = m([y : 1]). By the usual arguments, we then
have that m([z —y : 1]) = [0 : 1], so x — y € My contradicting the
fact that My = {0}.

0

We can now construct a Krull valuation on K by a standard method.
Let I' = K*/Oj; and define v : K — I' by v(z) =  mod O}; and
v(0) = oo. Define an ordering on the abelian group I' by declaring
v(z) < wv(y) iff y/z € Ok. This is well defined as if v(z) = v(2’) and
v(y) =v(y), then v/ /y, y/y',x/x" and 2’ /x are all in Ox. We have that
y'/2 =y/ry /y.x/z’ and y/x =y /2’ .y/y .2’ [x, therefore ¥/ /2" € Ok
iff y/x € Ok as required. Transitivity of the ordering follows from the
fact that Ok is a subring of K. < is a linear ordering as if x € K*
and y € K* then either x/y or y/z lies in Ok. Finally, we clearly
have that if y/z € Ok then yz/xz € Ok, hence v(z) < v(y) implies
v(x) +v(z) <wv(y)+wv(z). This turns I" into an ordered abelian group.
Properties (i) and (ii) of the axioms for a Krull valuation are triv-
ial to check. Suppose property (iii) fails, then we can find z,y with
v(z +y) <ov(z) and v(z +y) < v(y). Therefore (z + y)/x ¢ Ok and
(x+y)/y ¢ Okg. As 1 € Ok, we have that z/y ¢ Ok and y/x ¢ Ok
which is a contradiction. Finally, we check property (iv). As my, fixes
PY(L), we have that L* C O}, hence v|L is trivial. Denote the valua-
tion we have obtained by v, and set ®(7) = [v,]. This ends the proof
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of Theorem 1.7

We now complete the proof of Theorem 1.5;

Proof. ® oV = Idy.

Let [v] be a class of Krull valuations on K with corresponding spe-
cialisation 7, provided by W. Let 7, be the restriction to P'(K).
By definition, if k£ € O, then 7 ([k : 1]) = [7(k), 1] where 7 is the
residue map for v. If k ¢ O,, then 7y ) ([k : 1]) = [0, 1], so we see that
Ok as defined above is exactly O,. The valuation (. constructed
from 7, therefore has the same valuation ring O,, so v ~ Uriy which
gives the result.

Vod=]dy.

Let 7 be a given specialisation and [v,| the corresponding class of
Krull valuations. Let m; be the restriction of 7 to P*(K) and my,, the
specialisation constructed from v, restricted to P!(K). We have;

(). mp ([ :1]) =[0:1] iff v.(k) >0iff k € M, iff k € Mg as
defined above iff m([k: 1]) =[0: 1]

(ii). mp.([k:1]) =[1:0]iff v.(k) <0iff £ ¢ O,, iff k ¢ Ok as
defined above iff mi([k : 1)) ¢ U iff my([k:1]) =[1:0]

(iii). 710, ([1:0]) =m([1:0]) =[1:0] trivially.

If k € O,,, then m,_ ([k : 1]) = [a(k) : 1] where « is the residue
mapping associated to v,. We also have that m([k : 1]) € U, hence
as m is a specialisation that m([k : 1]) = [B(k) : 1] where S is a ho-
momorphism from O, to K,.s. We thus obtain two homomorphisms
a,p : O, — K, such that (by (i)) Ker(a) = Ker(f) = M, and
with the property that a oi = o1 = Idg,,, where ¢ is the natural
inclusion of K,s in O,_. We thus obtain the splitting O, = K,es &
Ker(a) = Kpes ® Ker(f) = Kpes ®@ M with Ker(a) = Ker(5) = M.
Now, using this fact, we can write any element of O,_uniquely in terms
of K,.s and M, hence the corresponding projections a and 3 are the
same.
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We have shown that m = my,,, it remains to check that m, = m,,,
for all n > 1. We prove this by induction on n, the case n = 1 having
been established.

By the induction hypothesis and the compatibility requirement be-
tween the m,, for {ko, k1,...,k,} C O, ;

Tnr1([ko k1ot ky 2 0]) = [w(ko) s w(ky) ... w(ky) - 0] (%)
where 7 is the residue map on O,, .

Let C' C P""(K) be the closed subvariety defined using coordinates
[zo : @1 ¢ ... xpy1] by the equations g = 21 = ... = 2,1 = 0. Then
by arguments as above and the fact that C' is preserved by 7,1, we
can find a Krull valuation v" on K with corresponding residue mapping
7’ such that;

T ([0 00t kyyq])=1[0:...:0: 1 7' (kpy)] if ¥ (kpyr) >0
=[0:...:0:0: 1] otherwise (**)

Now let D be the closed subvariety of P"*1(K') defined by the equa-

tions x; = ... = x, and ¢y = x,, 1. Again, we have that m,; preserves

D, hence there exists a Krull valuation v” on K with corresponding
residue mapping 7" such that;

Tor([k:leo oo k])=[n"(k):1...: 1:7"(k)] ifv" (k) >0

=[1:0:...:0:1] otherwise (***)

Let Sum be the closed subvariety of P"*(K) x P (K) x P""(K)
defined using coordinates [z : 1 @ ... @ Tpi1], Yo @ Y1 -t Ynaa)
and [z : 21 : ... : Zyp1] by the equations xoy121 + YoTnz1 = ZoTny1
and T,11Y121 + Ynt1Tn21 = Zn1Tpy1. Then, for £ € K, we have that
Sum([0:0:...:1:k],[k:1:...:0:0],[k:1:...:1:k]), hence
by the properties of a specialisation that Sum(m,1([0 : 0 : ... :1:
k), mpe([k:1:00:0:0]),mppa([B: 10010 k])).

In the generic case when v, (k),v'(k),v” (k) are all non-negative, we
obtain Sum([0:0:...:1:7'(k)],[n(k):1:...:0:0],[x"(k):1:...:
1 : 7”(k)]) which gives the relations 0.1.1 + w(k).1.1 = #”(k).1.1 and
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7(k).1.1+0.1.1 = 7”(k).1.1, so w(k) = 7' (k) = 7" (k).

A simple calculation shows that v, (k) < 0 iff o'(k) < 0 iff v"(k) < 0,
hence O, = Oy = O,». We have now shown the following further
compatibility between m; and m,,;. Namely;

Ify: PYK)— P""(K)isgivenby v : [zg,z1] = [0: 0: ... : 2o : 2]
then 7,107 =vo0m. (T)

Finally, let Sum’ be the closed subvariety of P"*1(K) x P"*(K) x

P (K) defined in coordinates [zg : ... : Tpi1],[Yo : -+ ¢ Yns1], [20 :
... Zny1] by the (n+ 1) equations x;y121 + yjxn21 + 2;x,y1 for j # n.
Let [ko : ... : kny1] be an arbitrary element of P"™(K). Without
loss of generality, we may assume that {ko : ... : kp1} C O, and
that k, € O, . Hence, dividing by k,, the element is of the form
(ko oot ko 2 1 : kpy] with {ko, ..., kn_1, ko1t € O,,.. We have
that Sum/([0 : ... 0 : 1 : kyya],[ko o oo o kpey 2 12 0] (ko & ...
kn—1 : 1 : kny1]), hence by specialisation and (f), Sum/([0 : ... : 0 :
1 w(kngr)], [m(ko) = oot w(kn—y) + 12 0], [mpsa(ko) = v s mpya(kn) ¢

Tnt1(knt1)]). As is easily checked, the case when 7,.1(k,) = 0 leads
to a contradiction, hence we can assume that m,41(k,) = 1 (multiply-
ing by 1/7m,4+1(k,)). Now the equations give that m,,1(k;) = m(k;) for
J # n. We have therefore shown that m,11 = m,41,, as required.

t

Theorem 1.5 is now proved.

We can extend Theorem 1.5, using Lemma 1.9, to prove a slightly
more general result. Namely, we will denote by < P(K), P(L),m > a
triple satisfying the properties of a specialisation, Definition 1.1, with
the additional requirement that 7 is non-trivial;

In the rest of this part, we will refer to a specialisation as a triple
satisfying this definition.

We restrict the concept of Krull valuation, to mean a non-trivial val-
uation, satisfying the properties of Definition 1.2.

With these definitions, one has;
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Theorem 1.10. There exists a bijection between the set of specialisa-
tions < P(K),P(L),m > and equivalence classes of Krull valuations.
In particular, any specialisation < P(K), P(L),m > as just defined,
can be written as < P(K), P(L'),m > with L. C L' C K algebraically
closed, L' a proper subfield of K, and m mapping P(K) onto P(L'),
while fixing P(L').

2. A MODEL THEORETIC LANGUAGE OF SPECIALISATIONS

We now introduce a model theoretic language which will enable us
to describe specialisations in the context of algebraic geometry. In this
section, we will assume that K and its residue field have the same
characteristic. We will use a many sorted structure {{J S, : n € N'}.
Each sort will be the domain of P™(K) for an algebraically closed field
K. We fix an algebraically closed constant field L which we assume
to be countable and let K be some non-trivial extension of L, hav-
ing the same characteristic. In order to describe algebraic geometry,
we introduce sets of predicates {V*} on the Cartesian powers S/ to
describe closed algebraic subvarieties of P™(K) defined over L. In par-
ticular, we have constants to denote the individual elements of P™(L)
on each sort S,. We introduce function symbols i, : S, — S,41 to
describe the imbeddings P"(K) — P""'(K) defined above. Finally,
we will have function symbols {m, : n € N} to describe the speciali-
sation map m = U,>1m, from P(K) onto P(L). Observe that P"(L)
is then definable, as {x € P"(K) : Jy(m,(y) = z)}. We denote the
language < {V,"},in, m, > by Lgpe. and the theory of the structure
< P(K),P(L),m > in this language by Ts,... We denote the theory
of the structure < P(K'), P(L) > in the language Lgpe. \ {mn} by Th-
Note that the structure < K,0,1,+,. > is interpretable in the struc-
ture < P(K), P(L) > in the language Lgpe. \ {m.} (). This follows by
noting that the points [1: 0],[0 : 1] and [1 : 1] are named as elements
in the sort 57 and the operations of +,. define algebraic subvarieties
in the sorts S7. The structure < L,0,1,+,. > is not interpretable in
the language Lgpec \ {7} but any model of T, will contain an iso-
morphic copy of P(L) as a substructure. It follows that the models
of T, are exactly of the form < P(K), P(L) > for some algebraically
closed field K extending L (use the fact that the axiomatisation of
Th(< K,0,1,4,. >) can be interpreted in T, and the field structure
can be related to the predicates {V, "} using the imbeddings i,). We
now claim the following;
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Theorem 2.1. The theory Type. is axiomatised by Tozioms = Taig U X
where Y 1s the set of sentences given by;

(i). The mappings {m,} preserve the predicates {V"}.

(i1). The compatibility requirement m, 1 © i, = iny1 © T, holds.
(i1i). The mappings m, are trivial on Im(m,).

(iv). The mapping {m} is non-trivial.

(see definition 1.1). In particular, Tazioms is complete. Moreover,
Trzioms 1S model complete.

The proof of this theorem will be based on Theorem 1.10 and the
following result by Robinson, given in [23];

Theorem 2.2. Let K be an algebraically closed field with a non trivial
Krull valuation v and residue field I. Then Tk is model complete in
the language L,q and admits quantifier elimination in the language
L.op. Moreover, the completions of K are determined by the pair
(char(l), char(K)), that is Tx U X is complete where ¥ is the possi-
bly infinite set of sentences specifying the characteristic of K and .

Here, by the language L,,, we mean the language of algebraically
closed fields together with a binary predicate Div(z,y) denoting v(z) <
v(y). By the language L,q;, we mean a 2-sorted language for the value
group and the field, with the usual language for the field sort and the
language of ordered groups on the group sort. Tk is the theory which
asserts that K is an algebraically closed field, the value group I' is
linearly ordered and abelian, the valuation is non-trivial. For our pur-
poses, we will require a slightly refined version of this result. Namely,
we will fix a set of constants for an algebraically closed field L which
we can assume to be countable, add to Tk the atomic diagram of L,
relativized to the field sort, and the requirement that v|L is trivial.
We will denote the corresponding theory by T% ; and the expanded
languages by L, and L, again. It is no more difficult to prove that
Tk 1, is model complete, Robinson’s original proof in [23] requires the
solution of certain valuation equations in the model K given that these
equations have a solutions in an extension K’, it makes no difference if
some of the elements from K are named. In order to show that T r,
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is complete, it is sufficient to exhibit a prime model of the theory;

Case 1. Char(K,L) = (p,p), with p # 0. Take L(e)*9 where € is
transcendental over L, define the valuation on L to be zero and extend
it to L(€) non-trivially using say verq., the order valuation in e. Take
any extension to L(e)9.

Case 2. Char(K, L) = (0,0), define a similar valuation on L(e)*9.

We now show the following lemmas;

Lemma 2.1. Fuxistence of Specialisations

Let L C L' be a pair of algebraically closed fields. Then there exists
a specialisation (P(L"), P(L),n).
Proof. Let I be a transcendence basis for L' over L. We may assume
that I is well ordered by w and use the method of transfinite induction
to construct a tower of algebraically closed fields L. C L; C L;,; and
valuations v; with residue field L. Clearly, the field L, has a valuation
v, with residue field L. By embedding L’ into L, over L, so has L'.
We can then invoke Theorem 1.5, proving the result. For ¢ = 0, set
Ly = L, for 7 a limit ordinal, set;

(Li7 L7 Ui) = Uj<i(Lja La Uj)

For i not a limit ordinal, let L;((¢;11)) be the field of Laurent series
in the variable ¢;,; over the algebraically closed field L;. We con-
struct a valuation v;;; on this field, with residue field L;. Namely,
for f c Lz((tz—l—l)); we set Ui+1(f> = OT’di+1(f), where OTdZ'_H(f) is the
minimum n appearing in the Laurent expansion of f. As is shown in
[17], (Li((tit1)),vit1) is the completion of (L;(t),v), for the canonical
valuation v on the function field L;(¢). It follows that L;((t;41)) is a
Henselian field with respect to v;,;. By Hensel’s lemma, L;((t;41))%9 is

icw Li((t) ﬁ)) of ramified extensions of L;((¢;11)). The valua-
tion v;4; then extends uniquely to the spectral valuation on L;((t; ﬂ))
by the formula;

a union | J

i1 (@) = (1/n)viga (Np,s1/my) /a0 (@)

Clearly, the residue field L; is preserved. We set v;,1 to be the
extension of v; to L;11, obtained in this manner. By Theorem 1.5,
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we obtain a specialisation (P(L;+1), P(L;)), and compose this with the
specialisation (P(L;), P(L)) to obtain a specialisation (P(L;41), P(L)).
Using Theorem 1.5 again, we obtain a Krull valuation v;,1 on L;;; with
residue field L. This completes the induction step.

O

We observe that if M is a model of T},;oms, then by Theorem 1.10,
it can be written as (P(K), P(Kyes),m), with L C K5 C K, Kpes a
proper subfield of K, and with 7 fixing P(K,es).

Lemma 2.2. Amalgamation of Specialisations

Let (P(Ky), P(Ly),m) and (P(Ks), P(Ls),m) be models of Tozioms,
then there exists a further model (P(K3), P(Ls), m3) such that,

(P(K1), P(Ly1),m) < (P(K3), P(L3), m3)
and
(P(K3), P(Ly), m2) < (P(K3), P(Ls), m3)

Moreover, if L = Ly = Lg, then we can take L = Ls.

Proof. By Theorem 1.10, we can find Krull valuations v; and vy on
K, and K5 such that m = 7,, and my = m,,. By condition (iv) of
Theorem 2.1, these valuations are non-trivial. Using the refined ver-
sion of Robinson’s completeness result, we can jointly embed (K7, v;)
and (K3,vy) over L into (K3,v3) (*). Let L3 be the residue field of
vs, then as K3 is algebraically closed, so is L3 and extends the residue
field L; of vy and Ly of vy. Using Theorem 1.5 again, we can con-
struct a specialisation (P(K3), P(L3),m,,). It remains to see that in
fact w3 extends the specialisations 7, and my. This follows from the
fact that if £k € Kj, and there exists | € Ly such vy(k —1) > 0,
then this relation is preserved in the embedding (*). Hence the spe-
cialisation m,, already extends the specialisations 7; and my of P(K})
and P(K3) onto P(L,) and P(Ls) respectively. In order to see the
last part, let (P(Ky),P(L),m) and (P(K3), P(L),m) jointly embed
in (P(K3),P(Ls),n"). By Lemma 2.1, we can construct a speciali-
sation (P(Ls), P(L), ). Let (P(K3), P(L),m3) be the composition of
these specialisations. It remains to see that again that w3 extends the
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specialisations m; and my. This follows from the fact that (x) is an
L-embedding. O

Lemma 2.3. Transfer of Formulas

Let (P(K), P(Ly),m) be a specialisation with corresponding (K,v),
then there exists a map;

o:P(K)— K
0 1 Lopec-formulae — Lyq-formulae

such that for any ¢(x1, ..., x,) which is a Lspec-formula and (ky, ..., k,) C
P(K);

(P(K), P(Ly),m) = (1, . kn) iff (K, 0) = o()(o(ka), ... o (kn))
(1)

Moreover, the definition of the map is uniform in K.

Proof. The map o is defined on the sorts P"(K) by sending [ko, . . ., ky)

to (ko,...,kn)/ ~n where ~, is the equivalence relation defined on
K™ from multiplication by K*. Similarly, ¢ maps a variable from
the sort S,, to the corresponding variable from the sort in K¢ defined

by ~,. A closed algebraic subvariety in {V} is defined by a multi-
homogeneous equation in the variables {(xo1, ..., Zn1)s - -5 (Toms - - - Tom) }-
Let C™ be the algebraic variety in K™"*1 defined by this equation.
Then the corresponding formula in K“? is given by;

(W1, Ym) € (~n)™[Ba1 - 2 (CT (1, ) AN T3 ~n=11)]

For the inclusion maps i,, let us identify each 7,, with its graph, then
clearly we can define o to map the formula i(z) = y to a corresponding
formula relating the sorts ~,, and ~,; in K.

Note that if [ € P™(L) is a constant, then o(l) = (lo,...,ln)/ ~n
where each [; is a constant from the atomic diagram of L.

Finally, let 7, : P"(K) — P"(Ly) be a specialisation. Let us assume
that we can identify 7, with its graph. We then have that;
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mllxo: ot xp]) =1[vo: - yn)
iff
2320 ... Tz, (N ziz = vi + 2:) A (N v(2:) > 0)).

It is now clear how to define o(m,) as a formula in the sort defined
by ~,.

This completes the definition of o, it is clear that the definition is
uniform in K and a straightforward induction on the length of a formula
from Lgpe. shows that it has the required property (f).

O

Theorem 2.1 is now a fairly straightforward consequence of the above
lemmas. We first show model completeness. Suppose that we have
models of T, ioms:

(P(K1), P(Ly1),m) < (P(K3), P(Lz), m2)

By Theorem 1.10, we can find Krull valuations v; and vy such that
(K1,v1) < (Ky,v9) and (Kq,v1), (K2,v9) = Tk 1. By the refined model
completeness result after Theorem 2.2, we have (Ki,v1) < (K2, v),
hence using Lemma 2.3, we must have that;

(P(K1), P(Ly1),m) < (P(K3), P(Lz), m2)

as required. Completeness now follows directly from Lemma 2.2 and
model completeness. Alternatively, one can exhibit a prime model of
the theory, this is clearly possible by taking the specialisations corre-
sponding to the prime models of Tk ;, above.

3. CONSTRUCTING A UNIVERSAL SPECIALISATION

We now construct a specialisation (P (K univ ), P(L), Tuniv) having the
following ”universal” property;

If L ¢ L, is an algebraically closed extension of L with tran-
scendence degree m, and (P(L,,), P(L),my) is a specialisation, then
there exists an L-embedding «y, : L,, — Kyni with the property that
Tuniv © O = Ty (*)
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This result is required in the subsequent parts of the paper.

Model theoretically, using theorem 2.1, it is easy to show the exis-
tence of such a structure. Namely, let (P(Kyniv), P(L1),71) be a 2¢
saturated model of the theory T,,;oms. Using Lemma 2.1, we can con-
struct a specialisation (P(Lq), P(L), 7). Let (P(Kuniv), P(L), Tuniv)
be the composition of the specialisations (P(Kyui), P(L1),m) and
(P(Ly),P(L),m). Then, if L C L,, is an algebraically closed extension
of L of transcendence degree m, clearly |J,~, Card(S™(Th(M))) <
2¢ where M = (P(L,,), P(L), 7). This follows as L was assumed
to be countable. Hence, by elementary model theory, there exists
an L-embedding «ay of (P(L,,), P(L),7y,) into (P(Kuniv), P(L1), ).
Clearly, ay also defines an L-embedding of (P(L,,), P(L),m,) into
(P(Kuniv), P(L), Tynin) with the required properties. For the non-model
theorist, we give a more algebraic construction, replacing the use of
types by an explicit amalgamation of the possible valuations;

Proof. Suppose, inductively, we have already constructed a specialisa-
tion (P(K,),P(L),m,) which has the property (%) for all extensions
L C L,, with L,, algebraically closed of transcendence degree m < n.
We will construct K, 1 having this property for m < n + 1. By Theo-
rem 1.5, we can find a Krull valuation v, on K, corresponding to the
specialisation 7,. Let t be a new transcendental element. The exten-
sions of v, to K, (t) are completely classifiable. In fact, we have the
following result in [12] (Theorem 3.9), we refer the reader to the paper
for the definition of each family of valuations;

The extensions of v,, are of the form;

(i). Una~ where a € K,, and + is an element of some ordered group
extension of v(K,,).

(ii). v, where A is a pseudo Cauchy sequence in (K, v,) of tran-
scendental type.

Let I be a fixed enumeration of these valuations. Inductively, we
assume that Card(K,) < 2 in which case the dimension of v(K,) as
a vector space over Q has dimension at most 2¥ as well. Clearly then
the number of non-isomorphic (over K,) valuations from (i) is at most
2¢ and the same holds for the valuations obtained from (i) by noting
that the number of order types of 7 is at most 2 (it is easily checked
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that 2 new elements of the value group, v; and 75, having the same
order type, define isomorphic valuations in the case of (7)). Hence, we
can assume that I is well ordered and apply the method of transfinite
induction to construct a series of specialisations (P (K, ;), P(L), ;)
as follows;

For i = 0, set (P(Kyo), P(L), o) = (P(K,), P(L), )

Given i € I with ¢ not a limit ordinal, let v;;1 be the next valuation in
the enumeration. Let (K, {t},7;71) be the completion of (K, (t),vii1)
and let U7 also denote the unique extension of this valuation to the
algebraic closure K, {t}*9. This defines a Krull valuation and hence a
specialisation (P(K,{t}%9), P(L'), m,11) where L' is the algebraic clo-
sure of the residue field of v;,1, having transcendence degree at most
1 over L. Using arguments as above, we can construct a specialisa-
tion (P(L'), P(L), 7). Composing these specialisations, we obtain a
specialisation (P(K,{t}*), P(L),Tn+1). (One can omit this step by
enumerating in [ only those valuations which preserve the residue field
L) Now, using Lemma 2.2 and Theorem 2.1, amalgamate the special-
isations (P(K,{t}*9), P(L), mn 1) and (P(K, ), P(L), m,;) to form a
specialisation;

(P(Kni), P(L), i) < (P(Kniv1), P(L), Ty it1)-

For i a limit ordinal, we set;

(P(Eni), P(L), ) = Ui (P (K j)s P(L); T 5)

By the usual union of chains arguments we have that;
(P(Ky;), P(L), 7 ) < (P(K,,;),P(L),m,,) for j <i.

Repeating this process, we obtain a structure (P(K,4+1), P(L), Tpi1)
such that;

(P(K,),P(L),m,) < (P(Kpt1), P(L), Tpy1).

It remains to check that this structure has the universal property (x)
for m =n—+1. Let L, be an algebraically closed extension of L with
transcendence degree n + 1 and specialisation (P(Ly1), P(L), ). Let
vr be the corresponding valuation and its restriction to L C L,, C L1,
a subfield of transcendence degree n. The corresponding specialisation
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(P(L,), P(L), ) already factors through (P(K,), P(L),m,) (1) and the
valuation v, appears as v; in the enumeration I when restricted to
L,(t). By a standard result in valuation theory, see [17], there exists
an L, (t)-embedding 7 : L, ()% — L,{t}%9 such that v, = 7; 07 (1)
(see notation above). Combining (1) and (f1), we obtain an embedding
a: (P(Lpt1), P(L)) = (P(K,;), P(L)) such that 7 = m,; o a. This
proves the result. It is now clear that the structure

(P(Kumv)a P(L>a7Tumv) = Ul>Q(P(KZ)7 P(L)’ﬂ-l)
has the required universal property, is a model of T,,;oms and;

(P(K;), P(L), 7)) < (P(Kunin), P(L), Tuniv) for i > 0.

Part 2
4. SOME ALGEBRAIC NOTATION

We will work mainly in the language of Weil’s Foundations, namely
using varieties instead of schemes. K will denote a big algebraically
closed field. L C K will denote a small algebraically closed field. By
an affine variety V', we mean a closed subset of K" in the Zariski topol-
ogy. If V is irreducible, we denote the ring of regular functions on V' by
K[V] and the function field by K (V). If £ C K is perfect, we say that
V' is defined over k if I(V'), the radical ideal of functions vanishing on
V' is generated by polynomials with coefficients in k. Any irreducible
affine variety V' has a minimal field of definition ky with the property
that any automorphism fixes V' setwise iff it fixes ky pointwise. This
is a classical result due to Weil, but is in fact a special case of a more
general construction due to model theorists of canonical bases, see [8].
By a variety, we will mean a set V', a covering of subsets V,...V,,
and for each i a bijection f; : V; — U; with U; an affine variety and
such that for each 1 < i,j < m, U;; = f;(ViNVj) is an open subset
of Uj and f;; = f; f7! is an isomorphism between the affine varieties
Ui; and Uj;. A variety V' then inherits a natural Zariski topology by
declaring U C V open if for each i, f;(U NV;) is open in U;. For
k C K, we will say that V is defined over k, if the data (U;, Uy, fij)
is defined over k in the sense of affine varieties. We let P"(K) de-
note n-dimensional projective space over K, that is K"/~ where ~ is
the equivalence relation on K™\ {0} given by (zq, ..., %) (Y0, - - - Yn)
iff M(zo,...,2n) = (Yo,...,yn) for some A € K. Writing elements of
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P"(K) in homogenous coordinates, (g : 1 : ... : x,), we have natu-
ral bijections f; between K" and P"(K); = {Z : x; # 0}. This gives
P™(K) the structure of a variety defined over the prime subfield and an
induced Zariski toplogy. By a projective variety V', we mean a closed
subset of P"(K), using the coordinate charts f;, V' automatically is a
variety in the sense defined above. Equivalently, a projective variety
V is defined by a set of homogenous polynomials in Kz, ...z,] and
is defined over k if the ideal I(V') is generated by homogenous poly-
nomials with coefficients in k. If a variety is V' defined over k£ and
k C L C K with L algebraically closed then we will use the notation
V(L) to denote V' considered as a variety over L. In this case, we will
require that a subvariety of V(L) is defined over L.

We will use the notation X Xy Z to denote the fibre product of two
varieties X and Z over Y. Given a variety V' defined over k and a tuple
of elements a € V", we will use k(a) to denote the field of definition
of a. In the case when X = Spec(L), corresponding to an L rational
point j : Spec(L) — Z;

Lx,Y —» X

b

y L,z

we will often use the notation L x 7 Y to denote the geometric fibre
f~Yy) of a point y € Z, considered as a variety over L. Similar no-
tation will be used in the case of sheaves. Given varieties Y,Z and a
morphism ¢ : Y — Z, we define the pullback of a coherent sheaf F' on
Z to be the sheafification of

g*F = OY ®9_1OZ g_lF

where ¢ 'F(U) = lim_, yancvF(V). Again, in the case when j :
Spec(L) — Z is an L rational point and F' is a coherent sheaf on Z,
j~'F = F, the localised sheaf at z, and L ®o, , F. is a vector space
over L which, by slight abuse of notation, corresponds to the fibre of
the sheaf I at z. Given a morphism f : X — Y, we let {2x/y denote
the sheaf of relative differentials on X. We will use the geometric con-
struction of {1x/y as A*J/J? where A : X — X xy X is the diagonal
embedding and J/J? is the normal bundle of A(X) in X xy X. In the
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case when Y = Spec(L) for k C L C K and k the field of definition
of X, we use the notation {2x/;, to denote the sheaf of meromorphic
differentials on X and €% L the sheaf of meromorphic vector fields.
There is a canonical isomorphism;

d: mz/mg — (QX/L)Z X L
d(f +m?) = df

relating the sheaf of differentials to the cotangent space at a point.
Using this isomorphism and Nakayama’s Lemma, one has that for an
algebraic variety X of dimension n over k C L, lx/y, is a locally free
module of rank n on the nonsingular locus U of X, see [16] for details.

5. ZARISKI STRUCTURES

Definition 5.1. Let (M, 1) be a topological space and let {C} denote
the collection of closed sets on (M). We call (M, T) a Zariski structure
iof the following axioms hold;

(L) Language: Basic relations are closed;

The diagonals A; C M x M" are closed.

Any singleton in M is closed.

Cartesian products of closed sets are closed

(P) Properness: The projection maps pr : M"™! — M™ are proper
and continuous, that is the images and inverse images of closed sets
under pr are closed

(DCC) Descending Chain Condition: The topology given by the
closed sets on M™ is Noetherian for all n > 1. The condition (DCC)

implies that every closed set C' can be written uniquely (up to permu-
tation) as a union of irreducible closed sets;

C=Cu...uqC,
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(DIM) Dimension: The following notion of dimension for closed sets
C Cc M™ is well defined;

For irreducible C, dim(C') is the maximum m for which there exists
a chain of irreducible closed sets Co Cc C; C ...C,, = C.

For arbitrary closed C, dim(C) = mazi<;<pm{dim(C;)} for C; the
irreducible components of C'

(PS) Pre-Smoothness: For all closed irreducible sets Cy,Cy C M™,
with C; N Cy # 0,

diMeomp(C1 N Cy) > dim(Cy) + dim(Cy) — dim(M™)

(DF) Definability of fibres: If C' C M"™*™ is closed, then

F(C,k) ={a € M":dim(C(a)) > k}

is closed.

(GF) Generic fibres: If C'C M"™™ is closed and irreducible, then

dim(C) = dim(pr(C)) + mingeprcydimC(a)

Remarks 5.2. The definition of dimension easily implies the following
properties;

(DU) Dimension of unions: For Cy,Cy closed, then
dim(Cy U Cy) = max{dim(Cy), dim(Cs)}
(DP) The dimension of a point is 0.

(DI) Dimension of irreducible sets: If Cy C Cy and Cy is irreducible,
then dim(Cy) < dim(Cy).

We now show the following;
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Theorem 5.3. Let V' be a smooth projective variety of dimension m
defined over k and k C L with L algebraically closed, then V(L) con-
sidered as a toplogical space with closed sets given by the algebraic sub-
varieties defined over L is an irreducible Zariski structure of dimension
m.

Proof. We will verify the axioms;
(L) We need only verify that the diagonals A; C V? x V* are closed.

(P) An algebraic variety V' is complete if for all varieties Y, the pro-
jection morphism

pr:VXxY =Y

is closed. Taking Y to be V™ in the above definition, complete vari-
eties have the property that the projection maps

pr: Vil s yn

are closed. If W C V is a closed subvariety of a complete variety V|
then, as is easily checked, W is also complete. By assumption V is a
closed subvariety of PV (L) for some N. Now it is a classical fact that
PY(L) is complete, see for example [10].

(DCC) Let {W; : i < w} be an infinite descending chain of closed
subvarieties of V. Let {Uy,...U,} be an affine open cover of V. Then
{U; N W; :i < w} defines a descending chain of closed subvarieties of
each U;. By the Nullstellensatz, each such chain stabilises inside U;.
Then clearly the chain stabilises inside V™.

(DIM) For W an irreducible subvariety of V", we let dimgeom (W) =
t.deg(L(W)/L). Then dimgeom corresponds to dim as defined above.
To see this, suppose that dim(W) > n+ 1, and W is irreducible, then
by definition one can find an irreducible closed subvariety W’ C W with
dim(W’) > n and so inductively dim(W’) > n. Now take any affine
open subset of V™ intersecting W’ so we may assume that W and
W’ are affine as the function fields are unchanged. Let L[W] denote
the coordinate domain of W, p the proper prime ideal correspond-
ing to W' and dimpg,.; the Krull dimension of an integral domain.
By Krull’s theorem, height(p) + dimgpu(L[W]/p) = dimgpu(L[W]),
dim g (LIW]) = t.deg(L(W)) and dim g (LIW]/p) = t.deg(L(W')),
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hence t.deg(L(W’))) < t.deg(L(W)). It follows that dimgeom(W') <
dimgeom (W) and so dimgeom (W) > n+1. Conversely, if dimgeom (W) >
n + 1, then again assuming W is irreducible and affine, if we take f &
L[W] to be a non-unit, then each irreducible component of V(f) C W
has codimension 1 in X, see [10]. Therefore, dimgeom(V(f)) > n and
inductively dim(V(f)) > n. As each component of V(f) is a proper
closed subset of X, dim(WW) > n+1. Now clearly we have that dimeom
corresponds to dim and so in particular we know that dim (V™) = mn
and the notion of dim on V" is well defined.

I

(PS) A simple calculation shows that for (z;...x,) € V", mz
Z?:lOl‘l...fi...xn (9 My, - Hence,

Tang(V") = (mg/m3)* = XL, (my, /m3,)" = S, Tang, (V).
Therefore, V" is smooth.

Now we use the following lemma;

Lemma 5.4. If X is a non-singular algebraic variety of dimension n,
and Y, Z are irreducible closed subsets. Then if W is a component of
Y NZ, we have,

dim(W) > dim(Y') + dim(Z) —n
or equivalently

codim(W) < codim(Y") + codim(Z)

Proof. We have that Y N Z 2 Y x Z N A(X) inside X x, X. Let
J1,---, 9, be uniformisers on an open subset U inside X. Then we
saw above that Qx,, is just the pullback of the conormal sheaf J/.J?
for the inclusion of A(X) inside X x; X. As Qy/y, is locally free, so
is J/J?, and in particular generated freely on A(U) by the functions
G®1-1®g¢g,...,6.21—1®g,. At a point 2 € A(U), we have that
G ®1-1®g¢1,...,9,.®1—1® g, generate J,/J? and therefore form
a basis for the vector space J,/m,J, as clearly any function belonging
to J, lies in m,, the ideal of functions in Ox x , vanishing at x. Then,
as J,/mgJ, is just the base change J ® k(x) of the ideal sheaf J at the
point x, it follows by Nakayama’s lemma that these functions generate
J on an open neighborhood U containing z (not freely!). It follows
that Y x Z N A(X) is cut out by exactly n equations inside Y x Z, so



24 TRISTRAM DE PIRO

by standard dimension theory we have the result.

It follows immediately that V™ satisfies (P.S).

In order to check the final 2 axioms we introduce the following defi-
nitions;

Definition 5.5. Ifa,b € V" are tuples of elements, we define locus(a,/b)
to be the intersection of all closed subvarieties defined over k(b) con-
taining a and locusg,..(a/b) to be the intersection of all closed subvari-
eties defined over k(b)9. We define dim(a/k) to be t.deg(k(a)/k) and
dim(a/kb) to be t.deg(k(a)/k(b)); if the underlying field k is clear from

context, we will abbreviate this to dim(a/b)

By the condition DCC, it is clear that locus and locus;., are well
defined. locus;,.. is an irreducible subvariety of V" containing a, as if
V' is an irreducible components of locus;.. containing a and ky is the
minimal field of definition, then ki has only finitely many congugates
under an automorphism fixing k(b)?9, hence ki C k(b)™9.

Definition 5.6. If W C V" is an irreducible closed subvariety, a € W,
and b is a tuple of elements such that k(b) contains a field of definition
for W, then we say that a is generic in W over b if locus(a/b) = W.

Lemma 5.7. Let W C V" be an irreducible closed subvariety defined
over k and a generic in W over k. Then dim(W) = t.deg(k(a)/k) =
dim(a/k).

Proof. By the above, dim(W) = dimgepn, (W) = t.deg(k(W)/k). By
choosing an open affine subvariety of W containing a and defined over
k, we can assume that W is affine. Now define a map ev : k[W| — k(a)
by setting ev(f) = f(a). ev is injective as if f(a) = 0, then as f has
coefficients in k and a is generic in W over k, f|IW = 0. Clearly ev

extends to a map on k(W) which is an isomorphism.
U

(DF) Let W C V™™ be a closed subvariety and pr the projection
onto n factors. We can cover (P (L))™+™) with finitely many affines of
the form AN+ hence we may assume that W is a closed subvariety
of AN+ and show that I'(y) = {a : dim(W(a)) > k + 1} is closed
in pr(W). By additivity of t.deg and the lemma, this occurs iff we can
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find algebraically independent elements by ... bxbry1 C b C L such that
W (ba) holds iff

30(k+2) . Hg(Nm)W<ZC1, ey TNm, C_L)

has maximal dimension for some permutation o € Syp—(41). We
may write each projection W, in the form

M Fi(zy .o 2pp1, ) = Omﬂj Qj(x1 ... Tpy1,Y) #0

where F; and @); are polynomials in the variables Zy. Let 6,(7) define
the closed set given by the vanishing of all coefficients in the F;. Then
an easy calculation shows that I',(y) = {y € pr(W) : 6,(y)}, which is
closed.

(GF) We first show the following;

Lemma 5.8. Let W C V™™ be closed and irreducible, defined over k.
Then ab is generic in W over k iff a is generic in pr(W) over k and b
is generic in W(a) over k(a).

Proof. One direction is straightforward, if @ is not generic in pr(W),
then @ € E C pr(W) and ab € pr~'(E) € W. If b is not generic in
W (@), then we can find X C W(a) containing b defined over k(a). As
we are working in a product of P™(L), we can define X by a series of n-
homogeneous equations with coefficients in k(a). Applying Frobenius
to these equations, we can in fact assume that the coefficients lie in
k < a >. Now a straightforward exercise in clearing denominators and
writing affine equations in homogeneous form shows that we can write
X as the fibre Y'(a) for some closed subvariety Y of V"™ Intersecting
with W if necessary gives a proper closed Y C W with ab € W and
defined over .

For the other direction, suppose that @b is not generic in W over k,
then there exists X defined over k such that ab € X C W. Then a €
pr(X) which is also closed and defined over k. Hence, pr(X) = pr(W).
As b € X(a), we have that dim(X (a)) = dim(W(a)) = m. By (DF),

X ={a €pr(X):dim(X(a)) = dim(W(a)) = m}

is constructible and, by automorphism, can be seen to be defined
over k. Hence, as a was assumed to be generic, X,, is open inside



26 TRISTRAM DE PIRO

pr(X). Now, using Lemma 5.7 and the hypotheses on a,b, dim(X) >
dim(ab/k) = dim(b/ak) + dim(a/k) = m + dim(pr(W)). However,
choosing @b’ generic in W over k, we have that dim(W) = dim(a't' /k) =
m + dim(pr(W)) by the properties of X;. Hence, dim(X) > dim(W)
contradicting the fact that X C W and W was assumed to be irre-
ducible.

O

Using the lemma, we can give an easy proof of (GF);

Let W C V™™ be closed, irreducible and defined over k. Choose ab
generic in W over k. Then

dim(W) = Elim(c_LE/k:) = dim(b/ak) + dim(a/k) = dim(pr(W)) +

Mingeprow)W(a).
The last equality follows from the previous lemma and (DF').

We have therefore checked all the axioms.
O

Definition 5.9. Given a closed subvariety W of V™(L) and a closed
Fc W x V™ all defined over k, we say that F is a cover of W if
pr(F) = W and that a € W s regular for the cover if dimF(a) =
dimF(a') for @ generic in W over k.

6. SPECIALISATIONS AND DIMENSION IN THE CONTEXT OF
ZARISKI STRUCTURES

We recall the construction of a universal specialisation
(P(Kuniv), P(L), Hynin), (%), from Part 1, Section 3. We replace the
subscript univ by w. Observe that by the results of the previous sec-
tion, if V' is a smooth projective variety defined over L, then V(L) is
a Zariski structure, in the language consisting of closed subvarieties
defined over L. In the same language we have that V(L) < V(K,),
this is an easy consequence of quantifier elimination for algebraically
closed fields. We define a closed set of V(K,,) to be of the form C(z, a),
where C is closed in V(L), and a is a tuple from V(K,). One can eas-
ily verify that V(K,) is then a Zariski structure, either by verifying
the axioms as we did for V(L), or by using a general result for Zariski
structures, shown in [28], or in [22]. For a tuple a from V(K,), and
a set of parameters b, possibly infinite, we define dim(a/b) to be the
transcendence degree of L(ba)/L(b) As before, one can easily verify
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that this is the same as the dimension of the irreducible locus of @ over
L(b). Tt is also a simple exercise to see that this also coincides with the
model theoretic dimension, in this case Morley rank. We clearly have,
from (%), that II, : V(K,) — V(L) defines a homomorphism of Zariski
structures, in the sense that for all closed W C V™ defined over L and
a € W(K,), we have that II,(a) € W(L). It is simple to recast the

result of Section 3, in the context of Zariski structures;

Let L C L,, be a field extension of finite transcendence degree m,
V' a smooth projective variety defined over L, and suppose the map
7w : V(Ly) — V(L) is a homomorphism of Zariski structures, then
there exists an L-embedding o : L,, — K, with the property that
II,0oa =m.

7. INFINITESIMAL NEIGHBORHOODS

From now on, we fix a pair of Zariski structures and the specialisa-
tion map II,, to give a triple ((V (L), V(Ky),IL,) where V is a smooth
projective variety defined over L.

Definition 7.1. For a € V(L)", we define the infinitesimal neighbor-
hood of a to be;

Va =11, (a)

The first property of infinitesimal neighborhoods is that we can move
inside closed sets.

Lemma 7.2. If W(y) is an irreducible closed set defined in V (L),
be W and dim(W) = r, then there exists a b € VyNW (K,,) such that
dim(b'/L) =r

Proof. Consider the collection of constructible sets inside V' (L)"
W(y)u{—=C(y) : C closed, definable over L, dim(W (y)NC(y) < r)}

As W is irreducible of dimension r, any finite subcollection has a
realisation in V(L)". By compactness, we can find a realisation b’ in
W(K) for L C K such that dim(b'/L) = r. It then follows that we can
define a partial specialisation 7 : V(K) — V(L) by setting 7(0') = b,
for if C(y) is a closed set defined over L such that —C(b), then we
must have that dim(W (y) N C(y) < d otherwise, W being irreducible,
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W(y) € C(y), so by construction ~C (') also holds. Now, using the
result of Section 6, applied to the field L(b) which has transcendence
degree r over L, we may assume that L(0') C K, C K, and the spe-

cialisation 7 is given by the restriction of II,,.
O

We now come to the critical theorem, a more general version of which
was originally proved by Zilber in the context of abstract Zariski struc-
tures, see [28] or [29];

Theorem 7.3. Suppose that F C D x V* is an irreducible finite cover
of D with D a smooth subvariety of V'™, and F, D defined over L, such
that F(a,b). If ' € V, N D(K,) is generic in D over L, then we can
find ' € V, such that (a',b') € F(K,).

We here only sketch the proof, full details can also be found in [18].
We first consider the following collection of constructible sets defined
over K, with o' € V, N D(K,,) generic over L;

{F(d',y)} U{=C(d,y) : d € V(K,),~C(Il,(d), b)}

As F'is a finite cover and K, is algebraically closed, a realisation b’ of
this collection lies in V(K,,) and F(d/,b") holds. Moreover, I1,(b") = b,
otherwise, as the diagonal = = y is closed, we have that b’ # y is in the
collection which is ridiculous.

If the collection is inconsistent, we find a closed set @ C V"** such
that F'(a,y) C Q(d,y) whereas =Q(w(d),b).

The point of the smoothness assumption is to show that the param-
eter space

L(z,2) CDx V"™ ={(x,2) : F(z,y) C Q(z,y)}

which in general is not relatively closed in D x V™ at least corresponds
to a closed set over a dense open subset of D. More precisely, there is a
closed subvariety P(x,z) C D x V" and D' C D, dim(D’) < dim(D),
all defined over L, such that

1. P(x,z) C L(x, 2).
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2. L(z,z) C P(z,2) U (D' x V") (%)
We have by assumption that L(a’,d) holds. As a’ was chosen to be
generic over L and ¢ ¢ D', P(a’,d) holds. Applying the specialisa-

tion I, gives that P(a,Il,(d)), hence F(a,y) C Q(I1,(d),y), hence
Q(11,(d), b) holds as well, contradicting the assumption.

Remarks 7.4. In fact the theorem can be improved to give the follow-
ing more general result;

Suppose that F C D x V* is an irreducible generically finite cover of
D with D a subvariety of V™. Then, if a € D 1is a reqular point for the
cover and contained in the non-singular locus of D, a’ € V,ND(K,) is
generic in D over L, then we can findb' € Vy, such that (a',0') € F(K,).

8. ZARISKI UNRAMIFIED MAPS AND MULTIPLICITY

The purpose of introducing infinitesimal neighborhoods is to define
an abstract notion of Zariski multiplicity.

Definition 8.1. Zariski multiplicity
Let hypotheses be as in Theorem 7.3
Given (a,b) € F, set

multy,(F/D) = Card(F(d', K,,))NWy) for a € V,ND generic over L
We want to show this is well defined.

Proof. Suppose a” € V, N D with Card(F(a”, K,,) N V,) = n. Consider
the relation N(x,91,...,y,) C D x V™ given by

N('Iayhvyn):F(x)yl)/\/\F(xvyn)

Then we have that N is a finite cover of D and, moreover, by smooth-
ness of D, each irreducible component of N has dimension at least

n(dim(F) + (n — 1)k) — (n — 1)(dim(D) + nk) = dim(D) 4+ n(n —
1)k —n(n — 1)k = dim(D)
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so clearly each component is a finite cover of D. Now, choose an ir-
reducible component N; containing (a”, b/, ...,b"), so by specialisation
also contains (a,b,...,b) and consider the open set U C N; given by

Uz, Y1, Yn) = Ni(Z,91, - Yn) AL Y2 o F Un,

Then, for o’ € V, generic in D, it follows we can find a tuple
(b, ..., ) such that N;(a’,b,...,b), and (V},...,0,) € V.. As

is easily checked, the tuple (da/,b,...,b)) is generic inside NZ, hence
must lie inside U. This proves that the b),... b/ are distinct, hence
Card(F(d',K,)NVy) > n.

O

Definition 8.2. We say that a point (ab) € F is Zariski ramified if
multa,(F/D) > 2. Otherwise, we call such a point Zariski unramified.

Now suppose F' C D x V™ is an irreducible finite cover of D with D
smooth, then we have the following easily checked lemma

Lemma 8.3. mult,(F/D) =aef Xver(a,pymulta(F/D) does not depend
on the choice of a € D, and is equal to the size of a generic fibre over D

A simple consequence is the following:

Lemma 8.4. Ifa’ € D(L), then F(a@') contains a point of ramification
in the sense of Zariski structures iff |F(a')| < |F(a)| where a is generic
in D.

Proof. We have seen that |F'(a)| = Ypepa, pymulty 5(F/D). If [F(a')] <
|F(a)|, then there must exist b € F(a') with mult g 5 (F/D) > 2 so the

result follows by the definition of ramification in Zariski structures.
The converse is similar.

O

We will also require the following results, that Zariski multiplicity is
multiplicative over composition and preserved by open maps.

Lemma 8.5. Suppose that Fy, F5 and F3 are smooth, irreducible, with
Fy, C Fy x V¥ and F3 C Fy, x V! finite covers. Let (abc) € F3 C
Fy x VEx VL Then mult e (F3/Fy) = mult g (Fy ) Fy)multy(F/ Fy).

Proof. To see this, let m = multy,,(Fy/Fy) and n = multy.(F3/Fy).
Choose o' € V, N F1(K,) generic over L. By definition, we can find
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distinct by ... b, in VF(K,) NV, such that Fy(a',b;) holds. As F; is a
finite cover of Fi, we have that dim(a’'b;/L) = dim(a’/L) = dim(F}) =
dim(Fy), so each (a'b;) € VN Fy is generic over L. Again by definition,
we can find distinct ;1 .. . ¢z, in VY(K,,) NV, such that F3(a'b;c;;) holds.
Then the mn distinct elements (a'b;c;;) are in Ve, so by definition of
multiplicity mult..(F3/F)) = mn as required.

O

Lemma 8.6. Letm : X — D and 7o : Y — D be covers with assump-
tions as in remarks following Theorem 7.3. Suppose moreover that there
exist open smooth subvarieties U C X and V CY and an isomorphism
f:U — V such that moo f = m on U. Then if a € D is a reqular
point for the cover m and (ab) € U, mult,(X/D) = mult,su)(Y/D).

Proof. We may assume that the open set U is maximal with the prop-
erty that (ab) € U and there exists an isomorphism with V' C Y. Sup-
pose mult,,(X/D) = m. Then we can find o’ € V, N D(K,,) generic in
D over L and by, ..., b, distinct such that X (a’;) holds for 1 < i < m.
It will be sufficient to show that Y'(a'f(b;)) holds and f(b;) € Vi),
for 1 < ¢ < m, then, as f is injective, mult, y4)(Y/D) > m and the
result follows by symmetry. By the fact that my 0o f = 7 on U we
clearly have that Y (a'f(b;)) holds. Let graph(f) be the projective clo-
sure of the graph of f in the projective variety X x Y and 7y, my the
projections onto the coordinates X and Y. Then 7y satisfies the con-
ditions of the remarks after Theorem 7.3, and moreover by assumption
the point (ab) € X is regular for the cover 7 and contained in the
non-singular locus of X. Hence, we can find (cd) € V,5s) such that
graph(f)(a'b;, cd) holds. As graph(f)isa 1—1 correspondence between
U and V, if (a'b;, cd) € graph(f) \ graph(f) then (a'b;,cd) € Fx U Fy
where Fx, Fy consist of the infinite fibres of the projections mx and
my respectively. By (DF'), both of these are defined over L and have
dimension strictly less than graph(f). This contradicts the fact that
(a'bs, cd) is generic inside graph(f) over L, hence (a'b;, cd) € graph(f)
and as f is a bijection (cd) = (a'f(b;)). This shows that f(b;) € Vi)
as required.

O

9. ETALE MORPHISMS AND ALGEBRAIC MULTIPLICITY

We review here the algebraic notions which will be required in the
following section.
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Definition 9.1. A morphism f of finite type between varieties X and
Y is said to be etale if for all x € X there are open affine neigh-
borhoods U of x and V' of f(x) with f(U) C V such that restricted to
these neighborhoods the pull back on functions is given by the inclusion;

% . [1,...,Tn]
f i LV]— L[V]—fi,...,fn

and det(%)(w) #0,(x)

The coordinate free definition of etale is that f should be flat and
unramified, where a morphism f is unramified if the sheaf of relative
differentials {2x/y = 0, clearly this last confition is satisfied using the
condition (x). If we tensor the exact sequence,

" Qy = Qx = Qx)y =0

with L(z) the residue field of x, we obtain an isomorphism
f Qy ® L(z) — Qx ® L(x).

Identifying Qx ® L(x) with T} y gives that

df = (me/m3)* = (M) /mG,)"

is an isomorphism of tangent spaces or dually f*(ms()) = m,. Call
this property of etale morphisms ().

The notion of an etale morphism simplifies considerably when we
assume that X and Y are smooth algebraic varieties over L, see [16];

Theorem 9.2. If X and Y are non-singular algebraic varieties over
L and f: X =Y is a morphism, then f is etale iff df : (my/m2)* —
(mf(x)/mfc(x))* is an isomorphism everywhere.

Remarks 9.3. This gives us a convenient test for etaleness given an
arbitrary morphism of finite type between smooth varieties X and Y . If
we take local uniformisers g1, ... g, atx € X, the dg; generate Qx freely
on an open U’ of . If we pull back a set of uniformisers f*fi,..., [*fn
onY to X, we can locally define the Jacobian Jacg to be;

of* fi
det( ggjf)
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which means write the 1-forms f*df; = ¥,a,;dg; and take det(a;;).
If f is etale in a neighborhood of x, the f*df; also generate Qx freely
on an open U" of x. Taking the intersection U" = U NU’, gives us
that the Jacobian Jacg|U” #+ 0. Conversely, if Jacg(az) # 0, then it is
non zero on an open neighborhood U" of x and by the above theorem
we have that f s etale on this neighborhood.

We will also require some facts about the etale topology on an al-
gebraic variety Y, see [15] for more details. We consider a category
Y.; whose objects are etale morphisms U — Y and whose arrows are
Y-morphisms from U — V. This category has the following 2 de-
sirable properties. First given y € Y, the set of objects of the form
(U,z) — (Y,y) form a directed system, namely (U,z) C (U’ 2’) if
there exists a morphism U — U’ taking x to z’. Secondly, we can take
“intersections” of open sets U; and U; by considering U;; = U; Xy Uj;
the projection maps are easily show to be etale and the composition of
etale maps is etale, so U;; — Y still lies in Y,,. If Y is an irreducible
variety over K, then all etale morphisms into ¥ must come from re-
duced schemes of finite type over K, though they may well fail to be
irreducible considered as algebraic varieties. Now we can define the
local ring of Y in the etale toplogy to be;

ny = Mm—nyeUOU(U)

As any open set U of Y clearly induces an etale morphism U —; Y
of inclusion, we have that O,y C O We want to prove that O
is a Henselian ring and in fact the smallest Henselian ring contammg
O,,y. We need the following lemma about Henselian rings;

Lemma 9.4. Let R be a local ring with residue field k. Suppose that
R satisfies the following condition;

If fi,... fn € Rlz1,...2,] and fi ... f, have a common root a in k™,

for which Jac(f)(a) = (gg;)ij(d) # 0, then a lifts to a common root in
R™ (*).

Then R is Henselian.

It remains to show that O, satisfies (x).
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Proof. Given fi ... f, satisfying the condition of (%), we can assume
the coefficients of the f; belong to Oy, (U;) for covers U; — Y; tak-
functions on a single etale cover U of Y. By the remarks above we can
consider U as an algebraic variety over K, and even an affine algebraic
variety after taking the corresponding inclusion. We then consider the
variety V' C U x A™ defined by Spec(W). Letting u € U de-
note the point in U lying over y € Y, the residue of the coefficients of
the f; at u corresponds to the residue in the local ring R, which tells
us exactly that the point (u,a) lies in V. By the Jacobian condition,
we have that the projection 7 : V' — U is etale at the point (u,a), and
hence on some open neighborhood of (u, a), using Nakayama’s Lemma
applied to Qy,y. Therefore, replacing V' by the open subset U" C V
gives an etale cover of U and therefore of Y, lying over y. Now clearly
the coordinate functions x1,...x, restricted to U’ lie in OQY and lift
the root @ to a root in Oy

O

We define the Henselisation of a local ring R to be the smallest
Henselian ring R’ O R, with R’ C Frac(R)®. We have in fact, see
[15], that;

Theorem 9.5. Given an algebraic variety Y, OQY 1s the Henselisation

Of Oy7Y

Definition 9.6. Given smooth projective curves Cy, Cy and a finite
morphism f : C; — Cy, the algebraic multiplicity of [ at a is ord,(f*h)
where h is a local uniformiser for Cy at f(a).

Remarks 9.7. This is independent of the choice of h, as the quo-
tient of 2 uniformisers h/h' is a unit in Oyg). Given finite mor-
phisms [ : C3 — Cy and g : Cy — Ch, if ordy ;a)(C5/Ca) = m and
ordy(a),gf(a)(C2/C1) = n, then taking a local uniformiser h at gf(a), we
have that g*h = hlu locally at f(a) for a unit u and uniformiser hy
in Opq). Similarily f*g*h = hy’™u" for a unit u' and uniformiserhy in
O,. This shows that ord, g0y (Cs/Ch) = mn, so the branching number
s also multiplicative for smooth projective curves.

Definition 9.8. Given smooth projective varieties X1, Xy and a finite
morphism [ : X1 — Xs, the algebraic multiplicity multzlfg(a) (X1/X3) of
[ atae Xy islength(Og x,/f*ms)) where myq) is the mazimal ideal

of the local ring Oy(q).



A NON STANDARD APPROACH TO THE THEORY OF ALGEBRAIC CURVES5

Remarks 9.9. Note that this is finite, by the fact that finite morphisms
have finite fibres and the ring Og x,/[ M@ is a localisation of the
fibre £ (f(a)) = R(f™NU) @y L = R(fU)) fmgy where U is
an affine subset of Xy containing f(a).

We now have the following, which generalises the result for curves;

Theorem 9.10. Algebraic multiplicity is multiplicative;

Given finite morphisms f : X3 — Xy and g : Xo — X; between
smooth projective varieties, for a € X3 we have that

multaf(a) (Xg/XQ)multf(a)gf(a) (Xg/Xl) = multagf(a) (Xg/Xl).

Proof. The proof is an exercise in algebra, which we give for want of
a convenient reference. First, the morphisms f and g are flat. This
requires the following lemma, given as an exercise in [9], and the fact
that smooth varieties are regular and Cohen-Macauley;

Lemma 9.11. Let f : X — Y be a morphism of varieties over L.
Assume that Y is regular, X is Cohen-Macauley and that every fibre
of f has dimension equal to dim(X) — dim(Y'). Then f is flat.

Now we have a tower of local rings (R, m) C (S,n) C (T,0) with
algebraically closed residue field L. Each extension is free by the flat-
ness result and finiteness. For a finite free extension (R, m) C (S,n) of
local rings, we also have the easily checked result that;

(S : R] = dimpyr)S®rFr(R) = dimpS®g/mrR/mR = dimp(S/msS)(*).

For an extension (R, m) C (.5, n) of local rings, we have that length(S/mS) =
dimp(S/mS), hence, by (*), the theorem reduces to checking that
[T : R| = [T : S][S : R] which is standard, see [27].

O

10. EQUIVALENCE OF THE NOTIONS

This section is devoted to the main proofs of this part of the paper.
We show that, for morphisms between smooth projective varieties, the
notions of etaleness and a Zariski unramified map essentially coincide
(*). We then show that, in the case of smooth algebraic curves (smooth
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projective varieties of dimension 1), algebraic multiplicity essentially
coincides with Zariski multiplicity. Finally, we give a local version of
(%) for, possibly singular, algebraic curves. For the rest of this part
of the paper, we will often abbreviate smooth algebraic curves to just
algebraic curves, as is done in [9], reserving the terminology singular

algebraic curves to denote irreducible projective varieties of dimension
1.

Theorem 10.1. Let hypotheses be as in Theorem 7.3, with the addi-
tional assumptions that charL = 0 and F s smooth. Then F 1is a
Zariski unramified cover of D iff F' is an etale cover of D.

Let pr be the projection map of F' onto D, then pr is a projective
morphism. By Zariski’s Main Theorem, pr factors as a composition
F —,., F" —,., D with pry having connected fibres, pri,Op = Opand
pry a finite morphism. The formal inverse pr;* from F’ to F is a mor-
phism corresponding to the identification of pr;,Or and Op, hence pr;
is in fact an isomorphism. We may therefore assume that pr is a finite
morphism.

Now suppose that pr is etale, then, pr is flat, see [16] for how this
follows from Definition 9.1. As D is irreducible,

dimyy) (f«(Or) ®o, k(y))

is independent of y € D. As pr is etale, pry : T p — Tp(2),p is an
isomorphism, hence, by a simple calculation;

dimiy)(£.(OF) @0, k() = |F(y)] for y € D.

This shows that |F'(y)| is independent of y € D. By Lemma 8.4, this
shows that pr is a Zariski unramified cover.

Conversely, suppose that pr is Zariski unramified. We first show
that for generic a € D, |F(a)| = deg(pr) = deglk(F) : k(D)]. As
char(k(F')) = 0, the extension is seperable so we can find a primitive
element g € k(F) such that k(F) = k(D)(g). Clearly the minimum
polynomial p of g over k(D) has degree n = deg[k(F) : k(D)]. Let
hi,...hn,_1 € k(D) be the coefficients of p, then R(D)(hy...h,_1) de-
termines the function ring of a Zariski open subset U of D. Clearly
R(U)[g] is an integral extension of R(U) and corresponds to the pro-
jection restricted to U' = pr~'(U) N g # 0. By dimension theory,
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the zero set Z(g) C D cannot intersect with a generic fibre of the
original map pr : ' — D. Now we consider the discriminant D(p)
of the polynomial p as a regular function on U and we have that for
generic a € U that D(p)(a) # 0. This implies that for generic a € U
lpr~Y(a)] = n = deg[k(F) : k(D)]. Now we are in a position to ap-
ply Theorem 5, p145, of [26] which requires that D should be smooth,
namely that pr, : T, p — T, (y),p is an isomorphism for x € F. As
both F' and D were assumed to be nonsingular, this is sufficient to
show that pr is etale by Theorem 9.2.

Remarks 10.2. When char(L) = p, the analogy fails. If we consider
the Frobenius map Fr : P* — P, then Graph(Fr) C P' x P! is a
finite cover of P, which is smooth. The projection map pr onto the
second coordinate is unramified in the sense of Zariski structures as pr
is a bijection. However pr fails to be etale in the sense of algebraic
geometry as pry @ Ty Graph(rr) — Tpr(z),pr 8 zero everywhere. However
the following theorem shows that this is the only bad example and high-
lights one advantage of the Zariski method, namely that it is insensitive
only to Frobenius.

Theorem 10.3. Let hypotheses be as in Theorem 7.3, with the addi-
tional assumptions that char(L) = p # 0 and F is smooth. Then, if
F is an etale cover of D, F is a Zariski unramified cover. Conversely,
if F'is a Zariski unramified cover, then pr factors as a composition
F —,. F' —,., D in Proj with pri a purely inseperable connected
cover and pro an etale cover.

Proof. As in the previous theorem, we may assume that pr is a finite
morphism. Suppose first that F' — D is a finite morphism with F' and
D affine. We first find a field L such that k(F)/L is a purely inseper-
able extension and L/k(D) is seperable. Let R’ be the integral closure
of R(D) in L and R” the integral closure of R(D) in k(F'). As R(F) is
integral over R(D) we have that R(F) C R”, but F' was assumed to be
smooth so R(F) is integrally closed in k(F') and therefore R = R(F).
As the extensions k(D) C L C k(F) are finite algebraic, by [27], both
R(F) and R’ are finite R' and R(D) modules respectively. Therefore,
corresponding to the ring inclusions

R(D) - R — R(F)

we have the sequence of finite morphisms
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F —,,., Spec(R') =, D

We first consider the cover F' —,,, Spec(R'). Let g1, ... gn generate
R(F) over R'. As the extension k(F')/L is purely inseperable, we can
write the minimum polynomials p; of g; in the form ri,ogp"i —r;1 =20
where ;9 and 7;; are in R'. As R(F')/R' is finite, we can also find
monic polynomials ¢; with coefficients in R’ satisfied by g¢;. Choose
polynomials ¢; = s;02™ + S;1%m,—1 + ...Sim, such that pit; = ¢.
By equating coefficients, we have that 7,y = s;& and r;1/ri0 € R
Hence, we can take the p; to be monic with coefficients in R’. As the
p; are minimal monic polynomials, we conclude that that R(F') is an
extension of the form R'[g1, ..., gm]/(¢"  — A,..., 92" — Ap) with
Ai € R'. This is easily checked to be a connected cover of Spec(R’).
In fact if we let @ = (F'r="™, ..., Fr="™) o (A1...\,), where the \; are
considered as regular functions on Spec(R') and Fr~" is the formal
inverse Frobenius map, then the cover corresponds to the projection
of Graph(0) C Spec(R') x A™ onto Spec(R'). As F was assumed to
be smooth, Spec(R’) is a smooth seperable Zariski unramified cover
of D. Applying the previous theorem, we conclude that Spec(R’) is
an etale cover of D. Now, for the case when F' and D are projective
varieties, let U; be an affine cover of D and R'(U;) the corresponding
normalisations. By uniqueness of integral closure, the R'(U;) patch to
form a cover F’ of D. In fact, by a classical result, see [16], we may
assume that F’ is a smooth projective variety. As etaleness is a local
condition for smooth varieties, the cover F” is etale. Finally, check that
the local maps pry : F; — R'(U;) patch on overlaps to give a morphism
pr1 : FF— F’. Clearly, this is an insperable connected cover, in fact
if I is defined by the homogenous equations < fi, ... f, > inside PV,
then F is isomorphic to the closed subvariety of PY x P™ defined by the
extra equations < Y X3 — \(Xo, ..., Xy)Y?" > where 1 <i <m
and j(i) is the degree of the polynomial ); in the affine coordinates
PN(L);.

O

Remarks 10.4. We now show that the notions of Zariski multiplicity
and algebraic multiplicity coincide for smooth algebraic curves when
char(L) =0, as usual with assumptions being as in Theorem 7.3., and
find an analogous result when char(L) = p. Unfortunately, it does not
seem possible to achieve this by counting points in the fibres, as in the
previous theorems, so we need to find a local method. This will be the
subject of the remainder of this section.
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Remarks 10.5. We consider the case when F and D are smooth
curves. Given a curve C, defined over a field of characteristic p, with
function field L(C), we let L(C)'/? be the field obtained by extracting
p' roots of L(C) in some fived algebraic closure. We denote by C, the
unique (up to isomorphism) curve, having function field L(C)Y?. Cor-
responding to the inclusion i : L(C) — L(C)"?, we obtain a morphism
Frob: C, — C, which, by some abuse of the standard terminology, (the
standard terminology is L-linear Frobenius), we will refer to as Frobe-
nius. Although L(C) and L(C)"? are clearly isomorphic as fields, they
may not be isomorphic over L. Hence, C and C, are not necessarily
1somorphic curves. The Frobenius morphism may be explicitly realised
as follows;

Let C' be embedded in P", for some n, defined by the homogeneous
polynomials {f1,..., fm}. Let C' be the variety defined by {f1,..., fm},
where, for 1 < j < m, E s the homogeneous polynomial obtained by
applying inverse Frobenius to the coefficients. Then, by a straightfor-
ward calculation using Jacobians, C" defines a projective curve. The
morphism Frobenius;

Fr:P"— P"
Fr(Xo:...: X,]) =X ... XP]

restricts to define a morphism Fr : C' — C. Let Rat; denote the
rational functions of degree k on P™. Then Fr induces a map;

Fr*: Raty, — Raty,

by the formula,

(Fr*F)(Xo,...,X,) = F(X{,...,XP)

For a homogeneous polynomial f; defining C, we have that,
Fre(f;) = (f;)"

Hence, Fr* restricts to define an L-linear map;

Fr*: L(C) — L(C")
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One can also define a map;

Fro L[Xo, ..., X, — LIXJP, ... X"

by the formula;

(Fr-YF)(Xo,..., X)) = F(XJ, ..., X7

For a homogeneous polynomual f_j defining C', we have that;
Froio(B) = (1)

Hence, Fr='* restricts to define an L-linear isomorphism;
Fr=* . L(C") — L(O)Y? ()

We have that Fr='* o Fr* = Id, restricted to Raty, hence;
Fr=Yo Fr*: L(C) — L(C") — L(C)'? (1)

is the inclusion map. Using the fact that C, and C' are nonsingular
projective curves, by (1) we obtain an isomorphism 6 : C, — C'. By
(11), we have that;

Frof = Frob:C, = C

Hence, without loss of generality, we can identify the morphisms Fr
and the more abstractly defined morphism Frob.

Theorem 10.6. Let hypotheses be as in Theorem 7.3, with the addi-
tional assumption that char(L) = 0 and F', D are smooth curves. Then
the notions of Zariski multiplicity and algebraic multiplicity coincide.

Proof. As D has a non-constant meromorphic function, we can write
D as a finite cover of P!(L). As we have checked both algebraic mul-
tiplicity and Zariski multiplicity are multiplicative over composition, a
straightforward calculation shows that we need only check the notions
agree for the branched finite cover : F — P(L). (1)

Now consider this cover restricted to A', let 2 be the canonical co-
ordinate with ord,(7*(x)) = m, so we have that 7*x = h™u , for u a
unit in @, and h a uniformiser at a. (2)
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As u is a unit and char(L) = 0, the equation z™ = w splits in the
residue field of O). By Hensel’s Lemma and Theorem 9.5, it is solv-
able in O2. By the definition of O}, we can find an etale morphism
7 (U,b) — (F,a) containing such a solution in the local ring O,. We
may assume that U is irreducible and moreover, as 7 is etale, that U
is smooth. (3)

Now we can embed U in a projective smooth curve F’ and, as F” is
smooth, extend the morphism 7 to a projective morphism from F’ to

F. (4)

We claim that (ba) € graph(m) C F' x F is unramified in the sense of
Zariski structures. For this we need the following fact whose algebraic
proof relies on the fact that etale morphisms are flat, see [14];

Fact 10.7. Any etale morphism can be locally presented in the form

V. —"— Spec((A[T]/f(T))a)

v —= Spec(A)
where f(T) is a monic polynomial in A[T], f'(T) is invertible in
(A[T]/f(T))a and g, h are isomorphisms. (5)

Using Lemma 8.6 and the fact that the open set V' is smooth, we
may safely replace graph(m) by graph(n’) C F” x F where F" is the
projective closure of Spec((A[T]/f(T)), F is the projective closure of
Spec(A) and graph(n’) is the projective closure of graph(n’) and show
that (g(b)a) is Zariski unramified. Note that over the open subset
U = Spec(A) C F, graph(n') = Spec((A[T]/f(T) as this is closed in
U x F". For ease of notation, we replace (g(b)a) by (ba). (6)

Suppose that f has degree n. Let o7...0, be the elementary sym-
metric functions in n variables 17, ...T,,. Consider the equations

Ul(le Ce 7Tn) = aq
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on(Th, ..., T) = a, (%)

where aq, . . .a, are the coefficients of f with appropriate sign. These
cut out a closed subscheme C' C Spec(A[T}...Tn]). Suppose (ba) €
graph(n') = Spec(A[T]/f(T)) is ramified in the sense of Zariski struc-
tures, then I can find (a’b1be) € Vi, with (a'by),(a’bs) € Spec(A(T)/ f(T))
and by, by distinct. Then complete (b1bs) to an n-tuple (bibec] ..., o)
corresponding to the roots of f over a’. The tuple (a’bibsc] ..., _5)
satisfies C, hence so does the specialisation (abbcy ... c¢,—2). Then the
tuple (bbc; .. .cn_o) satisfies (x) with the coefficients evaluated at a.
However such a solution is unique up to permutation and corresponds
to the roots of f over a. This shows that f has a double root at (ab)
and therefore f'(T")|o = 0. As (ab) lies inside Spec(A[T]/f(T"))a, this
contradicts the fact that f’ is invertible in A[T]/f(T))a. (7)

In (2) we may therefore assume that 7*z = h™ for h a local uni-
formiser at a. Now we have the sequence of ring inclusions given by

Llz] = Llz,y]/(y™ —2) = R
x> e,y — h

where R is the coordinate ring of F' in some affine neighborhood of
a. It follows that we can factor our original map such that F' is etale
near a over the projective closure of y” —x = 0. (8)

Again, repeating the argument from (4) to (7), we just need to check
that the projective closure of 4™ — x has multiplicity m at 0 considered
as a cover of P!(k). This is trival, let € € V) be generic over

M then as we are working in characteristic 0 we can find distinct

€1, ... €y in M, solving y™ = e. By specialisation, each ¢; € V. (9) O

Remarks 10.8. Given the hypotheses of Theorem 10.6, with the mod-
ification that char(L) = p # 0, we define a point (ab) € F to be wildly
ramified if mult‘(lég)(F/D) is divisible by p. Theorem 10.6 holds exclud-
ing wildly ramified points. In order to see this, we first replace the
argument (1), by showing that, for any given point a € D, we can find
a finite morphism f from D to P*(L), such that f is etale in an open
neighborhood of a;



A NON STANDARD APPROACH TO THE THEORY OF ALGEBRAIC CURVES$3

As a is a mon-singular, we can find a uniformising element t in
the local ring O, p of D. Considering t as an element of the func-
tion field L(D), we obtain an embedding L(t) C L(D), which, as D
is non-singular, determines a unique morphism f from D to P'(L).
Restricting the morphism to A'(L) and letting x be the canonical coor-
dinate, we have that f*(x) = t, hence ord,(f*(x)) = 1. This shows that
f is etale in an open neighborhood of a by Theorem 9.2 and Remarks

9.9. ()

As etale morphisms have multiplicity coprime to p, it is sufficient to
check the result for a branched cover m : F — PY(L). If a € D is not
wildly ramified for this cover, then we can follow through arguments (2)
and (3) of Theorem 10.6. The argument from (4) to (8) is the same
and we obtain the result of (9) again using the fact that m there is
coprime to p. This proves the result.

Theorem 10.6 also holds with the modification that char(L) =p # 0
and the cover pr : F' — D 1is seperable. Howewver, the proof requires
more sophisticated methods, which we consider in [21]. We can, how-
ever, handle a special case by an elementary counting argument. First
observe that we can replace the argument (1) by observing that there
exists a seperable morphism f from D to P'(L). This either follows
from the argument (1) above or using the classical result that the func-
tion field L(C) admits a seperating transcendence basis over L, (see
p27 of [9]). Hence, it is sufficient to check the result for a finite seper-
able cover m: F — PY(L). By a classical result, (see Proposition 2.2,
p300, of [9]), there exist finitely many ramification points, in particu-
larly finitely many wild ramification points {ay,...,a,}, for the cover
. By the previous proof, we need only check the result of Theorem 10.6
for these finitely many points.

Special Case. a is a wild ramification point for the cover with the
property that that there exist mo other wild ramification points in the

fibre 7Y (m(a)).

As both F and P*(L) are non-singular, the finite morphism 7 is flat,
by Lemma 9.11. By a result in [16], (Corollary of Proposition 2, p218),
we have that,
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D yen-1(y Multyl9(F/P') is independent of x € P'(L), and equals
the cardinality of a generic fibre.

By Lemma 8.3, a corresponding result also holds for Zariski multi-
plicities. Hence, by the result of the previous proof in this remark, the
claim follows.

Unfortunately, one can have;

a 1s a wild ramification point for the cover with the property that
there exist other wild ramification points {ay,...,a,}, distinct from a,

in the fibre 71 (7(a)).

It seems difficult to find any way of reducing this scenario to the
special case. However, one can still use a local method, which is done
in [21].

Theorem 10.9. Let hypotheses be as in Theorem 10.6, with the modi-
fication that char(L) = p # 0. If e denotes the Zariski multiplicity and
d the algebraic multiplicity at a € F, then d = ep™ and w factors as
F =y F' =4, D with h = Frob™ and g having algebraic multiplicity e
at h(a).

Proof. By Theorem 10.3, we can factor 7 into a purely inseperable mor-
phism h : F — F’ and a seperable morphism ¢g : F — D with F’ a
smooth projective curve. We then have a corresponding sequence of
field extensions L(D) C L(F') C L(F), with L(F) a purely inseperable
extension of L(F"). As L(F') is a purely inseperable field extension of
L(F"), it has degree p" for some n > 1. Hence, L(F) = L(F')"/?" and
we may, without loss of generality, assume that h = Frob”, see also
Proposition 2.5 (p302) of [9]. By Remarks 10.8, the notions of Zariski
multiplicity and algebraic multiplicity coincide for the morphism g.
By Remarks 6.5, the Frobenius morphism Frob may be identified with
Fr, without effecting Zariski or algebraic multiplicities. Clearly, F'r is
a bijection on points, hence it is Zariski unramified. F'r has algebraic
multiplicity p everywhere, as, for any point = € F’, we can choose a
local uniformiser ¢ at x such that Fr*(t) = t*. It follows that h has
algebraic multiplicity p” everywhere and is Zariski unramified. The
result now follows immediately from Lemma 8.5 and Remarks 9.7.

U
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We now give local versions of Theorem 10.1 in the case of algebraic
curves, where we allow I’ to be a singular algebraic curve, over a field
L with char(L) = 0 and find an analogous version of Theorem 10.3, in
the case when char(L) = p.

Theorem 10.10. Let hypotheses be as in Theorem 7.3, with the addi-
tional assumption that char(L) = 0 and D is a curve. Let pr be the
projection map of F onto D. Then, if (ab) € F' is non-singular;

Multy(F/D) = mult’y (F/D)

that ws Zariski multiplicity and algebraic multiplicity coincide. In
particular, the cover (F/D) is Zariski unramified at (ab) iff there exists
an open U C F, containing (ab), such that pr : U — D 1is etale.

Proof. For the first part of the theorem, we follow the proof of Theo-
rem 10.6, the difference between the hypotheses there is that we do not
assume that F' is non-singular. Using the fact that D is smooth and
the result of Theorem 6.6, we may, without loss of generality, assume
that D = P!'(L). Now, one can follow through the proof of Theo-
rem 10.6, using the fact that (ab) is non-singular, in order to obtain
the result. One should make the modification that Zariski multiplicity
is well defined for any finite cover F' — F at (abc) lying over (ab).
This follows from an easy extension of Theorem 7.3, to show that a
nonsingular open subvariety of an irreducible projective variety of di-
mension 1 is presmooth (see [29]). For the second part of the theorem,
suppose that there exists an open U C F, containing (ab), such that
pr: U — D is etale. As (ab) is non-singular, we may assume that U
defines a non-singular open subvariety of F'. Following the argument of
Theorem 10.6, from the end of (4) to the end of (7), we obtain that the
cover (F'/D) is Zariski unramified at (ab). For the converse, assume
that the cover is Zariski unramified at (ab). By Theorem 9.2, Remarks
9.3 and the fact that (ab) is non-singular, it is sufficient to prove that
d(pr) : (mary/my)* — (me/m;)* is an isomorphism. Equivalently,
we need to show that the algebraic multiplicity mult?ig)(F /D) of pr at

(ab) € F equals 1. This follows from the first part of the theorem.
O

Theorem 10.11. Let hypotheses be as in Theorem 7.3, with the addi-
tional assumption that char(L) = p, D is a curve and the projection
map pr of F onto D is seperable. Then, if (ab) € F' is non-singular;
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Mult (F/D) = mult®¥(F/D)

that s Zariski multiplicity and algebraic multiplicity coincide. In
particular, the cover (F/D) is Zariski unramified at (ab) iff there exists
an open U C F, containing (ab), such that pr : U — D is etale.

Proof. The proof is similar to the previous theorem. By Remarks 10.8,
we can assume that D = P!'(L). Using the fact that (ab) is non-
singular, one can either follow through the proof of Theorem 10.6, if
(ab) is not wildly ramified for the cover, or one can use the method in
[21], if (ab) is wildly ramified for the cover. For the second part of the

theorem, one can use the same reasoning as in Theorem 10.10.
O

Part 3

In this part of the paper ,we show that the Zariski structure analysis
can be useful in algebraic geometry, by providing a more geometric
framework for understanding intersections of algebraic curves in the
plane. We assume some familiarity with certain notions from algebraic
and analytic geometry, as well as the material from Part 2.

11. ETALE MORPHISMS PRESERVE ZARISKI AND ALGEBRAIC
MULTIPLICITY

We recall material from the previous part of the paper, in particular
Definition 9.1, Lemma 9.4 and the subsequent proof and Theorem 9.5.

The following theorem requires some knowledge of Zariski structures,
see sections 1-4 of [19], or sections 5 and 7 of this paper.

Theorem 11.1. Zariski multiplcity is preserved by etale morphisms
Letm: X — Y be an etale morphism with Y smooth, then any (ab) €
graph(m) C X XY is unramified in the sense of Zariski structures.

The proof is contained in Theorem 10.6; using Fact 10.7, and the
argument up to (7).

We also review some facts about algebraic multiplicity and show that
algebraic multiplicity is preserved by etale morphisms. We recall Def-
inition 9.8 and the subsequent Remarks 9.9, observing the definition
holds even without the the assumption of smoothness.
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We now have the following;

Theorem 11.2. Algebraic multiplicity is preserved by etale morphisms;

Given finite morphisms f : X3 — X5 and g : Xo — Xy with f etale.

If a € X3, then multgfﬁf(a)(Xg/Xl) = mult;l(imf(a) (X2/X1).

Proof. This result is essentially given in [16]. Let O}\(a% x, be the
Henselisation of the local ring at f(a). By base change, we have an etale
morphism f": X' = X3 X, Spec(O7},)) = Spec(O},)). By the defini-
tion of an etale morphism given above, we may write this cover locally

in the form Spec( ]ﬁ(a)[zfi’“%"]), with det(%) # 0 at each closed point
seenJn ¥l

in the fibre over f(a). At the closed point a, let a; be the residues of the
x; in L, then we have that (a1, .. .a,) is a common root for {fi,..., f,.}
where f; is obtained by reducing f; with respect to the maximal ideal
M f(a), x5 Of O}\(a). As O}\(a) is Henselian, by the above, and the determi-
nant condition, we can lift the roots a; to roots «; of the f; in O?(a). We

therefore obtain a subscheme Z = Spec(O?(a)% >) of X'
which is isomorphic to Spec( ?(a)) under the restriction of f. Let Q be
the Ox ideal defining Z, we then have that m, x» = f*msa) x, ® Qa-
As f is etale, by (¥x) after definition 1.1 above, mq, x' = f*my@) x,,
therefore (), = 0 and by Nakayama’s lemma () = 0 in an open neigh-
borhood of a in X’. This gives that Z = X’ in an open neighbor-
hood of a. Hence we obtain the sequence Oy x, —>p+ Oax; —>is
Oaxr (***) where the map ¢*f* is the inclusion of Oy, x, inside
O?(a),xg' Now if n C my) x, is the pullback g*mgy.),x,, we have
that length(Op(a),x,/n) = length(O}, v,/n), hence the result follows
by (x * %) as required.

O

12. MORE RESULTS ON ZARISKI MULTIPLICITY

We work in the context of Theorem 7.3. Namely, W (we used the
notation V' before) will denote a smooth projective variety defined over
an algebraically closed field L, considered as a Zariski structure with
closed sets given by algebraic subvarieties defined over L. All notions
connected to the definition of Zariski multiplicity will come from the
fixed specialisation map 7 : W(K,) — W(L) where K, denotes a ”uni-
versal” algebraically closed field containing L = K. We consider D a
smooth subvariety of some cartesian power W™ and a finite cover, with
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respect to projection onto the first coordinate, F' C D x W*, all de-
fined over L (*). This allows us to make sense of Zariski multiplicity. In
general, we can move freely between Zariski structure notation and al-
gebraic geometry notation. Clearly (%) makes sense algebraically. Con-
versely, if X and Y denote fixed projective varieties defined over L with
Y smooth and a finite morphism f : X — Y over L is given , then we
can reduce to the situation of (x) by taking F' to be graph(f) C X XY
with the projection map onto the second factor and W to be the cor-
responding projective space P"(L) where X, Y C P"(L). We can even
take W to be the 1-dimensional Zariski structure P'(L) by using the
embedding of P"(L) into the N’th Cartesian power of P*(L) for suffi-
ciently large N.

We use Definition 8.1 of Zariski multiplicity for irreducible finite cov-
ers. We will also require the following generalisation;

Definition 12.1. Let F C D x W* be an equidimensional, finite cover
of smooth D, with irreducible components C1,...,C,. Then for (ab) €
F, we define Multy,(F/D) =3 o, Multay(Ci/ D).

Clearly this is well defined using the definition of Zariski multiplicity
for irreducible covers. However, until Lemma 12.9, the assumption that
F' is irreducible will be in force.

Lemma 12.2. Zariski multiplicity s multiplicative over composition

Suppose that Fi, F5 and F3 are smooth, irreducible, with Fy C Fy X
W* and Fy C Fy x W' finite covers. Let (abc) € F3 C Fy x Wk x Wi,
Then mult gp.(F3/F1) = mult o (Fs/ Fy)mult e (F3 ) Fs).

Proof. To see this, let m = mult,,(Fy/Fy) and n = multe.(F3/Fy).
Choose a' € V, N Fi(K,) generic over L. By definition, we can find
distinct by ... b, in W*(K,) NV, such that Fy(a',b;) holds. As F} is a
finite cover of Fy, we have that dim(a'b;/L) = dim(a’/L) = dim(Fy) =
dim(Fy), so each (a'b;) € VN Fy is generic over L. Again by definition,
we can find distinct ¢;; . . . ¢;, in W(K,, )NV, such that F3(a'b;c;;) holds.
Then the mn distinct elements (a’b;c;;) are in Vg, so by definition of
multiplicity mult.p.(F3/F)) = mn as required.

O

Lemma 12.3. Let hypotheses be as in the above lemma with the ex-
tra condition that the cover F3/Fy is etale. Then for (abc) € Fj,
multape(F3/F) = multy,(Fa/ Fy)
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Proof. This is an immediate consequence of Lemma 12.2 and Theorem
11.1.
O

Lemma 12.4. Zariski multiplicity is summable over specialisation

Suppose that F C Dx WP is a finite irreducible cover with D smooth.
Suppose (ab) € F, a € V,N D and a" € V,, N D with o’ generic over
L. Then

Multab(F/D) = Eb’evbmF(a’y)MUlta’b/(F/D)

Proof. Suppose F(a"by),...F(a"b,) hold with b; € Vy, so {by,...,b,}
witness the fact that Mult,,(F/D) = n. Write {by,...b,} as {b1y,...,
blmla bgl, . ,b2m2, Ce 7bz'lu . bijy Ce 7bimi7 . 7bnmn} (*), where bz‘j maps
to a; in the specialisation taking a” to a’. To prove the lemma, it is suf-
ficient to show that F'(a'y) NV = {a1,...,a,} and Mult (g, (F/D) =
m;. The second statement just follows from the fact that a” is generic
in D over L in V.. To prove the first statement, suppose we can find
ap+1 With F(d'a,41) and a1 € Vp but a1 ¢ {as,...a,}. By Theo-
rem 7.3, we can find ¢ with F'(a”c) and (a”c) specialising to (a’an11). As
Upi1 € Vy, (d'anyq) specialises to (ab), hence so does (a”c). Therefore,
¢ must witness the fact that Mult,,(F/D) = n and appear in the set
{b1,...,b,}. This clearly contradicts the arrangement of {by,...,b,}
given in (x).

U

Definition 12.5. Let FF C U x V x W¥ be an irreducible finite cover
of U x V with U and V' smooth.

Given (u,v,x) € F we define;

LeftMult, , .(F/D) = Card(V, N F(u,v)) foru €V, NU generic
over L.

RightMult, , .(F/D) = Card(V, N F(u,v")) forv' € V,NV generic
over L.

We first show that both left and right multiplicity are well defined.
In order to see this, observe that the fibres F(u,V’) and F(U,v) are
finite covers of V' and U respectively with U and V' smooth. Moreover,
the fibres F'(u,V) and F(U,v) are equidimensional covers of V' and
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U respectively. In order to see this, as U is smooth, it satisfies the
presmoothness axiom with the smooth projective variety W* given in
Definition 5.1. The fibre F(u,V) = FN(W*x{u} x V). By presmooth-
ness, each irreducible component of the intersection has dimension at
least dim(F)+dim(W*xV)—dim(U xV x W*¥) = dim(F)—dim(U) =
dim(V'). As F(u,V) is a finite cover of V, it has exactly this dimension.
Now we can use the definition of Zariski multiplicity given in Definition
12.1.

We then claim the following;

Lemma 12.6. Factoring Multiplicity
In the situation of the above definition, we have that;

Multy . (F/UXV) = Specnnpu o) Right Multy o (F/U X V) for
u' generic in U over L.

Mult, o (F/U X V) = SpewunryuyLeftMulty 0 (F/U x V) for

v’ generic in 'V over L.

Proof. We just prove the first statement, the proof of the second is apart
from notation identical. By the construction in Section 3 and Lemma
7.2, we can choose algebraically closed fields L = Ky C K,,, C K,,, C
K, and tuples v’ € K,,,, v € K, such that v’ is generic in U over L, v/
is generic in V over K, with specialisations m; : P"(K,,) — P"(L) and
7o : P"(K,,) — P"(K;) such that m(u'v") = (v'v) and m (u'v) = (uv).
Now dim(u'v'/L) = dim(v'/L(u')) + dim(v' /L) = dim(V') + dim(U),
hence v'v' is generic in U x V over L. Therefore Mult, , , = Card(V,N
F(UIUI)). Let S = {yn, s Yimyy ooy Yigss -5 Ynd,

., Ynm, } be distinct elements in V, N W* witnessing this multiplicity
such that for 1 < j; < my, ma(yij,) = 2 € Vo N W*k. 1t is sufficient to
show that RightMult,, .,(F/U x V) =m; and {z1,... 2,} enumerates
V, N F(y,u,v). The first statement follows as v € V, NV is generic
in V over L(u'). For the second statement, suppose that we can find
Zne1 € Vi N F(y, v, v) with 2,11 ¢ {21,...2,}. Consider F(u',V) as
a finite cover of V, defined over L(u'), so by the above F(u/, V') is an
equidimensional finite cover of V. Then, as v’ was chosen to be generic
in V over L(u'), choosing an irreducible component of F'(u’, V') passing
through (z,41,u'v), by the lifting result of Theorem 7.3, we can find
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Ynt1 € Vi s NWFH such that F(yniq,u',v'). Clearly, y,41 € S which
contradicts the definition of S.
O

Theorem 7.3 of does not hold in the case when D fails to be smooth.
However, in the case of etale covers, we still have the following result;

Lemma 12.7. Lifting Lemma for Etale Covers

Let F C D x W* be an etale cover of D defined over L, with the
projection map denoted by f. Then given a € D, (ab) € F and d’ €
V. N D generic over L, we can find V' € Vy such that F(a',b") holds.
Moreover V' is unique, hence Mult,,(F/D) = 1. Moreover, in the
situation of Lemma 12.3, without requiring that Fy is smooth, we have
that for (abc) € Fs, multap.(F3/F1) = multp(Fay/ Fy).

Proof. Using the definition of etale we recalled in Section 11 above, we
can assume that the cover is given algebraically in the form f* : L[D] —

L[D]W with det(giz_)ij(x) # 0 for all x € F. So we can present

the cover in the form fi(x,y) = 0, fo(z,y) = 0,..., fu(z,y) = 0, with
y in D and = in A™(L). Let L,, be the algebraic closure of the field
generated by L and g(a) where g is a tuple of functions defining D
locally. Consider the system of equations fi(z,a) = fo(z,a) = ... =
fo(z,a) = 0 defined over L,,. Then this system is solved by b in
L,, with the property that det(ng;)ij(b) # 0 (*). Now suppose that
a’ € V, N D is chosen to be generic over L. By the construction given
in Section 3, we may assume that o’ lies in an algebraic extension R
of Ly{t}, the completion of L(t), with respect to a valuation on Lg(t),
for some algebraically closed field L, extending L,,. R is a henselian
ring, hence if we consider the system of equations fi(x,a’) = fo(z,d’) =
... = fu(z,d’) = 0 with coefficients in R, by the fact that the system
specialises to a solution in Lg with the condition (*) we can find a
solution " in R. Then (a'b’) lies in F' and by construction &’ € V. The
uniqueness result follows from the proof of Theorem 11.1. For the last
part, suppose that mult,,(Fy/Fy) = n, then we can find o' € V, N F}
generic over L and {by,...b,} € V, N W* distinct such that F(da’,b;)
holds. Each (a'b;) is generic in F, over L, hence by the previous part
of the lemma, we can find a unique ¢; € V. N W' such that Fs(a'b;c;)
holds. This show that mult..(F3/F1) = n as required.

4

Lemma 12.8. Lifting Lemma for Etale Covers with Right(Left) Mul-
tiplicity
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Let hypotheses be as in Lemma 12.2, with the additional assumption
that Fy = U x V', Fy is a smooth irreducible cover of Fy and F3 is an
irreducible etale cover of Fy. Then, with notion as in Definition 12.5,
given (uvbe) € F3, Right Multw.(F3/Fy) = Right Mult,(Fy/Fy).
Similarly for left multiplicity.

Proof. Suppose that Right Mult,..(Fy/F1) = n, then for v' € V), generic
in V over L, we can find {by,...,b;,...b,} €V, with Fy(uv'b;) hold-
ing. For each b; we claim that there exists a unique ¢; € V, such that
F3(uv'b;c;) holds. For the existence, we can use Lemma 12.7, with the
simple modification that, with the notation there, if L,, is the algebraic
closure of the field generated by g(uv), then provided dim (V') > 1, we
can find v € V, NV generic over L with uv’ € L,[[t'/"]] for some al-
gebraically closed field L, containing L,,. For the uniqueness, we can
use the fact that Zariski multiplicity is summable over specialisation
(Lemma 12.4) and the fact that for generic (u/v'D}) € Vyup N Fy, we can
find a unique ¢, € V. such that Fs(u/v'bic}) holds. Finally, we claim
that {bici,...,bycn} enumerate F3(uv'xy) N Vye. This is clear by the
above proof and the fact that {by,...,b,} enumerates Fy(uv'xz) N V).
O

Lemma 12.9. The following versions of the above properties hold when
we consider finite equidimensional covers, possibly with components,
with the definition of Zariski multiplicity given in Definition 12.1.

Proof. For Lemma 12.3, we replace the hypotheses with Fj is smooth
irreducible, F3 is an equidimensional finite cover of F} and Fj is an
etale cover of F5. We then claim, using notation as in Lemma 12.2,
that multap.(F3/F1) = mult,(Fy/Fy). By definition mult . (F3/Fy) =
> (abeyec; (Multape(Ci/ F)), where C; are the irreducible components of
F5 passing through (abc). As Fj is an etale cover of Fy, the images
of the C; are precisely the irreducible components D; of F, passing
through (ab), each C; is an etale cover of D; and multy,(Fy/F)) =
> (avyen; (Multa(D;/F1)). Hence, it is sufficient to prove the result in
the case when F3 and Fj are irreducible. This is just Lemma 12.3

For Lemma 12.4, we replace the hypothesis with F' is an equidimen-
sional finite cover of D. The proof then goes through exactly as in the
lemma with the observation that if we find a,41 € V, and F(d'a,41)
then we can find an irreducible component C' passing through (a'a, 1)
which allows us to apply Theorem 7.3 to obtain ¢ with C'(a”c¢) and
(a"c) specialising to (a'a,.1).
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For Definition 2.5, we alter the hypothesis to F'is an equidimensional
finite cover of U x V. Again, we can use an identical proof to show
that left multiplicity and right multiplicity are well defined. The proof
of Lemma 12.6 with the new hypothesis on F' is identical

We don’t require a modified version of Lemma 12.7, the result we
need is contained in the modified proof of Lemma 12.3

For Lemma 12.8, we alter the hypotheses to F5 is an equidimensional
cover of F}; and F3 is an etale cover of F5. We then claim that for
(uvb) a non-singular point of Fy and (uvbc) € Fj, necessarily non-
singular as well, that Right Mult,w.(F3/F1) = Right Mult,..(Fs/F})
and similarily for left multiplicity. To prove this, note that as (uwvb)
and (uwbc) are non-singular points, there exist unique components C'
and D passing through (uvb) and (uvbc) respectively. Now replacing C'
and D by the open subsets C” and D’ of smooth points, we can apply
the definition of Right Multiplicity and the proof of Lemma 12.8.

O

13. ANALYTIC METHODS

In order to use the method of etale morphisms, which preserve Zariski
multiplicity, we need to work inside the Henselisation of local rings
Llzy,. .. ,a:n](th’xn). In the next section, we will only need the result
for the local ring in 2 variables L[z, y](z.)-

We let L[[xy,...,x,]] denote the ring of formal power series in n
variables, which is the formal completion of L{z1,...,%n)(, . 2, With
respect to the canonical order valuation. The following is a classical re-
sult, requiring the fact that etale morphisms are flat, used in the proof
of the Artin approximation theorem. This relates the Henselisation
of the ring L{x1,...,z,} of strictly convergent power series in several
variables with its formal completion L[[z1,...,z,]], see [3] or [25];

Henselisation(L[z1, . .. Tn)(z,,..20)) = Ll[T1, ... 2p]] O L(21, ..  Tn)

This implies that

O(/)\,A” = L[[xh cee mn” N L(Jfl, ce xn)“lg
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The following result, which can be found in [5], is essential for the
next section

Lemma 13.1. Wezierstrass Preparation

Let F(x1,...2,) be a polynomial in L|xy, ..., x,| which is reqular in
the variable x,,. Then we have F(x1,...,x,) = U(z1,...,2,)G (21, ..., 2,)
where U(xq, ..., xy,) is a unit in the local ring L[z, ..., z,]] and
G(x1,...,...x,) 18 a Weierstrass polynomial in x, with coefficients in
Llxy, ..., xn-1]]

We will require the Weierstrass decomposition to hold inside
Henselisation(L[z1, . .., x,]), therefore we need to show that the Weier-
stass data can be found inside L(xy, ..., z,)"9. This is acheived by the
following lemma;

Lemma 13.2. Definability of Weierstrass data

Let F(xy,...,x,) be a polynomial with coefficients in L such that F

is reqular in x,, then if F(xy,...,x,) = U(xy,...,2,)G(21,...,2,)
is the Weierstrass decomposition of F with G(xq,...,x,) = =" +
a1 (1, Tp))T M a2, 1), and a; € L[z, ... 201]],

U(zy,...,20) € L[z, ..., 2], thenai(x1, ..., 2p1) € L(1, ..., Tp1)™
and U(xy,...,x,) € L(zy,... 2,)".

Proof. This can be proved by rigid analytic methods. Equip L with a
complete non-trivial non-archimedean valuation v and corresponding
norm ||.||,, this can be done for example by assuming that L is the
completion of an algebraically closed field with any non-archimidean
valuation, see [5]. Let T,,_1(L) be the free Tate algebra in the indeter-
minate variables xq,...,x,_1 over L, that is the subalgebra of strictly
convergent power series in L|[z1, ..., 2,-1]]. By the proof of Weierstrass
preparation in [5], as F' € T,,_1(L)[x,], the coefficients a; lie in T,,_1 (L)
and U(xy,...,z,) € T,—1(L)[x,]. Now choose (u1,...u,—1) C L tran-
scendental over the coefficients of F' with max({||u;||}) < 1. Then if
s1(1), ..., sm(u) denote the roots of F(u,x,) with ||s;(a)|| < 1, then
both U(a,s;(u)) and G(u,s;(u)) define elements of L and moreover,
by a theorem in [23], we have that the coefficients a;(u) are symmet-
ric functions of the s;(i). Hence the a;(@) belong to L(%)™9. As u
was transcendental, we have that each a; € Llzy,..., 7, 1]%. As
Ulxy,...x,) = F/G(xy,...,x,), we clearly have that U(xy,...,x,) €
L[z, ..., x,)% as well.
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O

14. FAMILIES OF CURVES IN P?(L)

We consider the family Qg of projective curves in P?(L) with degree
d. An element of )y may be written;

Zogﬂﬁd Qij (X/2)(Y/Z) =0
which, rewriting in homogenous form, becomes;
D o<iti<d a; XY Z40H) =0

For ease of notation, we will use affine coordinates x = X/Z and
y = Y/Z. More generally, if we give an affine cover, we implicitly
assume that it can be projectivized by taking § = (y1,...,yn) =
(Y1/Z,...,Y,/Z). As the notion of Zariski multiplicity is local, this
will not effect our calculations.

Now consider two such families ()4 and (.. Then we have the cover
obtained by intersecting degree d and degree e curves

SpeC(L[xvyauiﬁUij]/ < s(uij7x7y)7t(vijax7y) >) — SpeC(L[uzjaij])

(*)
where
s(ug, v, y) = ZogHde uga'y’
t(Vij, T,Y) = Do<ivj<e Uiy

We denote the parameter space for degree d curves by U and the
parameter space for degree e curves by V. These are affine spaces of di-
mension (d+1)(d+2)/2 and (e+1)(e+2)/2 respectively. The cover (*) is
generically finite, that is there exists an open subset U" C Sp(L|[u;;, vyj])
for which the restricted cover has finite fibres. Throughout this section,
we will denote the base space of the cover by U x V| bearing in mind
that we implicitly mean by this (U x V') N U’. Now, given 2 fixed pa-
rameters sets u and v, with (u,v) € U’, corresponding to curves Cy and
(3, the algebraic multiplicity of the cover (x) at (00, @, v) is exactly the
intersection multiplicity 1(Cy, C5,00) of the curves at (00). The cover
(*) is equidimensional as U x V satisfies the presmoothness axiom with
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the smooth projective variety P*(L). Restricting to a finite cover over
U’, by Definition 12.1 we can also define the Zariski multiplicity of the
cover at the point (00,@,v). The main result that we shall prove in
this part of the paper is the following, which generalises an observation
given in [13];

Theorem 14.1. In all characteristics, the algebraic multiplicity and
Zariski multiplicity of the cover (x) coincide at (00, @, ).

Definition 14.2. We say that a monic polynomial p(z,y) is Weier-
strass in x if p(z,y) = 2" +...+¢;(y)x" 7 + ...+ q,(y) with ¢;(0) = 0.

Definition 14.3. Let F(x,y) be a polynomial in x with coefficients in
Lly]. We say the cover

Spec(Llxy]/ < F(x,y) >) — Spec(L[y])

is generically reduced if for generic u € Spec(L[y]), F(xz,u) has no
repeated roots.

Definition 14.4. Let FF — U x V be a finite cover with U and V
smooth, such that for (u,v) € U x V the fibre F(u,v) consists of the
intersection of algebraic curves Fy, F;. We call the family sufficiently
deformable at (ug, Vo) if there exists u' € U generic over L such that
Far intersects Fy, transversely at simple points.

We now require a series of lemmas;

Lemma 14.5. Let F/(z,y) be a Weierstrass polynomial in x with F(0,0)
0 then algebraic multiplicity and Zariski multiplicity coincide at (0,0)
if the cover

Spec(Lzy]/ < F(x,y) >) — Spec(L[7])

15 generically reduced.

Proof. We have that F(z,y) = 2" + q1(y)2" ' + ... + ¢.(y) where
¢;(0) = 0. The algebraic multiplicity is given by length(L[x]/F(z,0)) =
ord(F(z,0) = n in the ring L[z] with the canonical valuation. We
first claim that the Zariski multiplicity is the number of solutions to
" +q ()" +.. . +¢,(€) = 0 (), where € is generic in V. For suppose
that (a,é€) is such a solution, then F(a,é) = 0 and by specialisation
F(r(a),0) = 0. As F is a Weierstrass polynomial in z, 7(a) = 0, hence

a € Vy, giving the claim. We have that Disc(F(x,y)) = Resy(F, g—i) is
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a regular polynomial in y defined over L. By the fact that the cover is
generically reduced, this defines a proper closed subset of Spec(Ll[y]).
Therefore, Disc(F(x,y))|€ # 0, hence (T) has no repeated roots. This
gives the lemma. ]

Lemma 14.6. Let F(z,y) be any polynomial with F(x,0) # 0 and
F(0,0) = 0. Then if the cover Spec(L[z, 3|/ < F(x,y) >) — Spec(L[y])
is generically reduced, the Zariski multiplicity at (0,0) equals ord(F(z,0))
in L[z].

Proof. By the Weierstrass Preparation Theorem, Lemma 13.1, we can
wite F(z,7) = U(z, §)G(, §) with U(z,7), G(z,7) € Lllz, 7], G(z,7)
a Weierstrass polynomial in z and deg(G) = ord(F(z,0)), see also
the more closely related statement given in [2]. By Lemma 13.2, we
may take the new coefficients to lie inside the Henselized ring L]z, y]f,
hence inside some finite etale extension L[z, y]*" of L[x,y] (possibly
after localising L[z, 3] corresponding to an open subset of Spec(L[z, ])
containing (0, 0)). Now we have the sequence of morphisms;

Sp(Llz,y)*" /UG) — Spec(L[z, ]/ F) — Spec(L[y])

The left hand morphism is etale at 0, hence by Lemma 12.3 or Lemma
12.7, to compute the Zariski multiplicity of the right hand morphism,
we need to compute the Zariski multiplicity of the cover

Spec(Llz,y|*" JUG) — Spec(L[y])

at (0,0)"* the marked point in the cover above (0,0). Choose € €
Vs, the fibre of the cover is given formally analytically by L[z, 7]]/ <
UG > ®pfp,g—el, hence by solutions to U(x,€)G(x,€). By definition
of Zariski multiplicity, we consider only solutions (x€) in Vgyusr. As
U(z,y) is a unit in the local ring L[z, ] ?gf(—))”ft, we must have U(x, €) # 0
for such solutions, otherwise by specialisation U((0,0)%/*) = 0. Hence,
the solutions are given by G(z, €) = 0. Now, we use the previous lemma

to give that the Zariski multiplicity is exactly deg(G) as required.

O
Now return to the cover

Sp(Lz, y, uij, vij)/ < s(wij, 2, y), t(vij, v, y) >) — Sp(L[uiz, viz]) (*)
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We will show below, Lemma 14.12, that this is a sufficiently de-
formable family at (g, v9) when Cy, and Cj, define reduced curves.
We claim the following;

Lemma 14.7. Suppose parameters @° and ©° are chosen such that Cgo
and Cy are reduced Weierstrass polynomials in x. Then the Zariski
multiplicity of the cover () at (0,0,u°,0°) equals the intersection mul-
tiplicity 1(Cygo, Cyo, (0,0)) of Cgo and Cyo at (0,0).

Proof. Introduce new parameters ' and v’'. Let Cg‘é and Cg; denote the
curves Cyzo and Cyo deformed by the parameters @' and v’ respectively.
That is C%, is given_l/ay t_}/le new equation i< j<q(uf; + uj;)z'y’. Let
F(y,u,v") = Res(C¥%,C%). Then,

w02 g0

F(0,0,0) = Res(s(uf;, z,0),t(v);,z,0)) =0

as Cpo and Chp are Weierstrass in x and share a common solu-
tion at (0,0). By a result due to Abhyankar, see for example [1],
ord,(F(y,0,0)) = ¥,I(Cy,Cyo, (z0)) at common solutions (z,0) to
Cyo and Cyo over y = 0. As Cpo and Cypo are Weierstrass polynomi-
als in z, this is just I(Cyo,Cyo,(0,0)). By the previous lemma and
the fact that F(y,u,v) is generically reduced (see argument (1) be-
low), it is therefore sufficient to prove that the Zariski multiplicity of
the cover (x) at (00, u°,v°) equals the Zariski multiplicity of the cover
Spec(Lly, @', v']) < F(y,@,v") >) — Spec(L[@’,v']) (**) at (0,0,0).
Suppose the Zariski multiplity of (%) equals n. Then there exist dis-
tinct yi,...,y, € Vo and (8, €) generic in Vi NU X V such that
F(y;,9, ) holds. Consider Q(u',v") = Res(F(y,u',v"),0F /0y(y,u',v")).
This defines a closed subset of U x V defined over L, we claim that
this in fact proper closed (f). By the fact that the family is sufficently
deformable at (g, ), we can find (@, vy) such that Cy intersects Cy,
transversely at simple points. Without loss of generality, making a lin-
ear change of coordinates, we may suppose that for there do not exists
points of intersection of the form (z1y) and (x9y) for 1 # x9. By
Abhyankar’s result, this implies that F'(y, @, 9p) has no repeated roots.
Then, by genericity of (8, €), we have that Q(J,€) # 0. Hence F(y;, d, €)
is a non-repeated root. By Abhyankar’s result, we can find a unique z;
with (z;¥;) a common solution to the deformed curves Cgo and C’EO. We
claim that each (x;y;) € Voo. As C%(z;y;) = 0, by the fact (@°,6,;)
specialises to (@°,0,0) and Cyo is a Weierstrass polynomial in z, we
have that 7(z;) = 0 as well. This shows that the Zariski multiplicity of
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the cover (x) is at least n. A virtually identical argument shows that
the Zariski multiplicity of the cover (x) is at most n as well.
U

We now have the following result;

Lemma 14.8. Let Cyo and Cyo be reduced curves, having finite inter-
section, then the Zariski multiplicity of the cover (x) at ((0,0),u", v°)
equals the intersection multiplicity I(Cgo, Cyo,(0,0)) of Cyo and Cyo at
0,0).

Proof. We have Cyo = s(u%,x,y) and Cyp = t(v%,m,y). By making
the substitutions U=u+uand V =1+ 9, we may assume that
u° = v = 0. Moreover, we can suppose that;

(045, 2,0) # 0 and (0,5, z,0) # 0. (**)

This can be achieved by making the invertible linear change of vari-
ables (¢’ =z, = A + py) with (A, p) € L? and p # 0, noting that
as Oy, and Cfy, are curves, for some choice of (A, u), the correspond-
ing polynomials s(uy;, z,y) and (v}, z,y) do not vanish identically on
the line Az + py = 0. It is trivial to check that the transformation
preserves both Zariski multiplicity and intersection multiplicity, so our
calculations are not effected.

We may then apply the Weierstrass preparation theorem, Lemma
13.1, in the ring L[[u;;, vij, , y]], obtaining factorisations s(u;;, x,y) =
Ui (wij, z,9)S(wij, x,y) and t(vij, z,y) = Us(vij, z,y)T (vij, x,y) where
U, and U, are units in the local rings L{[u;j, z,y]] and L{v;;, x,y]],
S, T are Weierstrass polynomials in = with coefficients in L[[u;;, y|| and
L[[v;j,y]] respectively. A close inspection of the Weierstrass prepara-
tion theorem, see [2], shows that we can obtain the following uniformity
in the parameters u and v;

Namely, if U = {w;; : s(uj,2,0) # 0} and V' = {v;; : t(v;;,2,0) # 0},
are the constructible sets for which (x) holds, then if we let Ry and
Ry denote the coordinate rings of U and V', we may assume Uy, Us
lie in Ry[[z,y]] and the coefficients of S,T lie in Ry|[y]] and Ry[[y]]
respectively. By Lemma 13.2, we may assume that Uy, Us, S and T lie
in a finite etale extension Ryyy[z,y]" of the algebra A = Ryyy [z, y]
(again, possibly after localisation corresponding to an open subvariety
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of Spec(A). Now we have the sequence of morphisms;

Spec(%) — Spec(RU%g’y]) — Spec(Ryxv).

We claim that the left hand morphism is etale at the point (0, 0, (00)%/*).
This follows from the fact that Rpyxy|[z,y]*" is an etale extension
of Ryxv|r,y] and the maximal ideal given by (0,0, (00)%/!) contains
< US,U,T >. Now consider the cover;

ext
Spec(—liUUXl‘é%j}T> ) = Spec(Ryxy) (¥*%)
For @,v in U x V, the fibre of this cover over u,v corresponds ex-
actly to the intersection of the reducible curves C7 and C} which lift
the original curves Cy and Cj to an etale cover of Spec(L[zy]). By
Theorem 11.2 and Lemma 12.3 (in the case when Cy,, Cy, intersect at
simple points) or Lemma 12.7 (for singular points of intersection) and
the corresponding Lemma 12.9 for reducible covers, it is sufficent to
show that the Zariski multiplicity of the cover (***) at (0,0, (00)%/?)
corresponds to the intersection multiplicity of the curves C7 ,Cy = at
(00)!/t. The idea now is to apply Lemma 14.7 to the Weierstrass fac-
tors of CL and C. This will be achieved by the "unit removal” lemma

below (Lemma 14.15).
O

In order to prove the "unit removal lemma”, we first require some
more definitions and a moving lemma for curves;

Definition 14.9. Let X — Spec(L[z,y]) be an etale cover in a neigh-
boorhood of (0,0), with distiguished point (0,0)"/t. We call a curve C
on X passing through (0,0)%t Weierstrass if, in the power series ring
L[z, y]], the defining equation of C' may be written as a Weierstrass
polynomial in x with coefficients in L[[y]].

Definition 14.10. Let F' — U x V be a finite equidimensional cover
of a smooth base of parameters U x V with a section s : U x V — F.
We call the cover Weierstrass with units if the fibres F(u,v) can be
written as the intersection of reducible curves CL and C. in an etale
cover Agy of Uyy C Spec(L[z,y]) with the distinguished point s(u,v)
lying above (0,0) and CL,CL factoring as UgFy and Uz Fy with Uy, Uy
units in the local ring Ogup),4,., and Fy, Fy Weierstrass curves in Ay .
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Let hypotheses on F,U and V' be as above. We call the cover Weier-
strass if the fibres F'(u,v) can be written as above but with CL, CL Weier-
strass curves in Agp.

We say that a Weierstrass cover (with units) factors through the fam-
ily of projective degree d and degree e curves if the cover FF — U x V
factors as F — F' — U xV where F' — U XV is the finite equidimen-
sional cover obtained by intersecting the families Qg and Q. restricted

toU and V.

Lemma 14.11. The cover (***) in Lemma 14.8 is a Weierstrass cover
with units factoring through the family of projective degree d and degree
€ curves.

Proof. Clear by the above definitions.

Lemma 14.12. Moving Lemma for Reduced Curves

Let Qg and Q. be the families of all projective degree d and degree
e curves. That is, with the usual coordinate convention x = X/Z,y =
Y/Z, Qaq consists of all curves of the form s(u, x,y) = 3 oc; jcq Wiy’
Then, if u,v are chosen in L, so that the reduced curves Cy and C; are
defined over L, if the tuple @' is chosen to be generic in U over L, the
deformed curve C¥ intersects Cy transversely at simple points.

Proof. We can give an explicit calculation;

Let C¥ be defined by the equatior} s(U,7,y) = Y ociti<d i,z
and Cy by ¢(0,2,Y) = > o< jce Vig@'y with {vy; : 0<i+j<e} CL
and {uj; : 0 < i+ j < d} algebraically independent over L. Let
(xoyo) be a point of intersection, then dim(zoyo/L) = 1, otherwise
dim(zoyo/L) = 0 and, as L is algebraically closed, we must have
that xo,yo € L. Substituting (z¢y) into the equation s(@’,z,y) = 0,
we get a non trivial linear dependence over L between ug, and wuj;
for 1 < ¢4 7 < d which is impossible. Now, the locus of singular
points for C; is defined over L and hence (xgy) is a simple point of
C;. Now we further claim that s(@',z,y) = 0 defines a non-singular
curve in P?(K,,) with transverse intersection to C; Consider the condi-
tions Sing() given by JxoIyo((52 (zoyo), g—;(atoyo)) = (0,0)) and Non-

Transverse(u) by onﬂyo(%(xoyo)g—;(xoyo) — g—;(xoyo)%(xoyo) =0) By

the properness of P?(K,), these conditions define closed subsets of the
parameter space U defined over L. We claim that this in fact a proper
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closed subset. This can be proved in a number of ways. In the case
where we restrict ourselves to affine curves, the result follows from a
classical result of Kleiman, see [9], as affine space A%(K,) is homoge-
nous for the action of the additive group (A%(K,),+). More generally,
we can use the moving lemma, given in [7], by observing that the class
of all degree d projective curves is closed under rational equivalence.
We can also give an explicit proof using Bertini’s theorem;

Observe that the curve Cy defines a complete linear system |Cy| cor-
responding exactly to the zero loci of sections o of the bundle Op2(d).
We claim the following;

(i). The system |Cy| is base point free.
(ii). The system |Cy| separates points.

(7) is obvious. Just observe that if F'(x,y) defines a polynomial
of degree d, then we can form a pencil of projective degree d curves
G(X,Y,Z) + \Z% such that F(X/Z,Y/Z) = G(X.Y,Z)/Z? where
x = X/Z,y =Y/Z. Clearly, for \; # Ay, the curves F(z,y) = )\
and F'(x,y) = Ay are disjoint.

(i1) is also clear. Given distinct points p and ¢ in P?(K), we can find
a line [ passing through p but not ¢. Then the d-fold line ¢ belongs to
the system |Cy].

Now we can define a morphism ®, : P?(K) — P44+3)/2(K) by send-
ing x € P? to the hyperplane H, C U of curves of degree d, passing
through . By (¢) and (ii), the restriction of ®4 to Cj is injective. By
arguments on Frobenius for curves, given in part 2, we can assume that
®, is an immersion. Using Bertini’s Theorem, a generic hyperplane H;
of PUI+3)/2(K) will intersect Im(Cy) transversely in simple points. By
definition of the morphism ®,, and the fact that it is an immersion, the
corresponding curve C’gl also intersects C; transversely in simple points.

One can also give an enumerative calculation, which was done in an
older version of this part of the paper, see [20], but it seems unnecessary.

O
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Remarks 14.13. If we restrict the family of curves, the result in gen-
eral fails. A simple example is given by the family of all projective de-
gree 3 curves Qg’o passing through (0,0) with xt = X/Z and y =Y /Z.
If we take Cy to be the cusp x* — 3, then any curve in Qg’o will have
a non-transverse intersection with Cy; at the origin.

Lemma 14.14. Moving Lemma for Curves with Finitely Many Marked
Points

Let hypotheses be as in the previous lemma with Cy and Cy defining
reduced curves. Suppose also that there exists finitely many marked
points {p1,...,pn} on Cy defined over L. Then for @ € U generic over
L the deformed curve C’g/ intersects Cy transversely at finitely many
simple points excluding the set {p1,...,pn}.

Proof. As before, the condition that @’ defines a curve CZ' either with
non-transverse intersection to Cj or passing through at least one of
the points {p1,...,p,} is a closed subset of U defined over L. Using
the above proof and the obvious fact that we can find a curve C¥ not
passing through any of the points {p1,...,p,}, we see that it is proper

closed.
O

Lemma 14.15. Unit Removal for Reduced Curves

Let (m,s) : ' — U x V be a Weierstrass cover with units factoring
through projective degree d and degree e curves. Let (u,v) € UXV, then
there exists a Weierstrass cover (n',s") : F~ — U'xV' withU' C U and
V' C V open subsets, (u,v) € U' x V', such that Mult g s sas)(F/U x
V) = Multa7@78/(ﬂ7ﬁ))(F_/U/ X V/)

Proof. Let C}, and Cj be the Weierstrass curves with units in Ay
lifting the curves Cy and C5. Now suppose that Mults s @z (F/U x
V) = n. Then we can find (@’,7") € Vi N U x V generic over L such
that the deformed curve C¥ intersects C? at the n distinct points
T1,..., Ty in Vyup). Now using the Weierstrass factorisations of C’g'
and C¥', we claim that U¥ (z;) # 0 and U? (2;) # 0. Suppose not, then
U (x;) = UY(z;) = 0 and as (@,7',2;) specialises to (@, 7, s(@, 1)),
then Ugz(s(u,v)) = Us(s(u,v)) = 0. This contradicts the fact that Uy
and Uy are units in the local ring Oy ),4,,. Therefore, we must have
that F¥ (z;) = FY(z;) = 0. This shows that Multsp s (F~/U X
V) > n where F~ — U x V is the cover of U x V obtain by taking as
fibres F'~(u,v) the intersection of the Weierstrass factors Fj; and Fj.
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Formally, if F' is defined by Spec(%) then F~ is defined by
Spec(%;’gm). Clearly as F~ C F'is a union of components of F

we have that Multy s sas(F~/U x V) < n as well. This proves the
lemma.

O

We now complete the proof of Lemma 14.8. By unit removal, it is
sufficient to compute the Zariski multiplicity of the cover

Spec(%;’gm) — Spec(Ryxv)

The fibre over (@, o) of this cover corresponds exactly to the inter-
section of the Weierstrass curves F and Fj lifting C; and C;. We then
use Lemma 12.7, noting that the Weierstrass factors are still reduced,
see (2], to finish the result, with the straightforward modification that
we work in a uniform family of etale covers.

We now turn to the problem of non-reduced curves. We will show
the following stronger version of Lemma 14.8

Lemma 14.16. Let Cyo and Cyo be non-reduced curves having finite in-
tersection, then the Zariski multiplicity of the cover (*) at ((0,0), u°, 2°)
equals the intersection multiplicity I(Cgo, Cyo, (0,0)) of Cyo and Cyo at
(0,0).

First, we will require some more lemmas.

Lemma 14.17. Let Cy, and Cy, be reduced curves intersecting trans-
versely at (0,0). Then the Zariski multiplicity, left multiplicity and
right multiplicity of the cover (*) at ((0,0),a°, 2°) equals 1.

Proof. First note that by Lemma 12.6 (and corresponding Lemma 12.9),
and the fact that a generic deformation C’g(; will still intersect Cy, trans-
versely by Lemma 14.12, it is sufficient to prove the result for right
multiplicity.

In order to show this we require the following result, given for ana-
lytic curves in [2], we will only need the result for polynomials;

Implicit Function Theorem:

If G(X,Y) is a power series with G(0,0) = 0 then Gy(0,0) # 0
implies there exists a power series n(X) with 7(0) = 0 such that
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G(X,n(X)) = 0.

In order to show that Right Mult o) z0 50 (F'/U x V) = 1, where F'
is the family obtained by intersecting degree d and degree e curves, we
apply the implicit function theorem to the curve Cyo at the point (0, 0)
of intersection with Cy. Let G(X,Y) and H(X,Y') denote the polyno-
mials defining the curves. We have that G(0,0) = H(0,0) = 0. More-
over, as the first curve is non-singular at (0, 0), we may also assume that
Gy (0,0) # 0. Now let n(X) be given by the theorem. As the intersec-
tion of the curves Czo and Cho is transverse, ordy H(X,n(X)) = 1.Now
we have the sequence of maps;

L[X,Y]["]
GY,X)Y),H(v,X,Y)>

LX)t [Y][0]

= X)) HEXY)S

L[v] — =

where L[X]*" is an etale extension of L[X] containing n(X). (Note
that n(X) is trivially algebraic over L(X)). This corresponds to a se-
quence of finite covers F; — F'(ug, V) — Spec(L[v]). The left hand
morphism is trivially etale at (2°, (00)%/?), hence it is sufficient to com-
pute the Zariski multiplicity of F' — Spec(L[7]) at (2°,(00)%/t) by
Lemma 12.3 (or corresponding Lemma 12.9). This is a straightforward

calculation, the fibre over ©° consists of the scheme Spec(%) =
Spec(L) as ordx (H(X,n(X))) = 1, hence is etale at the point (2°, (00)%/).

By Theorem 11.1, the Zariski multiplicity is 1.

O

Lemma 14.18. Let hypotheses be as in Lemma 14.17, then for any
(u',0") € Viao 0y, we have that Card(F'(@',v") N Vyp) =1

Proof. This follows immediately from Lemma 14.17 and Lemma 12.4.
O

Definition 14.19. For ease of notation, given curves Cy and C; of de-
gree d and degree e intersecting at v € P%*(K,), we define Mult,(Cy, Cy)
to be the corresponding Zariski multiplicity of the cover F' — U x V
at the point (x,u,v). Similarly for left/right multiplicity.

We can now give the proof of Lemma 14.16;

Proof. Case 1. Cy, is a reduced curve (possibly having components).
Write Cpo as G1H(X,Y)...G!(X,Y) = 0 with G; the reduced ir-
reducible components of Cy, with degree d; passing through (0,0).

Choose é],...€1%, ... €,... € e’ independent generic in U;, the

mi* - rCm
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parameter space for degree d; projective curves with g{ € Vﬁg, where
w? defines G;. By repeated application of Lemma 14.14, the deformed

=]
curves Gy' = 0 intersect Oy, transversely at disjoint sets of points We
denote by Z_; those points lying in Vy. Now the curve defined by

—J _
sz G;' = 0 is a deformation Cs of Cyo. We let Z: denote the points
of intersection of C¢, with Cf, in Vyo. Then we have;

Ze = Uij Zgi
Card(Ze) = Zij Card(Z)
By Lemma 12.4, we have that

Le ft Mult o) (Cao, Co) = > e 5. Left Mult,(Cgy, Cyo)
— Zl,] Zl‘ez,j L@ftMultI(Cgo, O{,O) (*)

We now claim that for a point z € Zéf’

LeftMult,(Ciy, Coo) = Le fEMult, (G5, Cyy) (75)

This follows as both the reduced curves Cf  and G? intersect Cj,
transversely at x. Hence, in both cases the left multiplicity is 1, by
Lemma 14.17.

Combining (%) and (*x), we obtain;

LeftMultioo(Cao, Coo) = $15 Xy, Le FEMult, (G, Cyo)

Now using Lemma 12.4 again gives tilat;

Le ftMult o) (Cyo, Cro) = >0 niLe ft Mult o) (G, Cyo) (**%)

If we go through exactly the same calculation with Mult replacing
Left Mult, we see as well that

Mult(oo) (Cﬂo, Cf,o) = Eﬁl niMult(Oo)(Gi, C/EO)

By Lemma 14.8, this gives
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MUlt(oo) (CEO, C@O) = ZZI 7’L1[<G“ C@O, (00))

By a straightforward algebraic calculation, see the references below
at the end of the proof for the required more general result, this gives

Mult(oo) (Cﬂo, CﬁO) = I(Cﬂo, O@O, (00))
as required.

Case 2. Both C, and Cj, define non-reduced curves. Write C3, as
above and Cy, as Hi'...HS with H; the reduced compoments with
degree ¢; of Cy, passing through (00). Then H;...H, = 0 defines a
reduced curve passing through (00). Now repeat the argument in Case
1 for the curves Cy, and H; ... H, = 0. Again let Z; be the intersec-
tion points of the deformed curve CF with Hy ... H, = 0 in V(o). By
(***) of Case 1, Lemma 12.4 and Lemma 14.18 with the fact that the
intersection of Cgo with H; ... H, is transverse, we have;

CCLT’d(Zg) = ZZZI nlM'LI,lt(oo)(GZ, H1 Ce Hn)

Now using the argument in Case 1 applied to the reduced curves G;
and H, ... H,, we have;

Card(Ze) = 322 ni 35— 1(Gi, Hj, (00)) (%)
We claim that for any component H;
Card(H; N Ze) =", niI (G, Hy, (00))

This follows as the deformed curve Cf = a fortiori intersects H; trans-
versely at simple points. Therefore, again by Case 1, gives the expected
multiplicity. Now, using this together with (*), we write Z; as U;Z}
where Z? are the disjoint sets consisting of the intersection of Cs, with
H;. Then by Lemma 12.6, we have that

Mult(oo) (Cﬂo, Cf,o) = Zj erZi RightMultx(Ci), Cf,o)

u

We can now calculate the Right Mult term by applying Case 1 to
the intersection of Cy, with the reduced curve Cf at the points of in-

tersection z € Z2. At a point x € Z2, we have that
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Right Mult,(CSo, Cpo) = e;1(CSy, Hj, ) = €
as the intersection is transverse. Finally this gives;
Mult(o()) (CﬁO, C@O) = ZZZI Z?:l niejI(Gi, Hj, (OO))

By an algebraic result, see [11] for the case of complex algebraic
curves, or [6] for its generalisation to algebraic curves in arbitrary char-
acteristics, we have

Mult(oo) (CﬂO, C{;O) = [(C@O, C@O, (OO))
as required.

O

The following version of Bezout’s theorem in all characteristics is
now an easy generalisation from the above lemma. For curves C; and
Cy in P*(L), we let M(C4,Cs,x) denote the intersection multiplicity
or the Zariski multiplicity, we know from the above that the two are
equivalent. One can still prove a general Bezout’s theorem using gen-
eral Zariski structure methods, as is done in, for example, [28]; this
is required for other reasons, namely to prove the purity of the field
structure for arbitrary Zariski geometries. However, should the inter-
section multiplicities fail to coincide in the case of algebraically closed
fields, this would effect geometric calculations performed using a non-
standard approach, see the next part of the paper. One might think
of the Lefschetz trace formula as an example where the ”correct” cal-
culation of intersection multiplicity is required. Of course, historically,
Bezout’s theorem was originally proved using Poncelet’s principle of
continuity, relying on an infinitesimal definition of multiplicity; this
served as a foundation for the work of Severi and others.

Theorem 14.20. Zariski Structure Formulation of Bezout’s Theorem

Let Cy and Cy be projective curves of degree d and degree e in P*(L),
possibly with non-reduced components, intersecting at finitely many
points {x1,..., ;... 2.}, then we have;

Z?:l M(Cl, 027 ZL’Z> = de.
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Of course, we could just quote the algebraic result given in [9] (though
this in fact only holds for reduced curves). Instead we can give a
more geometric proof, which in many ways is conceptually simpler and
doesn’t involve any algebra;

Proof. Let Q4 and Q). be the families of all projective degree d and
degree e curves. Then we have the cover ' — U x V with F' C
U x V x P?(L) obtained by intersecting the families Q4 and Q.. We
have that

Z?:l M(Cl, CQ, ZL’l) = Z?:l Multxiep(%ﬂ—,o)(F/U X V)
where (g, Up) define C; and Cs. By Lemma 8.3, this equals
ZIEF(H,’D) Multx@,{)(F/U X V)

where (u,v) is generic in U x V. Using, for example, the proof
of Lemma 14.12, generically independent curves Cy and Cj intersect
transversely at a finite number of simple points. Hence, by Lemma
14.17, the Zariski multiplicity calculated at these points is 1. As the
cover F' has degree de, there is a total number de of these points as
required.

O

15. A FIRST ORDER DEFINITION OF INTERSECTION MULTIPLICITY
AND BEzZOUT’S THEOREM

We now formulate a definition of intersection multiplicity in the lan-
guage Lgpe., which we introduced in Part 1, Section 2 We will do this
only in the case of projective curves inside P?(L), the reader may wish
to try formulating a corresponding definition in higher dimensions.

Let C} and Cy be projective curves of degree d and degree e in P?(K)
defined over L. The parameter spaces for such curves are affine spaces
of dimension (d + 1)(d + 2)/2 and (e + 1)(e + 2)/2 respectively. We
can give them a projective realisation by noting that if (1) is a non-zero
vector defining a curve of degree d, then multiplying it by a constant p
defines the same curve. Let P¥@+3)/2(K) and P¢*3)/2(K) define these
spaces which we will denote by P; and P. for ease of notation. Let
Curveg and Curve, be the closed projective subvarieties of Py x P?(K)
and P, x P*(K), defined over the prime subfield of L, such that, for
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[ € Py, the fibre Curvey(l) defines the corresponding projective curve
of degree d in P?(K). For [ in P"(L), we denote its infinitesimal neigh-
borhood V; to be the inverse image under the specialisation 7, see the
introduction to Section 2.

Now suppose that C) and Cy (which may not be reduced or irre-
ducible), of degrees d and e respectively, are defined by parameters [y
and [ and intersect at an isolated point [ in P%(L). Then we define;

Mult(Cy,Cy,l) > n

iff

Ax1, 29 € Vi, Vip, ity € Vi{un, -, yn} C Curveg(xr)NCurve,(xz))
Then define Mult(Cy,Cs, 1) =n

iff

Mult(Cy, Cy,1) > n and ~Mult(Cy,Cy, 1) > n + 1.

Clearly, the statement that Mult(C},Cy, 1) = n naturally defines a
sentence in the language Lp... One consequence of the completeness
result given in Theorem 2.1 is that the statement ” The curves C and Cy
intersect with multiplicity n at [” depends only on the theory T,.ioms
and is independent of the particular structure (P(K), P(L), 7). We
have shown that the non-standard definition of multiplicity is equiv-
alent to the algebraic definition of multiplicity when computed in the
structure (P(Kuniv), P(L), Tuniv), recall from Section 3. It therefore
follows that the non-standard definition of multiplicity is equivalent
to the algebraic definition even when computed in a prime model of
Tuzioms which T will denote by (P(Kprime), P(L), Tprime)-

We now turn to the statement of Bezout’s theorem. In algebraic lan-
guage, this says that if projective algebraic curves C and C of degree
d and degree e in P?(L) intersect at finitely many points {ly,...,l,},
then;

Z?:l [(Cl, CQ, lz) =de
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where I(C1,Cs,1;) is the algebraic intersection multiplicity. This re-
sult can be formulated in the language L. by the sentence;

B@ZOUt(Cl, CZ) = Elml,...,mn;m1+...+mn:de(/\?:1 MUlt(Cl, 027 lz) = m’L)

We proved the algebraic version of Bezout’s theorem by Zariski struc-
ture methods in the structure (P(Kyniv), P(L), Tuniv). It follows that
the sentences Bezout(Cy, Cy) are all proved by the theory Ty.ioms and
therefore hold in the structure (P(Kprime), P(L), Tprime) as well. This
demonstrates the fact that we can prove an algebraic statement of
Bezout’s theorem using only infinitesimals from a straightforward ex-
tension of L, namely L(e)®, in particular in a structure such that
the infinitesimal neighborhoods V), are all recursively enumerable. This
seems to provide some answer to a general objection concerning the
use of infinitesimals, originating in [4]. It may also provide an effective
alternative method to compute intersection multiplicities generally in
algebraic geometry.

Part 4

In the final part of this paper, we consider Robinson’s theory of non-
standard analysis, as developed in [24]. We successfully reinterpret the
results, obtained above for algebraic curves using a Zariski geometry
approach, in terms of Robinson’s theory of enlargements and monads.
We are able to derive standard analogues of classical results for alge-
braic curves, by transfer.

16. ROBINSON’S NON-STANDARD ANALYSIS

The idea of non-standard analysis is to introduce an enlargement
of a given structure of mathematical interest, to include infinitesi-
mal elements. The simplest example is that of the ordered real field
<R,+,.,<,0,1 >, considered as a first order structure. We consider
the theory;

T=Th(R,R)U{0<e<r:7€ Ry}

where we have added a set of constants R for the individuals of the
field, and a new constant €. Any finite set of sentences from this theory
is consistent, realised by the structure < R, +,.,0,1 > itself. Namely,
given any finite set of constants {ry,...,r,}, we can choose € to be a
real number between 0 and min{ry,...,r,}. Such a real number exists
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by the completeness property of the reals. However, observe that by
the same property the structure < R,+,.,<,0,1 > does not realise
the full set of sentences T. However, by compactness, the theory T is
consistent and has a model < *R, +,.,<,0,1 >, which is an elementary
extension of < R,+,.,<,0,1 >, that is R < *R. In particular *R is
also an ordered field and contains an infinitely small element €, with
respect to the elements of R. In fact, it contains infinitely many infin-
itely small elements, for example consider the sequence {¢,€? €3, .. .}.
We refer to the set of infinitesimals in *R as the monad of 0. Every
element € R has a monad, consisting of the elements in *R, infinitely
close to r. This simple construction is the basis for Robinson’s work in
[24], in which he constructs an enlargement for any structure, and, for
structures with a topology, the notion of a monad.

We have, of course, encountered the notion of an infinitesimal, in our
considerations of algebraically closed fields, see, for example the last
section. However, we have to proceed more carefully in how we define
such objects, as there is no total ordering available to us, as in the case
of the reals.

I wish to consider briefly Robinson’s theory of higher order struc-
tures. This theory is not strictly necessary for the construction of
enlargements in cases of interest, such as the reals, and, certainly, in
the context of this paper, we can work entirely within first order logic,
in order to obtain the results we need. However, the construction is
necessary in the context of other fields of mathematics, for example in
probability and stochastic processes. It is the author’s hope that, at
some point in the future, a non-standard approach will be able to foster
links between subjects as diverse as algebraic geometry and probability
theory, so it seems a good idea to at introduce this increased level of
generality. Robinson begins by defining the notion of a type;

Definition 16.1. A type is constructed inductively by requiring that;

(i). 0 is a type.

(i1). If n is a positive integer, {1y, ..., T,} are types, then (11,...,T,)
1S a type.

We denote the set of types by T.
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He then defines higher order relations on a set of individuals A;

Definition 16.2. Higher Order Relations

Given a set of individuals A, and a type T = (71,...,T,), we define
the set of higher relations of type T, A,, inductively, by requiring that;

A=A

A, consists of subsets of A; X ... X A, .
The definition of a higher order structure is as follows;

Definition 16.3. A higher order structure M, based on A, is a set of
higher order relations { B, }, indezed by types T, such that;

(i). For each type T, B, C A, (possibly with repetitions)
(i1). By = Ay = A.

(iii). If R € B, and R(Ry,...,R,), then R; € B,,, for 1 <i <n.

Remarks 16.4. The notion of repetitions is mainly a technical con-
venience to prove the existence of enlargements. Robinson defines a
higher order structure to be normal, if there are no repetitions in (i),
and proves that an enlargement can eventually be chosen to be normal.
He also defines a structure to be full if each B, contains all the relations
of A.. It is very important to note that, in general, an enlargement will
not be full.

To proceed further, we need the notions of a higher order language
and constants;

Definition 16.5. A higher order language A consists of an (n+1)-ary
relation symbol ¢,, for each type 7 = (11,...,7,) # 0, and a set of
(typed) constants denoting individuals or higher order relations.

Definition 16.6. We define an interpretation of A by M to be a map
from the constants of A onto the higher order relations and individuals

of M.



74 TRISTRAM DE PIRO

We define a sentence of the language A in the usual way. Robinson
gives the following inductive definition on the length of a sentence;

Definition 16.7. Satisfaction of a sentence from A in a Structure M,
gen an interpretation

Suppose that we are given an interpretation of the constants appear-
ing i A.

The sentence o from A is true in M, if;

(i). Base Case. o is atomic, of the form ¢.(a,by,...,b,), with a
mapping to a relation R, (by, ..., b,) mapping to relations (R,,, ..., R;,)
such that R(R,,,. .., R;,) holds in M.

(i1). o is of the form, o1 A\ o9, then o is true in M iff o1 and oy are
true in M. The cases involving V and — are handled similarly.

(111). o is of the form JyZ; if y doesn’t occur in Z, o is true iff
Z s true, if y does occur in Z, o is true iff there exists a constant a
mapping to a relation R of M, such that Z(a) holds in M.

(iv). o is of the form YyZ; if y doesn’t occur in Z, o is true iff Z is
true, if y does occur in Z, o is true iff for all constants a mapping to
a relation R of M, Z(a) holds in M

Remarks 16.8. The truth value of o in M depends only on the in-
terpretation of the constants appearing in o. It is easy to check that if
o is a sentence of two languages Ay and Ao, and we have 2 interpre-
tations of these languages in M, extending the partial interpretation
of the constants appearing in o, then, o is true in M, given the inter-
pretation of Ay iff o is true in M, given the interpretation of Ay. The
same is true for an infinite set of sentences.

Definition 16.9. A set of sentences K in a language A, is consistent
for higher order logic, if, for some interpretation of A, and some higher
order structure M, all sentences in K hold in M.

We assume the reader is familiar with first order logic. We make the
following definitions;
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Definition 16.10. We define the first order fragment My of a higher
order structure M to be the restriction of its higher order relations
to types of the form T = (0,...,0) or 7 = 0. We define the first
order fragment Ay of a higher order language A to be the restriction
of the relation symbols ¢, to types of the form T = (0,...,0) and the
restriction of constants to individuals and relations of type (0,...,0).
We call a sentence of A first order, if it is a sentence of Ay, in which the
quantifiers are restricted to being of type T = 0. Given an interpretation
by M of the constants in A, we call the restriction to an interpretation
by M, of the constants in Ay, a first order interpretation.

We then have that;

Lemma 16.11. Let o be a first order sentence of A, and let My be
the first order fragment of a higher order structure M. Suppose that
we are giwen an interpretation in M of the constants in A, with the
corresponding first order interpretation in M. Then;

MEoiff My Eo

Proof. The proof is an easy induction on the length of the sentence. The
important point to note is that the set of individuals of M constitute
the full domain of the first order structure M;.

O

Remarks 16.12. In general, the set of higher order relations is a
proper subset of all possible relations on the set of individuals. Such
relations are called internal.

Robinson proves the following property of sentences from a language;

Theorem 16.13. Compactness

Let K be a a set of sentences in a higher order language A, then K
15 consistent iff every finite subset of K s consistent.

Proof. The idea is to interpret sentences from A as sentences in a first
order language and to invoke the compactness theorem from first order
logic. The reader is referred to [24] O

In order to define enlargements, we recall the following construction
of Robinson;
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Let K be a set of sentences, and let I' be the constants occurring in
K. Let b e T of type 7 = (11, 7). Let;

Ay={gel:KF3ys,(bgy)}

be the domain of b. We say that b is concurrent if for every finite
subset {g1,...,gn} of Ay;

K+ 3y(or (0, 91, 9) A A dr(b, gnyy)) (%)

We let I'y denote the set of concurrent elements of I'. For b € I,
choose a new constant a; and, for b € I'y, let;

Kb = {¢T<b7g7ab - g € Ab}

Let Ko = Uper, K» and H = K U K. Then;

Definition 16.14. H is an enlargement of K.

Moreover, we have the following;

Lemma 16.15. If K is consistent, then its enlargement H is consis-
tent.

Proof. The prootf uses compactness, Theorem 16.13. It is easy to give
a direct proof when K is a set of first order sentences, which will be
our primary concern, later in the paper. In this case, let H’ be a finite
subset of H. Then we can find finitely many elements {by,...,b,},
denoting binary relations, individuals {g;; : 1 <i <n,1 <j <k}, and
sentences {0y, ...0,,} from K such that H' consists of;

Ulgign,1§j§k Ry, (gij> ap,) U {01,y om} (%)

Now, by concurrency of each b;, we can take a model M of K and
interpret the new constants a,, by individuals ¢; of K, witnessing (x).
Clearly, then, (%) holds in M. By compactness, H is consistent. [

Now in the case that M is a higher order structure, which we usually
assume to be full and normal, we let K be the set of sentences in a
language A naming all the relations and individuals of M. By the
previous theorem, the enlargement of K is consistent.

Definition 16.16. We denote a model of the enlargement of K by *M
and call it an enlargement of M.
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Robinson proves the following;

Theorem 16.17. Transfer

There exists an embedding f of M into *M, such that for all sen-
tences o in Ly, the language obtained by adding constants for all the
elements and relations of M, we have;

MEoiff *M = o (%% x)
One can choose an enlargement *M to be normal.

Proof. We define the embedding f by sending an individual m of M
to the element of *M interpreting the constant representing m in A,
similarly for the higher order relations. If {ry,r} are higher order re-
lations with 71 # ro, then by normality of M, Jz(r(x) A —=ry(x)) holds.
As this is a sentence from K, it holds in *M, with the interpretations
f(r1) and f(ra), clearly this implies that f(r1) and f(ry) are distinct.
The claim (* * %) follows obviously from the fact that *A/ is a model
of K, consisting of all sentences true in M, with constants naming in-
dividuals and relations of M. We refer the reader to [24] for the final
claim.

O

Remarks 16.18. One should be careful in interpreting the transfer
theorem. For example, it is true in M, that "there exists a set consist-
ing of the non-empty subsets of the individuals of M ”;

IrVs(go) (r;5) <> Fxd(o) (55 7))

By transfer, this is true in *M , hence, one might be tempted to con-
clude that every non-empty subset of *M s internal. This is false, in
general, a counterexample being a monad in an enlargement *R of R.
We resolve the contradiction, by observing that the universal quantifier
refers to internal subsets of *M , not to the collection of all subsets.

Once we have defined enlargements, it is a short step to develop a
general theory of monads for topological spaces. We let T'= (A, Q) be
a topological space, that is a set A, with a collection of open sets €2
satisfying the following axioms;

(i). {0, A} C Q.
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(ii). If {a,b} C Q, then the intersection a Nb € Q

(iii). If I is an index set and {a; : i € I} C Q, then |J,_; a; € Q.

iel

We consider T as a full,normal structure in which the open sets 2 are
represented by a higher order relation of type 7 = ((0)). We let *T" be
an enlargement of T, and *§2 the collection of open sets in *T". Observe
that *Q2 does not necessarily form a topology, but that, by transfer, if
® C *Q is internal, then (P € *Q.

Definition 16.19. Let p € T', and let 2, C § consist of the open sets
containing p, then we define the monad;

M(p) = ﬂUUEQp *Uu

We observe;

Lemma 16.20. Letp € T, and suppose that {p} ¢ Q,, then (1u(p)\{p})
18 non-empty.

Proof. Consider the relation R C €, x A given by;
R(U,,q) ifft p# qand ¢ € U,

Then R is concurrent, by property (ii) of the definition of a topol-
ogy, and the fact that {p} ¢ €,. Hence, by the construction of an
enlargement, there exists a *p # p, in *T belonging to all open sets
U, € Q,. O

An element of a monad pu(p) \ {p} is infinitesimally close to p, in
the sense of being indistinguishable from p in the topology of T'. Pro-
vided that p is not discrete for the topology, such elements exist. In
particular, we can see the construction of monads as generalising the
construction given at the beginning of this section, by taking the topol-
ogy on R induced by the Euclidean metric.

We require the following further properties of monads;

Lemma 16.21. If T is Haussdorf, then for p # q, (u(p) N u(q)) =0
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Proof. Given p # ¢ in T, we can find open sets U; € Q, and U, € (,
with UyNU; = 0. As p(p) C Uy and p(q) C Us, we have (u(p)Nu(q)) =
() as well. 0

Definition 16.22. We call a point of *T near standard if it lies in the
monad of some p € T.

Lemma 16.23. If T is compact, then every point of *T" is near stan-
dard.

Proof. Suppose there exists ¢ € T which is not near standard. Then
for all p € T, there exists an open set U, containing p, with ¢ ¢" U,.
Let {U, : p € T} be the collection of all such sets, then (U, U, = A.
Hence, by compactness, there exist {pi, ..., p,} with A = U,,U...UU,, .
As this is expressible by a sentence in L7, we have, by transfer, that
*A =" Uy, U...U" Uy, This implies that q €* U, for some j, a con-
tradiction.

l

We consider the Cartesian products 7" as equipped with the prod-
uct topology. We call a subset of T™ closed if its complement is open.

Lemma 16.24. If T is compact and Haussdorf, then we can define a
standard part map 7 : *T — T, with the property that, for any closed
subset C' of T™, and tuple a € T™, if *C(a) then C(n(a)).

Proof. As T is compact, every point ¢ €* T is near standard, and, as
T is Haussdorf, ¢ belongs to a unique monad p(p) for some p € T. We
define the map 7 by sending ¢ to p. The products {U,, x ... x U,, :
Up, € p,} form a basis for Q. . ,.), hence, if 7(q) = p, then g € u(p),
the monad defined for the topology on 7™. Now suppose that C' is
a closed subset of 7" with *C(g), and that p ¢ C, then p € U, the
complement of C', which is an open subset of T". By definition of a
monad, § €* U, but *U is the complement of *C', using transfer. This
is a contradiction.

O

17. UNIVERSAL SPECIALISATIONS AND ENLARGEMENTS

We refer the reader to the results of Part 1 of this paper. The aim
of this section is to construct an enlargement which is simultaneously
a universal specialisation. In such a structure, monads coincide with
infinitesimal neighborhoods, hence we can rephrase our results from
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Parts 2 and 3, in a non-standard context.

It is clear from the above that an enlargement of the reals *R contains
infinitesimal elements. It is also clear, working within first order logic,
that any Ny-saturated model of Th(R, R) will also have this property,
see the construction at the beginning of this section. For our purposes,
we will work in a first order structure;

< Ca +C7 'C7d707 17R7 +7?,7 ‘R <707 1>

where we have 2 sorts for the complex numbers and for the reals.
As before, we consider R as an ordered field. We equip C with the
Euclidean metric d. This define the complex topology on C. We ab-
breviate this structure by < C,R,d >, and the corresponding complete
first order theory by 7¢ %4, where we include constants to name the
individuals of C and R. It should be clear from the above discussion,
that an Ny-saturated model of this theory, or a model of the enlarge-
ment of T¢ % 4, contains infinitesimal elements € # 0, in the sense that
for any z € Cand r € R > 0, d(z,z + €) < r. However, there is no
standard part map completely defined on such structures. In order to
find such a map, we consider the following structure;

<C,R,d,P(C),Ciop, pr >

where we have individual sorts for P(C) = |J,,», P"(C), a sort for the
underlying field C, predicate symbols to denote open sets of cartesian
powers of P"(C), for n > 1, in the complex topology, and symbols for
the projection maps;

pry, 2 (C"T\ {0}) — P*(C) for n > 1.

We denote the corresponding theory by T¢  4,p(c)pr» again including
constants for the individuals. We make the following observations;

(i). Tera C Terd,pe)pr

(ii). The fragment < C, P(C),pr > is interpretable in the fragment
< C,+,.,0,1 >. This follows from the fact that the equivalence rela-
tion on (C"*1\ {0}) x (C"™1\ {0});
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E(z0, ..., 20, Wo, ..., wy) Hf IXL0[A(20, ..., 2,) = (w0, ..., w,)]

is definable.

It follows that any Ns-saturated model of T¢ z 4 p(c)pr is of the form;
<*C,*R,d, P(*C), Ciop, pr >

where <* C,*R,d > is an enlargement of < C,R,d > in the sense
discussed above. We now fix such a structure, and define a standard
part map my : P(*C) — P(*C) by sending the monad u(p) of p € C to
p. Such a map exists by Lemmas 16.23 and 16.24, by Lemma 16.20, it
is non-trivial, and its image P(C) is fixed (}). We add function symbols
T, to denote the standard part mappings on each P"(*C) and consider
the corresponding structure;

<*C,"R,d,P(*C),Cop, pr,m™ > (%)

Observe that the fragment < P(*C), P(C),m > is definable in this
structure, and satisfies the theory T,.ioms given in Theorem 2.1, this
follows from () and Lemma 16.24. We denote the theory of the struc-
ture defined in (x), with constants for the individuals of (C, R, P(C))
by Te.r.4,p(c)prr- Now fix an Ny-saturated model of T¢ 4 p(c),prx, and
consider the corresponding structure;

< Cunim Runiva d, P(Cunw)a Ctopa Pr, Tres > (**)

The fragment < P(Cyniv), P(C), Tres) satisfies the theory Tozioms. By
Theorem 1.10, we can find an algebraically closed field Cypy res, With
C C Cunivres C Cuniv such that P(Cynip res) is the fixed image of the spe-
cialisation 7,.s. Now observe that we can define Cypip res in the home
sort Cuniv bY;

{ZL‘ S Cuniv : Ely € P! (Cuniv)[ﬂ-res<y) = prl(l‘w 1)]}

and we can define the valuation ring O,,;, for the specialisation 7,
by;

{x € Cuniv : (Tres 0 pr1)(x,1) € U}
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where U is the open subset of P!(C) obtained by removing the point
[1:0]. The specialisation 7,5 naturally induces a definable map

T1res - Ouniv — Cunivres i the home sort.
We claim that;
For r € R~o, and © € Oupiv, d(z, 71 res(x)) < 7. (11)

This follows from the fact that the standard part map m satisfies
this property in the structure defined by (x). We now observe that
the structure < Cypiv, Runiv, d > is an enlargement of < C,R,d > and,
hence, we can define a standard part map 7 univ : P(Cuniv) — P(C),
which fixes P(C). We consider the restriction of this map to P(Cuniv res)
and let Oypipres denote the valuation ring. By definition of the stan-
dard part map, we have that;

For r € R-o, and & € Oupip ress (T, T1 st univ(z)) < 7. (F11)

We now compose the specialisations < P(Cuniv), P(Cunivres)s Tres >
and < P(Cunivres)s P(C), Tstuniv > t0 obtain a specialisation;

< P(Cumv)7 P<C)77Tum'v >

We claim first that < P(Cyuniv), P(C), Tuniv > is a universal special-
isation in the sense of Section 3. This follows from the fact that
the structure < P(Cuniv), P(Cunivres)s Tres > is a saturated model of
Tozioms and, following through the proof in Section 3, we have re-
placed the specialisation of Lemma 2.1, with a standard part mapping
< P(Cum'v,res)u P(C>7 T st,univ >.

Let O denote the valuation ring of the specialisation m,,;,. We claim
second that;

For r € R>0, and x € 07 d(l‘, 71-1,univ(x)) <. (TTTT)

By construction, 7y ,es(2) € Ounivres, and for r € R, using (1),
(11) and the triangle inequality for d;

d(LU, 1 univ (I‘)) = d(l’, (Wl,st,univ o 7T-1,7“es)<'r))
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S d([lﬁ', Wl,res($)) + d(/ffl,res(m)a (Wl,st,um’v o 71—1,1"65)(:17)) < g + g =r

We claim third that the maps s yniv and mm;, coincide, (x xx). Let
V, be an infinitesimal neighborhood of p € C, that is 7, (p), and let
1(p) be the monad of p, that is 7", (p). We show that V, C u(p).
Write p in coordinates [pg : ... : pu), let Tpunin(¢) = p, and write
q = [qo,---qu) with ¢ € O, for 0 < i < n, and T yniv(qo;s - - -, @) =
(Pos - -, pn). Using (T111), we know that d(q,p) < r for any r € R,
where d is the induced Euclidean distance on C™!. The sets pr,, (U, (p)),
where U,(p) = {z € (C""\ 0) : d(z,p) < r} form a basis at p for the
complex topology in P"(C). It follows that ¢ lies in every open set
U, about p, hence ¢ € pu(p), as required. The third claim is now clear.
Suppose there exists = € (u(p)\V,), then w0 (z) = g # p, and x € V.
Therefore, x € p(g). This implies that u(q) N p(p) # 0, contradicting
Lemma 16.21. It follows that V, = p(p) and the maps 7t yniv and Tyniy

coincide, showing (s * ).

We summarise what we have proved in the following theorem;

Theorem 17.1. For n > 1, Let < P"(C), Ciopopens Crop,cioseda > be the

first order structure structure with domain complex projective space

P™(C), and predicates denoting open sets and closed sets for the complex

topology on Cartesian powers. Let Te be the theory of this structure.

Then there exists a model of this theory < P™(Cuniv), Ctop.opens Crop.closed >
with the following properties;

(1). The fragment < P™(Cuniv); Ctop.open > i an enlargement of the
fragment < P"(C), Ciop,open > considered as a topological space.

Let Tyunin denote the standard part map for this extension.

(it). The fragment < P"™(Cuniv),Celosedaty > 1S an elementary ea-
tension of the fragment < P"™(C), Celosedalg > considered as a Zariski
structure, with predicates for the closed algebraic subvarieties of Carte-
stan powers. Moreover, the standard part map Tun, 1S a universal
specialisation, in the sense of Section 3.

18. NON-STANDARD AND STANDARD RESULTS FOR ALGEBRAIC
CURVES

In this final section, we realise the power of Theorem 17.1, by refor-
mulating classical results for algebraic curves in characteristic 0, in the
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complex topology. We first observe the following;

Lemma 18.1. Let f : C7 — C5 be a dominant algebraic morphism
between smooth projective algebraic curves. Let py € Cy and py € Cy
with f(p1) = pa, then there exist complex connected open neighborhoods

U,V around py,pa such that f: (U \p1) — (V \p2) is k to 1.

Proof. As C; and Cy are complex manifolds, we can find charts ¢; :
U — D(0,1) and ¢ : V. — D(0,1), centred at p; and py. As f is
continuous, we can assume that f(U) C V. As f is algebraic, the
composition (¢ o f o ¢7') : D(0,1) — D(0,1) is holomorphic. Let
> oo ganz™ be the power series representation of f, given by Taylor’s
theorem. We can write this series as 2*h(z) with h(0) # 0 and h
holomorphic. Let g(z) = h(2)"* = exp(log(h(z))/k) be a choice of
k’th root for h. Then ¢ is holomorphic with g(0) # 0, on a disc D' C D
containing 0. It follows that f(z) = (2g(z))*. We have that (zg(2))’ =
g(2) + z¢'(2), in particular, (zg(z))’|0 # 0. By the inverse function
theorem, 0(z) = zg(z) is locally a homeomorphism. Clearly, f(z) =
(0(2))* is k — 1 on D'. This proves the result.

O

Remarks 18.2. Clearly, the value k is independent of the choice of
U,V. We leave this as an exercise for the interested reader. We can,
therefore, define the complexr multiplicity of f at py to be k.

We recall the definition of algebraic multiplicity, Definition 9.6;

Theorem 18.3. Let hypotheses be as in Theorem 8.1, then the notions
of complex multiplicity and algebraic multiplicity coincide.

Proof. By Theorem 10.6, algebraic multiplicity k& coincides with Zariski
multiplicity. Working in the structure < P™(Cypniv), Calg > provided by
Theorem 17.1, and using Definition 8.1, the maximum cardinality of
the fibre f~1(p)NV,, for p € V,, is k. By Theorem 17.1, working in the
structure < P™(Cyniv), Crop.open > the maximum cardinality of the fibre
f7H(p) Ny, for p € py, is k, (x). By definition of a monad, for any
connected open neighborhoods U, V' of py, ps, we can find p, € V, with
Card(f~(py) NU) > k. As this can be written as a first order state-
ment in Le,, ..., it follows by transfer, that this holds in the structure
< P™(C), Ctop.open >- This clearly implies that the complex multiplicity
is at least k. Suppose the complex multiplicity is [, strictly greater
than k. Then, the following set of statements is consistent;
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IN_LUE)AV(fle)Aler # ... £ e)A(f(e) =... = f(a)}

where U, V' range over all the complex open neighborhoods of p; and
p2. This follows from compactness and the fact that any finite subset is
realised in the structure < P"(C), Ciop.open >- As < P"(Cuniv), Crop.open >
is an enlargement, we can realise these statements to find {ci,...,¢}
distinct in u(p;) N Cy, mapping to an element d € (u(ps) N Cy). This
contradicts (x). Hence, [ = k, and algebraic multiplicity coincides with

complex multiplicity.
O

We now turn to Bezout’s Theorem. We formulate a complex version
of intersection multiplicity for plane projective algebraic curves, and
prove that this coincides with the algebraic definition, see Section 14.
We claim the following;

Lemma 18.4. Let Cy and Cy be plane, possibly non-reduced and non-
irreducible, projective curves of degree d and e, centred at (0,0) in an
affine coordinate system. Let Cy and Cy be defined by the equations;

fl(xaya é) = Zi-i-jgd Cz‘jxiyj =0

f?(x> Y, d) = Zi+j§e dijxiyj =0

Let D(_(),r) be an open disc of radius r about the origin in C2, and
let D(¢,d, s) be an open disc of radius s centred at the parameter (¢, d)
in CN, where N = [(d+1)(d+2) + (e + 1)(e + 2)]/2. Let;

my.s = max{Card(fi(z,y,&)Nfa(x,vy, dYND(0,7)) : (¢,d) € D(¢,d,s)}

Then limy, s—omy. exists. We define this to be the complex intersec-
tion multiplicity Ic(f1, f2,0).

Proof. For fixed r, the function g¢,(s) = m, s is decreasing in s. Simi-
larly, for fixed s, the function hs(r) = m, s is decreasing in r, (x). Sup-
pose the limit does not exist, then as m,  takes only finitely many inte-
ger values, we can find sequences (r;, s;) and (7, ;) converging to (0,0)
in R?, such that m is constant on each sequence, and Mrys;) < Mt s'),
(x%). Let (r1, s1) be the first element in the sequence, then we can find
(ri,, 85 ) with ;< rp and s} < s;. Then, by (x), Mt s ) S My,

This contradicts (). O
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Remarks 18.5. As the limit exists and m, s takes integer values, m
must be constant on an open neighborhood of (0,0) in R?. That is, the
complex intersection multiplicity depends only on the value of m, s for
sufficiently small r and s.

We can now show;

Theorem 18.6. Let hypotheses be as in Lemma 18.4, then the notions
of complex intersection multiplicity and algebraic intersection multi-
plicity coincide. In particular the definition of complex intersection
multiplicity is independent of the choice of coordinates, and a complex
version of Bezout’s theorem holds, that is 3, ; . Ie(f, g, ) = de.

Proof. We refer the reader to Section 14, By Theorem 14.1, algebraic
intersection multiplicity k coincides with Zariski multiplicity for the
cover;

6 : Spec(Cunivlz, y, uv]/ < fi(z,y, 1), falx,y,0) >) = Spec(Cunin[ud)])

at the point (0,0, ¢, d). By Definition 8.1, the maximum cardinality
of the fibre 07 (¢, d') V(o) for (¢, d') € V(¢ q) is k as well. By Theorem
17.1, the maximum of the cardinality 6=1(¢,d") N w0 for (¢,d) €
liea 18 also k, (). By definition of a monad, for any discs D(0,7)
and D(¢,d, s), we can find (¢,d') € D(c,d,s) with Card(0=*(¢,d") N
D(0,7)) > k. As this can be written as a first order statement in
L,y opens it follows by transfer, that this holds in the structure <
P™(C),Cropopen. >. By the definition in Lemma 18.4, this implies the
complex intersection multiplicity is at least k. Suppose the complex
intersection multiplicity is [, strictly greater than k. Then the follow-
ing set of statements is consistent;

{N_,[t: € DO,7r) AO(E:, &, d) € D(e,d,s)] A (b # ... £ 1)

where r, s range over the positive real numbers. This follows from
compactness and the fact that any finite subset is realised in the struc-
ture < P"™(C),Ciopopen >- As < P™(Cuniv); Cropopen > 18 an enlarge-
ment, we can realise these statements to find {ty,...,¢} distinct in ug,
mapping to an element (¢,d’) € pg 4. This contradicts (x). Hence,
[ = k, and algebraic intersection multiplicity coincides with complex
intersection multiplicity. The final statement is a direct consequence
of the invariance of algebraic intersection multiplicity and the classical
Bezout’s Theorem.
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O

Implicit in the above proofs is the following theorem;

Theorem 18.7. Let hypotheses be as in Lemma 18.1, we define the
non-standard multiplicity as;

maz{Card(f~(p})) : p} € pu(p)}

Then the non-standard multiplicity coincides with the complex, Zariski
and algebraic multiplicities.

Let hypotheses be as in Lemma 18.4, we define the non standard mul-
tiplicity as;

max{Card(fi(x,y,) N fa(z,y,d) N wu(0,0)) : (¢,d) € u(e,d)}

Then the non-standard multiplicity coincides with the complex, Zarisk:
and algebraic multiplicities.
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